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ON PLANE CURVES OF DEGREE 2n WITH TANGENTS HAVING 
BI-n-POINT CONTACT 


By Haroup Hinton. 
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1. The interesting properties of bitangents of a plane quartic curve 
suggest that it is worth while to see if there are analogous properties of 
curves of higher degree. The configuration formed by a quartic and a 
bitangent is a particular case of the configuration formed by a curve of 
degree 2 (a “‘2n-ic”) and a tangent which has -point contact with it at 
two distinct points. Such a tangent will be called a “ bi-7-point tangent”’; 
and it is to properties of such bi-n-point tangents that this paper is de- 
voted. If 17> 2, a 2n-ic with a bi-n-point tangent is specialized, and is 
not the most general 2n-iec possible. 


2. We first consider some unicursal 2n-ics with bi-n-point tangents. 
The simplest such curves are those with a multiple point of order 2n—1 
[a “ (2n—1)-ple point ’’]. 

First of all take the case when the 2n-ic has at the (2n—1)-ple point 
a single superlinear branch of order 2n—1. 

Suppose the curve has a bi-n-point tangent touching at H#,, H,. Take 
a triangle of reference ABC such that C is the (2n—1)-ple point, AC the 
tangent at C to the superlinear branch, and (AB, EH, E,) is “a harmonic 
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range. Then it will be seen at once that with suitable homogeneous co- 
ordinates the equation of the curve is 


pe — (c?+ ay)”. (i) 
There are two inflexions other than HZ, EZ, lying on 
Qn—e" neal == 10). 


Many properties of (i) Herend on the fact that it can be projected into 
a curve with BC as axis ofsymmetry. We note also that the lines joining © 
C to the two points of contact (other than H,, H,) of the tangents to the 
curve from any point on AB form an involution whose double rays pass 
through the inflexions. The lines joining C to the points of contact of 
the bitangents belong to the same involution. 

Any two such curves with the same superlinear branch and- tangent 
thereat, and also the same bi-n-point tangent and points of contact, are in 
plane perspective. 


3. Consider now the 2n-ic with a (2n—1)-ple point C, and two real oy 
n-point tangents touching at EH, and Ey, F, and F,, and meeting at D. 
Let (AD, F\F,) and (BD, E,E,) be harmonic ranges. Choose homo- 
geneous coordinates with triangle of reference ABC such that D is 
(1,1, —1). Let the lines CE,, CE, be 

(G7) aa. — 0, 
and let CF,, CF, be (c—y)*+ by? = 0. 
Using the fact that when we substitute —zx for z in the equation of 


the curve, we get {(e—y)?+a2a2}" = 0, 


and similarly aia 2 we substitute —y for z, we readily see that the eq 
tion of the curve becomes | 


b*(e-+y) {(e¢—y)+aa?}’ ‘—a"e+2){(e—y)+by?}* | 
= (7— y)(Z2-+2). tae Uon+25 


after multiplication by the factor z—y; where Un—2 18 homogeneous 
of degree 2n—2 in a, y, z 


Using now the fact that C is a (2n—1)-ple point, we have ln v= 0, 
and the equation becomes 


Dety) {@— —y)*+ax*}" = a(z+2) (ey by?) (i) 


1921. | ON PLANE CURVES OF DEGREE 2n. 3 


From (i) the following facts are easily deduced. If is odd, only one 
of the tangents at C is real , | 
| (b—a+ab)e+ (a—b-+ab)y = 0. (ii) 
If » is even, there is another pair of real tangents at C, provided 
ab (2Qa+2b+ab) < 0. 


The lines CH, and CE,, CR, and OF,, the tangent (ii) and CD, pairs 
of other tangents at C, the lines juining C to pairs of intersections of the 
curve with any line through D, all form an involution pencil. Its double 
rays are the lines joining C to the points of contact of the two tangents to 

the curve from D other than the bi- n-point tangents. Their equation is 


ax’—(a+b+ab) xzy+by? = 0. ay 


The points of contact of the tangents from any oie point (1, 1, 2nk—1) 
of CD lie on a 4-ic 


(e+a)(z2+y | he *—(a+d-+ab) arebgan } 
| +k {(w—y) Fax} { (@—y) bby} = 


with a bifleenode at C, at which (ay are the Hada and passing nee 
Ey, Eo, F,, F,. 
The point H conjugate to C for all the conics through H,, H,, F;, ae 


namely, abe+a(atz?+b(y+z)? +Hatayyte) = = 0, 


is the point on (11) such that DH, DC are harmonic conjugates with 
respect to the bi-2-point tangents. One of these conics has DAB as self- 
conjugate triangle. 


-4, Consider now the case of any unicursal 2n-ic with three real bi-n- 
point tangents. Itis readily shown that these tangents are not concurrent, 
and we may therefore take them as sides of the triangle of reference. 
Hence any point on the curve can be expressed in terms of a parameter 
t in the form 


ely esut lett wm (i) 
where 1 = pot? +2p,t+p, v= = gift Oate tan i = +0 +27, t-+79. 
If the conic obtained by elimination of ¢ from 
| | TT Eo TS ae emer 1) 
is p(x, y, 2) = ax?+ by? + cz? Afyz+t2gze+22hzy = 0, (iii) 
| B 2 
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the 2n-i¢ is | 
axl + byl e224. 2 fy" m4 dga'l™ gl Aha yl" = 0, (iv) 


The equation (iv) is therefore the most general equation of a unicursal 
2n-ic with three real bi-n-point tangents. 


If a unicursal 2n-ic has three real bi-n-point tangents, their six points 
of contact lve on a conte. 

For, if the intersections of (iii) with the sides of the triangle of refer- 
ence are j 


(0, Yr, 21), (0, yi, 21), (a, 0, 2), (a2, 0, 22), as Ya, 0), (3, Y2, 0), — (Vv) 
then, since Yantai Cghs = a] 0, &e.; 
Y1 Yi 2q%2lqL3 = 2121 L_X2 Yas. (vi) 
Now the intersections of (iv) with the sides of the triangle of reference are 
(O72) (0, eae phen ececes Lah, 
and the condition that these should lie on a conic is 
(Yr Yl 2a 2hagts)” = (7% 21 ay 22Y3 Ys)” 5 (viii) 
which is an immediate deduction from (vi). 


If three real bi-n-point tangents of a unicursal 2n-tc form a triangle 
ABC, the remaining tangents to the 2n-ic from A, B,C touch a conic and 
meet the opposite sides in six points lying on a conic. 

If y = mz is a tangent from C to (ii), then y = m"z is a tangent 
from C to (iv). Hence, if the tangents from A, B, C to (11) meet BC, CA, 
AB in the points (v), the tangents from A, B, C to (iv) meet BC, CA, AB 
in the points (vii). But the theorem is well known for » = 1, so that the 
proof follows as for the previous theorem. 


In the case » = 2, we have :— 


‘The remaining tangents from the vertices of a triangle formed by 
three bitangents of a trinodal quartic touch a conic.”’ 


To find the double points of (iv), we notice that, if the conics 
ple,z, €2Y;, €32) =0O and p(n, oY; n3Z) = O, 


where €, €2, €3) 1, %2) 73 are n-th roots of unity, meet at a point (X, Y, Z) 
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not on a side of the triangle of reference, then (X", Y", Z”) is a double 
point of (iv). 
For, if in (i) ¢= ¢ gives 


ey le Sa A 


for the conic 6,0 1 egy Ween ee— ttre» 20; 
and t= f, gives ts Yt ONT, 
for the conic Ny Giang Mag eee eee tet 


then both ¢= ¢, and t= f give 
eG a hal a seam VES i kaso To 
The result applies in general, where 
pa, y;, z= 9 


ig any unicursal curve, and not necessarily a conic. Also the intersec- 
tions of any two given unicursal 27-ics with the same three bi--point 
tangents can be found in this way. 
We see that the curve (iv) can have no real crunode, when » is odd. 
As an illustration, consider the intersections of the conics 


Wines) 0 And baer en). 
Two of them are on 2 2 0, and the other two are 
[4 Qfgh—bg*—ch*)*?, a*g, —ath. 
Hence, when n = 2p, 
[(2fgh—bg?—ch?)?, ag, aPh*?], 


and the two similar points are three nodes of (iv). 
Putting p= 1, we get all three nodes of the quartic obtained by 
taking 2 = 2 in (iv). 


It is easy to draw unicursal 2n-ics with three real bi-n-point tangents. 
For, if the point with Cartesian coordinates (x, y) traces out a conic, 
(x", y") traces out such a 2n-ic. 


If AXx+uy+vz = 0 is an inflexional tangent of (iv), 
AL" + wy" +12" = 0 (1x) 


osculates (ili). It is readily proved that in this case the point of contact 
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‘with ii lies on — 
Agyz = (n—1)(ax+hy+g2) (ha + by +fz) (gx fy +cz).* 
Hence (iv) has six inflexions whose parameters are given by © 
Awow = (n—1)(authv+gw) (hut bv+fw)(gutfo+ew), 


in addition to the points of contact of the bi-7-point tan gents. 
If » = 2, we find that when (ix) osculates (111), 


(AA+ But)? = 3A (auv+ bvA+ crm), | 
which is the tangential equation of the conic touched by the six inflexional 
tangents of the quartic. 


A unicursal 2n-ie cannot have more than three bi-n-point tangents, if 
n> 5; for the existence of a fourth bi-n-point tangent would imply more 
inflexions than are consistent with Plucker’s equations. 

To determine whether, when n = 2, 6435 oa unicursal 2n-ic exists 
with more than three bi-n-point tangents, we find \ : «:v such that (ix) 
has. bi-n-point contact with the conic (iii). Then Av+uy+vz = 0 has 
bi-n-point contact with (iv). ot 

For n = 2, we get at once 


Nimiv=Fif: Glo: Hh, 
so that the fourth bitangent of (iv) when n = 2, is 
Felf+Gylg-+Hz|h = 0. 
Its points of contact lie on the conics 
(ax+bytoz2 = 4(fPyztgecth ny), ghatthfyi+fo2 = 0, 


the former being the conic through the points of contact of the four bitan- 
gents. We may verify at once that for n=2 (iv) is 


ghx'+ hy +fga+ (ghFx+ hfGy +fgHz)* = 0. 


If 2 is even, fgh #0, for otherwise (iv) has a double point on a side 
of the triangle of reference. There would be no loss of generality in 
taking jf, g, has all equal to unity. 








a ito 
Hebe of 
Dili we 


* A= , and A, B, ... are-the co-factors of a, b,... in A. 








1921.] ON PLANE CURVES OF DEGREE 27. 7 
For n= 8, we find that there are values of oR oy making (ix) have 
bi-n-point contact with (ii), namely, ; bs 
—a'gh: 4h?(4gh—8af) : 49°(4gh—B8af), 
provided abg? = ach? = 2gh(2gh—af). 


If the unicursal 6-ic has more than four bi-3-point tangents it has six, 
and by suitable choice of homogeneous coordinates its equation becomes 


(4/5 — 2) (o* 4-78 4-28) (ge yet 22)" — 0 
and it has bi-3-point tangents 
£=0, (/5+-3)2 —=2e+y+2), &e. 
Similarly for 1 = 4, m = 5 unicursal n-ics exist with equations 
Qn? +ytztyiztt zeit Briy? = 0, 
etytetyeteetatyt = 0, 
having for bi-n-point tangents 


x=0, y=0, -=0, ety+z2=0. 


5. We consider now the general 2n-ic with bi-n-point tangents. 

First take the case in which the bi-n-point tangents are all concurrent 
at O. Suppose the curve projected so that O bisects the distances between 
the points of contact of each of two bi-n-point tangents. Take these tan- 
gents as axes of reference. Then if their points of contact are given by 


y = (l+az*=0, « = (1+by’)" = 0, 
the equation of the curve evidently becomes 
LY fon—2(@, y) + (1+ ax*)”+(1-oy)*—1 = 0, (i) 


where fon» is of degree 2n—2 in x and y. 
Suppose that there is another bi-n-point tangent through O, namely 
(Totaa ie ghMateyat ) 
Peete teen) 1 -+ ax) eae ex) — 1 


is an -th power. This is only possible, if it is the n-th power of an ex- 
pression of the form 1+cz*. Hence O bisects the distance between the 
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points of contact of y = tz, so that, if a 2n-ic has three concurrent bi-n- 
point tangents, their six points of contact lie on a conic. 

Suppose now that the 2n-ic has four bi-n-point tangents concurrent at 
O. If we take two of them as axes of reference, the equation of the curve 
is @); and, if we then change the axes of reference to the other two, the 
equation takes the form 


O= {1+a(ytaz)?}"+ {1+d(y+6z)?}"—-1 
+n(y-+ ax) (y +82) (k+le+my+pe?+...). 
Remembering that the four bi-n-point tangents are now | 
a= 0, y=O0, ytar —0,) Ya orn: 

we sée that their points of contact are given by 

n= (1t+(atb+hy}"=0, y= {1+(ac+38?-+kaG) «}" = 0, 

ytar = {14+0(C—a)?x?}"=0, yt+6e = (1+a(a—6yP 2)" = 
These points all lie on 

aly+ax)’+ b(y+6x)?+ky+az)(y+6x)+1 = 0. 


Hence the points of contact of any four concurrent bi-n-point tangents 
lie on a conic. 


If there are other concurrent bi-n-point tangents, we see by applying 


this result to each set of four concurrent bi-n-point tangents in turn 
that :— 


The points of contact of any number of concurrent bi-n-point tangents 
all he on @ conte. 


6. Suppose now a 2n-ic has three real bi-n-point tangents, which are 
not concurrent. Take them as the sides of the triangle of reference. Let 
the points of contact of c= 0, y = 0 be given by 


(cz?-+2fzy+ by)" = 0, (cz?+2gza+ax?)” = 0. 
It will be at once proved that the equation of the curve is of the form 
LY Uon—-2+ (c2z*+ 2920+ ax?)"+ (0227+ 2fza+ by?)"—cr2*" = 0. (i) 


[tr, Ur, fr(L, Y, 2), ... denote homogeneous polynomials of degree r in 
2, y, #|; and since z = 0 is also a bi-n-point tangent, we must get an 
n-th power equated to zero when we put z= 0 in (i). It follows that 
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equation (i) must be of the form 
LYZUgn—3t (C227 + 2gza+ax’)"+ (c2?-+2Afzy + by?)"+ (ax? + 2hey + by’)” 
—q"7?" — bry?" — cz" — 0. (ii) 


In the ambiguity of sign the plus must be taken when 7 is odd, and 
either sign when 7 1s even. 
If the plus sign is taken, we may write equation (ii) in the form 


LYZV mat (ax? + by? +e2?+2fyzt2gza+2hxy)" = 0. (iii) 


We see that the six points of contact of the three bi--point tangents 
z=0, y=0, z=0 heonaconic. Three such bi-n-point tangents are 
‘called “ syzygetic.”’ Any three real bi-n-point tangents are syzygetic, if 
nm is odd. 

If the minus sign is taken, P;, Po, Qi, Ye, &,, BR’ lie on a conic, where 
P, and P,, Q,; and Qs, #, and R, are the points of contact of the sides 
BC, CA, AB of the triangle of reference, and (AB, R,R’) is a harmonic 
range. The three bi-n-point tangents are called ‘ asyzygetic’’ in this 
case. 

A 2n-ic having n-point contact with BC at P, and P,, with CA at Q, 
and Q., with AB at R,, and having at least (7»—1)-point contact with AB 
at R, or Rk’ has BC, CA, AB as bi-n-point tangents by the extension of 
Carnot’s theorem. Hence to be given three bi-n-point tangents of a 2n-i¢c 
and their points of contact is equivalent to 6n2—1 conditions (not 67). 

Suppose now that the 2n-ic has four real bi-n-point tangents, no three 
of which are concurrent, and that three of them are syzygetic. By a suit- 
able choice of homogeneous coordinates we may make these three have 
equations = 0, y= 0, «+y+z2=0, while the fourth is z=0. Then, 
by (ii), the equation of the 2n-ic is of the form 


cy (e@t+yt2) fon—s(e, ys 2)+ (aa?+ by? + 62" + Bfyz+ 2gzx+ Ahzy)” = 0, 
and it meets =O where 
ay (a@+ty) fon—3(x, Y, 0) + (az? + 2hay + by*)” = 0. 
The left-hand side of this is an »-th power and is therefore 
| (az?+2heytby’)” or (ax®?+2hay—by?)”, 


the latter being only possible, if 2 is even. 
In the former case the equation of the curve is 


ays (aby+z)on—st (ax? + by? +02? + 2fyz+Agza+2hry)” = 0, 
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and the points of contact of all four bi-v-point tangents lie on a conic ; 

2.e. the four bi-7-point tangents are “‘syzygetic.” The same holds if the 

three given syzygetic tangents are concurrent. . 
This argument can be at once extended, and we obtain the result :— 


If a 2n-te has r real bi-n-point tangents whose equations are 
Letmytunz =0, ..., ba+-m,ytne = 0, 


then, f n is odd, or of nis even and the points of contact of five of the 
tangents lie on a conic, the equation of the 2n-rc rs 


(atm ytnyz)... l,a-m-y+n,2) tod tu, = 0; (iv) 


and the points of contact of ‘al the tangents lie on the conic. Ug = 0. 
There cannot be more than n real bi-n-point tangents in this case. 


Whether the bi-n-point tangents are real or not, the equation of the 
2n-ic is (iv), if the points of contact of the tangents are known to lie on a 
conic. | 


7. Suppose a 2n-ic has four bi-n-point tangents p,q, 7,s. Let the 
points of contact of p be P, and P,, &c. Project S, and S, into the 
circular points at infinity and let p, q, 7 form the triangle ABC. Then 
DP, q, 7 ave syzygetic or asyzygetic according as 


(AR, AR. BR, iBPs. GO) GQ (A040; BR Bk One oP) 
is +1 or —1. 
Also q, 7, $s are syzygetic or asyzygetic according as- 
(AQ,.AQ,) + (AR,.AR,) 18 +1 or —1. 
It follows that of the four possible trios 
QTS, “prs; pas, p07. 

Ppriied from p, g, 7, 8, either 

(i) each trio is asyzygetic, 

(ii) two trios are syzygetic and two asyzygetic, 
or (ili) each trio is syzygetic. 


In this third case the fact that the common chords of each of the 
circles Q; Q2F; Ry, RyRy P,P, Py P2Qi Qs and the conic P; P2Q) Qo A, Ry are 
equally inclined to the axes of this conic, proves that pian Q; Gay Ba Si So 


= 
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all lie on the same conic. We have already shown that this third case is 
the only one possible when 7 is odd. ‘That, when n is even, each of the 
three cases can actually occur follows from the well-known case n = 2. 

The property of four bi-n-point tangents just noticed may be applied 
to discover what possible trios of syzygetic bi-n-point tangents can exist 
when the 2n-ic has five bi-n-point tangents p, q, 7, s, t Quite straight- 
forward but rather lengthy work shows that the only cases consistent with 
the above property of the four bi-n-point tangents are 


(i) all ten trios asyzygetic, 
(ii) all ten trios syzygetic, 
(111) all but pst, gst, rst asyzygetic, 
(iv) all but pst, gst, rst syzygetic, 
(v) all but prt, pst, grt, gst asyzyegetic, 
(vi) all but prt, pst, grt, gst syzygetic, 


(vii) pqr, qrs, rst, stp, tpg asyzygetic, and psq, sqt, gtr, trp, rps 
syzygetic. 


But of these cases (ii) is only possible when all ten points of contact 
lie on a conic, and is the only case which can occur when 7 is odd; while 
(iv) is never possible, for it requires that two distinct conics should pass, 
one through P, P,Q, Q2f, R28, S_, and one through P, P,Q, Q2R,R.T,T>. 
In case (vi) P, Ps Q1Q2R, R,8,S, lie on a conic, and ¢ meets p and gq, 7 and 
s in an involution to which 7’, and T belong. 


8. Non-projective properties of the general 2n-ic are usually modified, 
if the curve has the line at infinity as bi-n-point tangent. In this section 
we give a few illustrations. Considerations of space limit us to the enun- 
ciations. For the methods of proof the reader may refer to Ch. xi of the 
author’s Plane Algebraic Curves, and to a paper in the American Journal 
of Mathematics, Vol. 39 (1917), p. 86. 

The class of the curve will be taken as m. The number of its in- 
flexions is « including the n—2 inflexions at each point of n-point contact. 
We must distinguish :-— 


Case 1, in whieh the line at infinity has bi-n-point contact at the 
circular points w and a’. 


Case 2, in which the line at infinity is a bi-n-point tangent whose 
points of contact X and Y are not wand w’. We shall suppose X’ and Y’ 
the harmonic conjugates of X and Y with respect to w and a’. 
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First consider the evolute, whose degree, class, and number of inflexions 
are n’, m’, vu. | 

In Case 1 ww’ has n-point contact with the evolute at w and w’ We 
have wossied, im sm, ee Geet 

To illustrate, notice that the evolute of a three-cusped hypocycloid is 
also a three-cusped hypocycloid (n = 2, m= 3, 1 = 0). 

In Case 2 ww’ has (n-+1)-point contact with the evolute at X’ and Y’. 


We have n= +6, n= m+ 2, A es 2(r7—1). 


If the curve has r other bi-n-point tangents, the evolute has 2rn 
(1—2)-ple points on ww’ each having a single superlinear branch of 
order »—2. The values of »’, m’, «’ just given are unaltered. 


Next consider the pedal with respect to any point. 

It is in general of degree 2(m—n-+1) and has an (m—2n-+2)-ple 
point at wand w’. In Case 1 one branch at » (and ’) has n-point con- 
tact with wo’. In Case 2 ww’ has (n—1)-point contact with the pedal at 
two points, but does not touch it at w or a’. 


Lastly, consider the orthoptic locus. 

In Case 1 the m—2n+1 tangents from w to the 2n-ic other than ww’ 
give 4(m—2n+1)(m—2n) branches of the locus through » not touching 
ww’, and m—2n-+1 branches of the locus having -point contact with ww’ 
at w. In addition ww’ has + {2n—1+(—1)"}-point contact with the locus 
at two points other than » and w’. The degree of the locus is 


(m—2n)m+m+n—F$ {1—-(—1)"}. 


For instance, for n = 38, = 5 the orthoptic locus is a conic.* 

In Case 2 the locus has 4(m—2n+2)(m—2n-+1)-ple points at w, w’ 
and also m—2n-+2 linear branches having (7—1)-point contact with ww’ 
at each of X’, Y’. Its degree is 


(m—1)(m—2n+2). 


But if (X, Y, wo’) is a harmonic range, so that X= Y’ and Y= X’, 
the locus has 4(m—2n-+2)(m—2n-+1)-ple points at w and w’, m—2n+1 


* This case was overlooked in the paper quoted above. It should be added to those given 
in Ex. 16 on p. 174 of Plane Algebraic Curves : and the number of cases in which the locus is 
a cubic or quartic is greater than that given in the footnote on that page. 
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linear branches having (n—1)-point contact with ww’ at each of X and Y, 
and also another linear branch having (7—1)-point contact with ww’. Its 


degree is (m—2n)m+m+n—1. 


Thronghout this section we have supposed that the curve is not 
specialised except by the fact that the line at infinity is a bi-n-point tan- 
gent. Further modifications will be necessary, if, for instance, other bi-n- 
point tangents pass through » and o’. 


[Since this paper was written an article by T. Ota, Téhoku Math. 
Journal, Vol. 19 (1921), pp. 69-88, has appeared dealing with similar 
problems. The overlapping is slight, and I have not thought it necessary 
to make any alteration in my own MS. | 
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NOTE ON THE RESULTANT OF A NUMBER OF POLYNOMIALS 
OF THE SAME DEGREE 


By F. S. Macaunay. 


[Received May 17th, 1921.—Read June 9th, 1921.] 


Tue following note is an addendum to a paper (‘Some Formule in 
Elimination ’’) in the Proceedings, Ser. 1, Vol. 35 (1902), pp. 3-18. In 
that paper an expression was found, by Sylvester’s dialytic method, for 
the resultant of » homogeneous polynomials Cj, Cj, ..., C,, in the form of 
a quotient of a certain determinant by a certain minor of the same. The 
object of the present note is to find a simpler and more symmetrical form 
for the quotient when C,, Cz, ..., C, are all of the same degree m. 


Notation, etc.—A power product in general, x a?...2'», will be de- 
noted by o. | 
lan iL 
A power product x x?...”» such that 


li,<m—1, 4+h<2(m—1), ..., baht... fli < (n—1)(m—1) 


will be denoted by 2. See footnote.* 





* The number of products o Cee ain of degree ¢, such that 
L<a, l+l<a+(m—1), 14+)h+) <a+2(m—1), ..., 
Ltlot...+]--1 Sat (r—2)(m—1) St SC at(r—l1\(m—1), r<n, 


iets! Ghatenane 


n-1 1 
i +1 —1)»-?-1 — ( 


per-l Pp 


where ( a denotes the coefficient of x” in (1+). I donot know ofa simple proof. Three 
cases are applicable to the latter half of this note, 
(i) The number of products 2, as defined above, of degree (n—1)(m—1) is 
mm (Ra 1 ) 
m—1 \ n—2 /' 


which is 1/n of the whole number of products of degree mn—n+13; so that, if Cy, Co) 1+, Cn 
are multiplied by all products 0 of degree (n—1)(m—1), the number of resulting polynomials 
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A power product which is reduced in 2, Zg, ..., Zp, 7.e. not divisible by 
anyone of zy’, x3’, ..., x, will be. denoted by »™, or Q® if it be an Q. 
Hence every 2 is an Q%; and Q’-), QO have the same meanings as 
oD) yl)” 


Suppose each of Cj, Cy, ..., C, is multiplied by every w of degree 
t—m, and that the array of the coefficients of the resulting polynomials 
(of degree ¢) is written down, the columns (less numerous in general than 
the rows) corresponding to the several power products of degree ¢. The 
number of linearly independent rows (i.e. the rank of the array con- 
sidered as a matrix of determinants) is the same for C,, Co, ..., C, as for 
xy, xy, ..., 2, te. the rank is equal to the total number of products 
Pw, £70, ..., c o"—) of degree t, or the number of columns headed 
by such Sennen _ Hence the rows corresponding to C,w, Cyo™, ..., Crw-) 
form a complete set of independent rows of the whole array. We denote 
by D(n,#) the determinant whose rows correspond to C,, 0,0, ..., C,w"-» 
and columns to gf, zo), ..., 2”w"-). The columns of the array not 
belonging to D(n, t) are ieee corresponding to products 0”. D(n, t) is 
a non-vanishing determinant (being equal to +1 when C,, Cy, ..., Cr are 
put equal to 27", x”, ..., 2 respectively) and determines two sub-arrays of 
the whole array, viz. a vertical sub-array with the same columns as D(n, t), 
and a horizontal sub-array with the same rows as D(n, ?). ‘We denote the 
H.C.F. of all the determinants of the vertical sub-array by Rn, t), and the 
quotient | Din, t)/R(n, ), by Qn, Od. It.is a known property that this 
quotient @(n, ¢) is a common factor of all the determinants of the hori- 
zontal sub-array. It will be proved that Qn, t) 1s equal to a certain 
minor A(n, ¢t) of Din, t); so that, as R(n, i a Dn, D/Q( N, 9, we shall 
have Rin, t) = Din, t)/A(n, t). 





is equal. tothe number of power products of their degree mm—n+1.. .This curious fact must 
have some application, popes it may not be a simple one. 


(ii) The number of products w,2 of degree 1+ (n— 1)(m—1), ener w, 1S any product of 


degree 1, is : 
l+m (7 eae 


n—1 n—2 


(iii) The number of products ,,2 of degree (n—1)(m—1) is 





Qn re ae coy if 
oer n—2 7 ae 


In (i), @=m-1, ps=n—1; in (ii), a=l+m—1, p=n-1;. Ain (iii), a = 2m—1, 
p=n—1, n—2, n—-3. 
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The horizontal sub-array is illustrated by the following diagram in 
which the determinant D(n, t) is marked off by stars at the corners :-— 















Primary columns | 





Cols. not in D(n, t) | 


n) mr m n-1 m m \2, 
w() (Cp ee eee)... as ao 


Supplementary cols. 














\* 
Primary rows, viz. rows 
representing Primary minor of 


(C, Cy, re) Cn) @(% ~1) | D (1, t) 


















Co-minor of primary 

(Cig very One) ere cey | minor denoted by 

(Cicer) ee wah =8) A (1, ge 
Blank the extraneous factor 

of D (n, t), viz. 

Rin, t) = D(n, t)/A(n, t 


Supplementary rows | 





(Cy, Ca) oft wl!) 


Cy 2 co 


Soe 











* | * 





The multipliers w”-” of C, consist of all products aw?-Y, xm 0) 
wy &™ oo"), wh") of degree t—m, and this is the form in which they 
are shown in the diagram, of which only the last set w’-! contribute to 
the primary rows. When t > n(m—1) there are no columns ow”, since 
the highest power product ois v”~!a?'-!...a2™-!, Also, when t>n(m—1), 
fi(n, t) becomes the resultant R, of C,, Cy, ...,Cy,. The expression R(n, ¢) 
may be called a nominal resultant when ¢ < n(m—1). The number of 
such nominal resultants for » variables is (n—1)(m—1), viz. one for each 
degree ¢ from m to n(m—1). As regards A(n, t) see footnote.* 
We have to prove that A(n, ¢) = D(n, t)/(R(n, t), or Q(n,#). The 
quotient Q(n, ¢) is shown in the paper (§ 5) to satisfy a reduction formula 


O(n, ) = Q(n—1, 0... Q(n—1, t—m+1)D(n—1, t—m)... Din—1, m), 
where Q(7, 2), D(r, t) stand in the same relation to the 7 polynomials 
(C1, Cane ok Gare abe a a) 
as Q(n, t), D(n, t) to (C), Cy, ..., Cn). Also, as is proved below, A(n, ¢) satis- 








* The A (n, ¢) of the diagram is apparently different from the A(n, t) of the paper (§ 6); 
but the fact that each of them is equal to D(n, t)/R(n, ¢) shows that they are the same (on 
expansion) when the degrees of C,, C,, ..., C, are all equal. They are independent of the 
elements in their rows and columns in respect to which they differ. 
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fies the reduction formula 

A (n, ) = A(n—1, t)... A(a—1, t—m+1) Dial, La) ..,D(n—1, m), 
where D(r, ¢) is the same as before, but A(7, ¢) is related to the 7 poly- 
shat (CR = 


as A(n, t) to (Cy, Cy, ..., Cn). If we assume both formule, and continue 
the reduction, the D’s throughout will have the same meaning in the one 
formula as in the other; and since Q(1, t) = A(1,t) = 1, we shall have 
finally Q(n, t) = A(n,t). If it is not clear that the reduction can be 
carried to Q(1, t), A(1, é), but only to Q(2, 4, A(2, t), then it can be veri- 
fied that Q(2, t) = A(2, 4) = a{-™™*1 (or 1 if t< 2m), where a, is the co- 
efficient of x7’ in C,. The first step in the reduction of Q(n, t) shows that 
it is dependent only on the coefficients of the polynomials 


(Ci, Cy, © ree Caimi) Br i=O. 


Hence the same is true of A(n,t). Hence also A(7, ¢) depends only on the 
coefficients of (C,, Cg, ..., Cp_-1)a =... =% =0; and it follows that A(z, 2) 
will not be altered if C, is replaced by C, and z,=0 by x, = 0, so that 
A(r, t) can be defined in the same way as D(r, ¢) and Q(r, 2). 

It remains to prove the formula for A(n, ¢). Arrange the power pro- 
ducts of the supplementary columns (and the multipliers for the supple- 
mentary rows) in m-+1 sets in order, Ist those not divisible by z,-1, 
2nd those divisible by x,_; but not by x2_,, and so on, and finally all 
those divisible by #”_,. The determinant A(n, ¢) will then be found to | 
break up into determinants in the diagonal, these being A(n—l1, 24), 
A(m—1, ¢—1), .... A(n—1, t—m-+1), and a final determinant of a 
different kind. This final determinant also breaks up into determinants 
in the diagonal if its columns (and the multipliers for its rows) are 
arranged in sets according to powers of x, (instead of z,_,) and is thus 
found to be Din—1, t—m) ... Din—1, m). It would be useless to state 
the reasons in detail; the fact has to be verified by careful attention to 
both columns and rows, and to the definitions of A(m—1, ¢) and D(n—1, 2). 
It follows that A(n, ¢) is the extraneous factor of D(n, t), viz. 


Bint) =" D (0) eee 
This result is simpler than that of the paper, especially in respect to 


the fact that the primary minor is symmetrical in the coefficients of 
C5 55) ae 


Since Din, 0) = Rtn, DAM, DO, 


and A(n, t) = 1 when ¢ < 2m, for there are then no supplementary rows, 
SER. 2. vou. 21, No. 1409. Cc 
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the formula for A(n, t) can be written 


t—2m x 
A(n,t) = IL A(w—1, t—p) R(n—1, t—m—p), 


p=0 
from which A(n, ¢) could be expressed as a product of powers of nominal 
and actual resultants R. I imagine that every nominal resultant is non- 
factorisable (irreducible) just as every actual resultant is. 

We can replace D(n, t) and A(m, 7%) in the formula for A(n, t) by smaller. 
determinants in the following way. Any power product whatever, and 
therefore the product w,,Q, where w, is of degree m and 2 a product af 
the kind defined above, is either an w™ or else an w?-» and not an oo” ; 
and, in the latter case, w,Q is an #”Q; for it is divisible by x7, and the 
quotient satisfies the definition of 0. Hence the rows supplied by 
(Cy, Co, ..., C,)Q to D(n, t) have elements only in columns corresponding 
to (a™, w”, ..., @™Q, as D(n, t) has no: column corresponding to an ow”. 
The number of such rows is the whole number of polynomials C,Q (or 
0,2), C,Q, ..., CxQ®-Y, and the number of columns of D(n, t) which. 
they occupy is the same, viz. the whole number of products 27 Q, af QO, 
weep &™O"-Y, Hence the rows and columns form a determinant D’(n, #), 
which is a factor of D(n, t), and has the same primary minor as D(n, 2). 
Also R(n, t) = D'(n, H/A'(n, D, where A'(n, t) is the co-minor of the 
primary minor of D'(n, t). This is illustrated by a diagram very similar 
to the former one. 





_ Secondary columns 





Cols. not in D'(n, t) | Primary columns | (a7, a peers eRe 
m n\ n—1 fae 
ar) (aq', 2.5 @)Q"") (aq divisible by one of 
5, ee eae) 
1% ae 


Primary rows 
1 (Cy, Cay ..., Cn) AM) 


Primary minor of 























D' (n, t) 
Secondary rows 
n - 2) 
(Cy, «.-) On—1) 0! Co-minor of primary 
(Ci, eee, C;, -2) Ce) minor 
eee tee see NY (n, bt): 
(Cy, Ce) a Blank 
(die neigin-8 es the extraneous factor, 
may gorery om Viz. 
divisible by Rin, t) = D'(n, t)/A'(n, b) 
Drs Vinge se+y Ly | 
respectively) | | 
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The special property of D’(n, t) and A’(n,.2) is that, like R(n, 2d); all 
reach a final form, viz. D};, Aj, Rn, when t > n(m—1); for, if 


t= n(m—1)+p, 


where p>1, there is no Q”, and every other Q. of the diagram is 
divisible by z%~'. Also every A’(2, ¢) is equal to 1. 


When ¢ < n(m—1)+1, A’(n, 2) satisfies the reduction formula 
(ites 1, t) ., Anil tn — le tm) 2D! Great m) 


t—2m 
= II A’(n—1, t—p) Rin—1, t—m—p). 
p=0 


From the former of these two expressions for A’(n, t), we have 


(aN, sees PAV td (n—1)(m—1)]... D'(n—1, m) 


{D'[n—r, (n—r)(m—1)]... D'(n—r, m)}™™. 


r= iH 


Thus Aj, contains no acraal resultant &,_-, as a factor. Expressed as 
a product of nominal resultants. 


ptm f(p+rm—1 


Ai, = I {R[n—r, (n—r)(m—1)—p]}} "1° 7? 
Pp. 





The question may be asked whether, for a-value of ¢ < n(m—1), rows 
could be added to the array of the diagram so as to make it square, and 
such that its determinant may have the actual resultant R, as a factor. 
The answer is that there is no way of doing this, when ¢ < (n—1)(m—1), 
so as to yield a determinant of less dimensions than D,. When, however, 
t = (n—1)(m—1) the deficient rows are given by Sylvester’s extension of 
Bezout’s method [Salmon’s Higher Algebra, Lesson 1x; and Cam. and 
Dub. Math. Jour., Vol. 7 (1852), p. 68], and have a surprisingly simple 
form. This method consists in expressing C,, Co, ..., C, in the form 


C, = Ayap+Agryet...tAne™, 
Cy = Byap +B r?+... + Braz, ete., 


where a, a, ..., @ are positive integers (excluding zero) whose sum is 
m+n—1. Then the polynomials {+ A,B... Ku, which are of degree 
{(n—1)(m—1), supply the required rows, provided that only one such 
polynomial is taken for each set of values of a, ag, ..., Gn. For example, 
if C;, Cy, ..:, Ca are put equal to a"; 2%, ..., 2@, the» polynomials 
2 A, By... become the products. 27~*aP 7%... a" % 


% ) 


which are the 
c Y 


20 F. 8. Macauray [June 9, 


products 2 of degree (n—1)(m—1). The coefficients of © + A,Bo...Kn 
are of dimensions 1 in the coefficients of each of ©;, Co, ..., Cn, .€. Of - 
dimensions » altogether. Also [+ A4,B,...K, can be changed to a 
polynomial F containing power products of the kind Q only (without in- 
creasing the dimensions of the coefficients) by subtracting a polynomial 
of the form X,C,+X,0,+...+X,Cn, as proved below. Hence the poly- 
nomials F supply the needed rows for completing the array of the dia- 
gram into a square array, when ¢ = (n—1)(m—1). The determinant of 
the square array is R,A'[n, (x—1)(m—1)], the extraneous factor 
A’[n, (x—1)(m—1)] being the common factor of the determinants of 
the array before completion. This factor A’[m, (»—1)(m—1)] is less 
than Aj, to the extent of the factor 


Ai", R[n—1, (n—1)(m—1)]... R[n—1, CON aby 


and seems to be the least extraneous factor obtainable by the dialytic 
method. 

The proof that 2+ A,B,... K, can be changed to F, as stated above, 
is as follows. We assume the determinant >+4,B,... K, to be sym- 
metrical in the coefficients of C,, Cy, ..., Cn, and denote it by its first row 
|4i, Ao, ..., An|. Multiply it by afta? ... 2%, and write the result as 


Che 
PA ee Agi yg eee oa ca 7 ‘ 
Expand this as a sum of determinants from the last column, viz. 


8 a 
PID ition ou Sabb se! Si eee Aya 1 -Anxen, a| x, 


where a is the coefficient of w°" wy in A,X. Omit all of these determinants 


in which o is divisible by #"—'. This may be done, since, if = 2"+'a, 
the determinant is 
1243) Agnes Anna Gye | ey tene ek toe OT eer enc oe 
Now expand the remaining determinants 
>| AN Osetia tab aot ea ice Nae a| xn w 
from the last column but one, giving a sum 
pp 25G) a,, _ {? A, a, ‘4 
Dy ltsse WAiglte Diet TAG ad gb Ay xn, a’, a GP an , 


where w is of degree < m—1 in 2-1; for all determinants in which the 


outside product is not divisible by «,"7/ 2%» will cancel, since this is true 
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on originally expanding from the last two columns, and all the omitted 
determinants were divisible by xa"; and Ag ic {+A,e” is of 
degree m, so that es aon is at most of degree m-+-a,_1—1 in z,_1. We 
_ now omit from these every determinant in which o’ is divisible by a'*->, 
and expand the remaining determinants from the last column but two, 
giving a sum 


2 | e's Ang tar cence a", ae a| e2? pM-1 gn oy! 


n—3 (ORE TL 0 4 
where w” is of degree < (m—1) in %,~2, and of degree < 2(m—1) in &,_2, 
XLn—1 combined ; and we omit every determinant in which w"” is divisible 
by a". Proceeding in this way we arrive finally at a polynomial 
xpxy? ... 2°» F, where all power products present in F are of the type Q. 


The polynomial 2 +A4,B,...K, can be replaced by F, since it only 
differs from it by a polynomial 2X,Cp. 
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SUR LES SERIES ENTIERES A COEFFICIENTS ENTIERS © 


Par G. Powya. 


(Communicated by G:. H.-Harpy.) -- ee 
, [Received August .14th, 1921.—Read November 17th, 1921.] 


_1. En poursuivant les remarques de MM. Borel*. et Fatout+ sur les 
séries entiéres a coefficients entiers, je suis arrivé a quelques résultats, t 
mais je n’ai pu ni démontrer ni réfuter la supposition suivante : Lorsqu’wune 
serve entiere a coefficients entiers converge dans wn cercle de rayon un, ou 
bien la fonction représentée est rationnelle ow bien son domaine d’ existence 
est lumité par le cercle de convergence. J’ai dX me contenter d’énoncer 
ce théoreme et de proposer aux mathématiciens de décider s’il est vrai ou 
non. Mon probleme rencontra quelque intéréet$ et quelques années plus 
tard M. Carlson/|| le résolut par l’affirmative. Sa démonstration ajoute a 
la méthode développée par M. Borel et moi-méme une nouvelle idée simple 
mais importante et susceptible, me semble-t-il, d’autres applications. En 
cherchant le fondement véritable sur lequel repose la démonstration de 
M. Carlson, je suis arrivé a généraliser le théoreme dont je viens de 
parler. 

Soit D un domaine simplement connexe situé dans le plan des z ne 
contenant que des points intérieurs et auquel appartienne le point z = 0. 
Il existe, comme on sait, une représentation conforme et biunivoque du 
domaine D sur un cercle qui fait correspondre le point z = 0 au centre du 





* HK. Borel, ‘‘ Sur une application d’un théoreme de M. Hadamard,’’ Bulletin des sciences 
math. (2), Vol. 18 (1894), pp. 22-25. 

t+ Fatou, ‘‘ Sur les séries entiéres a coefficients entiers,’’ Comptes Rendus, Paris, Vol. 138 
(1904, 1), pp. 342-344, 

t G. Polya, ‘‘ Uber Potenzreihen mit ganzzahligen Koeffizienten,’’ Math. Annalen, 
Vol. 77 (1916), pp. 497-513. | 

§ F. Hausdorff, ‘‘ Zur Verteilung der fortsetzbaren Potenzreihen,’’ Math. Zeitschrift, 
Vol. 4 (1919), pp. 98-103. G.Szegi, ‘‘ Uber Potenzreihen, deren Koeffizienten zahlentheore- 
tische Funktionen sind,’’ Math. Zeitschrift, Vol. 8 (1920), pp. 36-51. 

|| F. Carlson, ‘‘ Ueber Potenzreihen mit ganzzahligen Koeffizienten,’’ Math. Gee 
Vol. 9 (1921), pp. 1-13. 
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cercle. Autrement dit, il existe une fonction ¢(z) analytique dans le 
domaine D, prenant des valeurs différentes en des points différents de 
D, prenant toutes les valeurs w satisfaisant a l’inégalité |w |< p, ou p est 
une certaine constante et ne prenant que ces valeurs-la. Ajoutons la con- 
dition que 

p(0) = 0. 


Supposons enoutre que. _ | p' (0) = Le 


Alors la fonction ¢(z) et la constante p sont déterminées dune maniere 
univoque comme on sait. J’appellerai p “le rayon de l'image de D.”’ 


Supposons que la fonction analytique f(z) définie par la série entiere 
f (2) = ag tayztage*+..., 


dont les coefficients A, Ay, 4g, +.. sont des nombres entiers, nait que des 
points singuliers isolés dans le domaine D et qu'elle y soit unriforme. 

Sz le rayon de Vimage du domaine D est plus grand que Vunité, f(z) 

est nécessarrement une fonction rationnelle. 

Si le rayon de Vimage de D n'est pas supérieur & un, f(z) peut étre 
réguliere en D sans étre rationnelle. = 

Si le rayon en question est égal a Vunité et st la. frontiere de D satis- 
fait @ certaines conditions (par exemple, sv elle est une courbe continue 
sans points multiples), la fonction f(z) est ow bien ratronnelle ow bien son. 
domaine d existence est limité par la frontiere de D. 

Dans cet énoncé le terme ‘“‘ nombre entier”’ signifie un nombre entier 
rationnel ou plus généralement-un nombre entier appartenant a un corps 
quadratique imaginaire donné. L’énoncé ne suppose pas que les points 
singuliers de f(z) dans le domaine sont en nombre fini, mais que ces points 
singuliers n’ont pas de point limite a l’intérieur de D. Des trois parties 
de l’énoncé c’est la premiere qui est la plus importante, la seconde en est 
‘un complément facile et la troisieme n’est qu’un corollaire de la premiére. 

Si la proposition en question a un certain attrait c’est qu’elle rapproche 
trois notions assez éloignées l’une de l’autre: la notion de la fonction 
rationnelle, celle du: nombre entier et celle de la représentation conforme. 
Regardons attentivement par en vole ces haley else: entrent dans 
la démonstration. — 


2. Powr que la série entiere 


Ab meeer . Aptayeztagetazet.. 
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représente une fonction rationnelle, vl faut et il suffit que la surte 








Qo, Lo A, 9 Qo ay Ag 9 eeeg 
Qy ag Q A, as 
(amie Cale 


ne contienne qu'un nombre fini de determinants différents de zéro. 
Ce théoréme est di 4 Kronecker.* Je n’aurai pas a utiliser le fait que 
le critére est nécessaire. Montrons rapidement quilest suffisant. Je pose 


| An An+1 soe An+r—1 == A”, 


An+1 An+2 tee An+r 





An+r—1 An+r eee An+2r—2 

Le critére de Kronecker se rapporte a la suite des déterminants 
1 2 8 

AN eA AN aD, ac, 


Admettons que la condition posée soit remplie. Il existe donc un nombre 


N tel que AQ) wx ANY = AD xs, =, 


Je fais usage de la relation connue 
(2) AD AM g— AUT) ANT = (ANY. 
En admettant que ]’on ait 


Vp ape N+1) — pas N webs N Wices we? 
(8) AM) = AND me Atm a 4m 9 


on conclut de la relation (2), en y faisant r= N, N+1,..., N+, ..., que 


NY os N+1) — vat N pres uh 
AM, = AMD = ACen) 0, 


Les égalités (3) étant supposées valables pour 2 = 0, seront valables pour 
v= 1, 2, 5,..... Oma, en particulier, 


N N. N 
AY? seat? Se 4P) ee rs 


1.8. oS 9 


ce qui entraine, comme on sait bien,t que la série (1) est égale a une 
fonction rationnelle dont le dénominateur est d’un degré inférieur a. 





* L. Kronecker, ‘‘ Zur Theorie der Elimination einer Variablen aus zwei algebraischen 
Gleichungen,’’ Monatsberichte d. k. preuss. Akademie d. Wiss. zu Berlin (1881), pp. 535-600. 
Voir pp. 566-567. 

+ Voir Borel, J.c. Le raisonnement repose sur la remarque suivante qu’on établit a 


ae 
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Pour compléter les préparatifs algébriques, je veux transformer le 
déterminant 





Agr) z= | dy dy | anes 
a, An+1 
| An GAn+1 «+> Hn 





A cet effet j’envisage la suite des polynomes 
Qo(2) = 1, 
Qe) = 4/2-+1, 
Qile) = e+e 241, 
Je pose Q(z) f(z) = D,ap+Oy,a,2+O,ag7+... + Op ane"+-.. 
0.2) Q(Of@) = O,01a,+ 0, Oa,2+... +0, 0:am2"+-..: 
on a 
(4) pm = Amb ty Omarb tee Om —ky 


pour m>k, 
(5) 0, Dray = O(0, ay) = Gyan tt? Oganrt..- +f Opan—z 


pour m>l. SimS>k+/ les O;an-, entrant dans la formule (5) se 
calculent d’aprés la formule (4). 

Multiplions la premiére, la seconde, ... l’avant-derniére colonne du 
déterminant A‘*” respectivement par ¢”, ,,..., 4% et ajoutons a la 
derniere. On obtient 


NOY jes 2 ( 
Abs ) —| Q Ay 6.00) An-1 Cy ce e 


Aa, A ELE i Ys ear 


Gn One «+. Gineieadin | 





Vaide de (2): lorsque l’on a 


(q+l) _  y(a+}) = AlQ+)) _ g(9+)) ae 
Ay ay Anal Ane De Annes co Mell UE 
les déterminants Ai WE A’? ., ... sont ow bien tous différents de zéro ou bien tous 


égaux a 2€ro. 
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Kn.continuant. a ajouter a chaque colonne une combinaison linéaire con- 
venablement choisie des précédentes, on arrive a la formule 





A (n+1) — ” 
AM ) — Up hae Bib ost eas ‘ 9 
a, Uae U1, as tee Bhyang 
| An ea Gah fap eee Eh Cen 


tous les éléments étant calculés & l’aide de la formule (4), qui est ick 
applicable, la condition m > étant remplie. Hn opérant sur les lignes 
de la méme manieére que sur les colonnes on obtient* 


Hee at en BF ine ae = |O,0, An+1| 


n 1 (otis) ious. © 72). 





Spee La one eee [te ap Cen 


On a 
(6) OO) des = 5 =; | f) Qe(@) Qi) dz 





ena eT) 


Vintégrale étant étendue le long de la frontiére d’un certain domaine ne 
contenant a son.intérieur que des points réguliers de_f(z) et contenant 
le point z=0. Je pose 


(7) Qn(e) 20" = ah) go pt) Qn @-) 
Q,(z-}) est un polynome de degré » en 271, le coefficient de 27” étant 1. 


On a en définitive cette expression du déterminant 


(8) AT ss | fo 0,27) ie) 2 ida) Mh, LO Dee 2). 


3. Comment entrera la notion du nombre entier dans la démonstra- 
tion? L’ensemble des nombres entiers rationnels a les deux propriétés 
suivantes : 


(A) 2’ et 2” étant éléments de l'ensemble z'+2", 2’—z", aia" le sont 


aussi. 


* Le cas particulier.ol Q’n(z) = (1—2)”" est di & Hankel. Voir p.e. G. Kowalewski, 
‘¢ Hinfiihrung in die Determinantentheorie ’’ (Leipzig, 1909), pp. 112-114. 
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(B) Le point z =0 est un point mais il n’est pas un point limite de 
Yensemble (envisagé comme ensemble de points). - 


La démonstration n’utilise que ces deux propriétés (A) et (B) des 
nombres entiers rationnels. Les nombres entiers d’un corps quadratique 
imaginaire* ont les deux mémes propriétés, done la démonstration leur 
sera aussi applicable. D’aprés la propriété (A) les déterminants 4(”*) 
sont des entiers si les coefficients a, a, d,... de la série (1) le sont. 
D’apres la propriété (B) on peut conclure de la relation 
(9) lim A+) = 0, 
que la suite A®, A®, A®, one contient qu’un nombre fini des termes 
différents de zéro. Tout revient done a démontrer (9). ; 

On pourrait croire qu’en n’utilisant que les propriétés (A) et (B) on 
utilise trop défectueusement la notion du nombre entier. II n’en est rien. 
On peut démontrer facilement que, lorsqu’un ensemble E a les deux pro- 
priétés (A) et (B), il ne contient que des nombres entiers pris dans un cer- 
tain corps quadratique imaginaire éventuellement seulement des entiers 
rationnels. + | 


4. On apprend du travail de M. Hausdorff cité ci-dessus que l’étude 
de la représentation conforme n’est pas sans rapport au probleme des 


eee 





* Nombres de la forme m+n@, ol m, 7 =0, +1, £2, ... et 6 est un nombre imaginaire, 
racine d’une certaine équation 6? +a0+b =0, ot.a, b sont des nombres entiers rationnels. 


+ En ne s’appuyant que sur une partie de V’hypothése (A), celle qui concerne 2’ +2" et 
z'—2'', et laissant de cdté ce qui concerne 2’z’, on démontre dans la théorie des fonctions 
elliptiques qu’il y a deux cas a distinguer: (1) tous les nombres de ensemble # sont compris 
dans la formule nA, ot 1 = 0, +1, 42, +3,..., ou bien: (2) ils sont compris dans la formule 
mA+nB, ot m,n =0, £1, +2, £3, ..., et le quotient B/A est imaginaire. Utilisons main- 
tenant ce qui a été dit de 2’z'’. _Observons dans le premier cas que A doit étre de la forme 
nA; done A=n, un nombre entier rationnel. Observons dans le second cas que par hypothése 


AB=14+UB, B= mA+m'B, AB = nd+wB, . 


1, l’, m, m’, n, n' étant des nombres entiers rationnels, En éliminant B on obtient 
mA?* + (lin’—Um—n) A = ln’ —U'n, 


In'—I'n appartient done a E; si ln’ —I'n = 0, lm'—Um—n appartient a H; si ce nombre 
était aussi = 0, donc m=0, m’=B#O appartient 4 l’ensemble H.  contient donc 
nécessairement des nombres entiers rationnels # 0; le plus petit de ces nombres-la soit 


R= rA +r’ B. 


Alors le plus grand commun diviseur de r et 7’ doit étre Vunité. Soient s, s’ des entiers 
rationnels tels que rs'—r’s=1. S =sA+s'B appartient aussi 4 ’ensemble H et chaque 
nombre appartenant 4H doit étre de laformenR+7'S (n, n' = 0; +1,:42,...). En particulier 
S?=nR+S8, c.q.f.d. 
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séries entiéres aux coefficients entiers. C’est par la représentation con- 
forme qu’on peut trouver l’ordre de grandeur des polynomes qui s’écartent 
le moins possible de zéro dans un domaine donné. On doit a M. Faber 
cette découverte intéressante.* C’est la la véritable raison pour laquelle 
le rayon de l’image du domaine ou la fonction est uniforme joue un role 
décisif dans ces questions. Je me borne aux détails nécessaires & ma 
démonstration. 

Le domaine D situé dans le plan des z dont il était question ci-dessus 
(voir § 1) correspond point par point a son image conforme, l’aire circu- 
laire |w|<p, moyennant la fonction 


o(z) = w. 
Puisque ¢(0) = 0, ¢/(0)=1 ona 





1 1 
(10) (2) = ee +r HAL ZA +. ee 
dans un certain voisinage du point z= 0. Je pose 


1 Mi 1 bai. Enea: 
Qt (E\" = tt tt $l EPO 


 (z) 
Palen te tepley 


ou P,»,(z~), la partie principale du développement, est un polynome en 27" 
de degré m et P;,(z) une série entiére, P;,(0} = 0. J’affirme que dans le 
domaine D ona 


2h, lim [p(z)}" Pn!) = 1 





la convergence étant uniforme en chaque partie fermée de D. 
Remarquons que z/¢(z) est régulier dans tout le domaine D parce 
qu’au point w = 0 ne correspond que le pointz=0. Ona 


09 Parag | [2 +(2) et £4] Ga 


Le contour I peut étre une courbe fermée quelconque sans points multi- 
ples situés dans D et entourant le point z=0. Soit I Vimage de la 
circonférence |w|= R, ou 


(14) loa|<R<p; 


* G. Faber, ‘‘ Ueber Tschebyscheffsche Polynome,’’ Journal f. d.-r. wu. hes Math. 
(Crelle), Vol. 150 (1920), pp. 70-106. 


1921. ] SUR LES SERIES ENTINRES A COEFFICIENTS ENTIERS. © 29 


ce qui revient a dire que, lorsque le point w est situé sur ', on a | A(w)| = R. 


J’écris la formule (18) comme il suit : 


(15) P.@-}) = 1 | = ( U i du 1 | z ( 1 Me due 
ve 


 Orile\Aw/) u—z Ari jrpu—z\ow/ wu 











Le point z est situé a l’intérieur de I’ comme le point w= ¢(z) est a 
Vintérieur du cercle |w|= R, voir (14). Done on a en ealculant le 
résidu relatif au point w= z, 














On en tire 
A, | p(z)|\” 
(16) | Pin(z) $(@)"—1|<G R , 
: mae Z | du | 
Ri | Gis or |. u—z| |u| 





G est done indépendant de m. Vu (14) le théoreme énoncé découle 
de (16). 


5. Nous n’avons qu’a enchainer ces différentes remarques pour obtenir 
la démonstration de la premiére partie du théoréme énoneé au § 1, ou lon 
suppose que p, le rayon de l’image de D, est plus grand que l’unité. 

Je choisis R de maniere que 


(17) : <i 0, 


et que la courbe | ¢(z)| = R ne passe par aucun point singulier de= la 
fonction f(z). Je désignerai la courbe | 4(z)| = R, image biunivoque et 
analytique du cercle |w| = R, par IT’. Par hypothése les points singuliers 
de f(z) n’ont pas de point limite sur I‘ ni a Vintérieur de I. A Vintérieur 
de [il n’y a done qu’un nombre fini s de points singuliers de f(z). Désig- 


nons ces points par 
Crt Gos Ca, es aemeere 


(Je me place dans le cas général ou s >1; dans le cas ou s = O la dé- 
monstration se simplifie.) 
Je considére le polynome en 27", 


S@7}) = (2 '—e¢/ J@7—c,4) ... (2-1 —e>9). 


P,,(z~') étant défini par (11) et a désignant une fraction positive dont la 
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valeur sera fixée plus tard, je pose* | 
(18) Pre stany (27) {SG |") a), 


Cette notation n’est pas en désaccord avec celle du § 2, parce que Q,(z7}) 
n’était assujetti qu’a la condition d’étre un polynome de degré » en 27? 
dans lequel le coefficient de z~” est = 1, voir (7), condition qui est bien 
remplie par (18). 

Fixons maintenant la valeur de a. A cet effet je choisis deux grandeurs 
positives h et 7 assujetties respectivement aux conditions 


(19) ey) Leet mL 
(2.0) PO eC a 


Les polynomes de degré s—1 en z7'," 


(25 CS ei oul Ome 
sont réguliers dans le domaine |z|>~,r. II existe done une grandeur 
positive N telle que, pour |z| > 7, 
(21) [SGD <A Sa eet cae a — lO eee 
Je choisis a de telle sorte que les deux conditions suivantes 
(22) Opal) 6: 
(23) aaa Nomar. 


soient satisfaites. Ce choix est possible. Il uffit d’observer que la limite 
de la quamtité dans le membre gauche de (23) pour a=0O est <h en 
vertu de (19). 

Il me reste a fixer le chemin d’intégration des intégrales qui figurent 
dans la formule (8). L’image du cercle |z| = 7 dans le plan des w est 
une courbe entourant le point w = 0. Soit w le point de cette courbe qui 
est le plus rapproché de w= 0. Donec ona | 


(24) \o(z)|>lo| Uz|>7. 

Je considére les cercles 

(25) leah— Cri =o euro = Leds eee 

Je choisis le nombre positif « assez petit pour que ces cercles (25) soient 


extérieurs les uns aux autres et entiérement contenus dans la couronne 


* [x] est le nombre entier satisfaisant aux inégalités e—-1 < [x] < a. 
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comprise entre le cercle |z|= 7 et la courbe I’, voir (20), et pour qu’on 
ait en outre 7 


(26) ol mes a 
. Ce choix est évidemment possible, a étant > 0, voir (22). Je désigne le 
cercle (25) par I'.(¢ = 1, 2, ..., s). Ona d’accord avec (6), (7), (8) 


Cohen el 0 = (i ed eee f(2) Qx(e72) Qu(z7}) 271 dz. 


Toutes les courbes I’, I’;, 1, ..., ['; sont décrites dans le sens positif. 
Le long des courbes I’, Ty, Ty, ..., I's la fonction f(z) est réguliére. I] 
existe done une grandeur K telle que © | 


(28) Lf) | as 


lorsque z est situé sur l’une quelconque des courbes I’, Ij, ..., Ps. A 
Vintérieur et sur la courbe I la relation limite (12) a leu uniformément. 
I] existe done une grandeur M telle que 


(29) RACE Re GS Ole CEL, Uy Ena 


Cette inégalité est valable sur l’ensemble des courbes I’, I), ..., U's. Re- 
marquons qu'il en va de méme des inégalités (21), (24), (28). 
Posons 


(30) L=| lel" del, al 


a 





Beta! (ar = Dy aoa 
On a 


(31) | | 70 Qx(e-) Qile) edz 





— | | ME er are) L is tot) ae Host) fehl toll 2o) dz 
r 


< K| lz 3 M? | pz) | #49 Lok tobe Nlokl+ Co] | dz | 
gE 


— KLM?2N «I+ [al] 7 Bled tad [ak]+s alt 


en observant d’abord (18), puis en tenant compte des inégalités (28), (29), 
(21), de Végalité (80), et enfin de ce que | ¢(z)|= R lorsque z se meut 
sur I. 
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Ona 
(32) \ Ff Qe) Que) ade 


dit | | z fe M?| (2) ei tice eae (| g7\—cr1| Nytarl +o) dz | 
1B 


e 


< KL,M?| ey iin ond [ak]+s [al] (EN) sie’ 


en vertu tout d’abord des inégalités (28), (29), (21) (second cas), puis de 
Vinégalité (24), et enfin de la définition de I, voir (25). Les derniers 
termes des inégalités (31) et (82) sont, abstraction faite d’un facteur qui 
reste borné, égaux respectivement a 


CNG Peale ssa (| @ ep cet NG Er 


Vu les inégalités (23), (26), nous arrivons a cette conclusion qu’il existe une 
quantité positive G telle que 


| 0,07 ax41| = Ghia (k, l= 0, Ls oy 3, =), 
voir (27). Done le déterminant 


se iAb — | 0,,O7a;.4: | (k, l= 0, 24 2, trey nN), 
est plus petit que 


(n+1)! Grtlpzar2t+3t...+n) < (nGhr)**, 


Cette derniére expression tend évidemment vers 0 avec 1/n. C.q.f.d. 


6. J’admets maintenant que le rayon p de l'image de D ne surpasse 
pas Punité. a fonction ¢(z) qui transforme le domaine D en cercle de 
rayon p satisfait a l’mnégalité 


l@2l<p <1. 
Par conséquent, si la suite Co, C1, Co, C3, ... est bornée, la série 
(33) Cote, p(z)Fegp(z)? +... tengo) +... = F(@) 


est convergente dans D, uniformément conyergente dans chaque partie 
fermée de D, et F(z) y est analytique. Posons d’accord avec (10), 


(34) Ba) = 2-ye? pugs 


6 
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Dans un certain cercle de centre z = 0 ona 


(35) Fle) = E oletemge?tpge?-..:)? 


v=0 
= Ayptayztagz?+.... 


Cette derniére série s’obtient en ordonnant les termes de la premiére 
suivant les puissances croissantes de 2, d’aprés un théoréme connu de 
Weierstrass. J’affirme que les coefficients dp, a, dg, ... peuvent étre des 
enters de la forme m-+nt, ov m et n sont des entiers rationnels, sans que 
la fonetion F(z) soit rationnelle. On pourrait d’ailleurs choisir les coeffi- 


clients @, @,, ... dans un corps quadratique imaginaire autre que celui de 

Gauss. On verra que p, @;, Ms, ... peuvent étre rationnels si les coefficients 
Pees , 

Mg, fg, ... de la série (84) sont réels. 


Soit donné une suite infinie 


(36) No» Nyy MQ) +209 May oeey 


la valeur de y, étant ou bien O ou bien 1 (n = 0,1, 2, 3, ...). Je pose 
Co = 1, Ce qui donne ¢) = a = 0 ou 1 suivant le cas. Je pose de méme 
C¢, =m, ce qui donne c, =a, =0 ou 1 suivant le cas. Admettons que 
Coy Cyy Coy --+> Cn—1 Solent déja déterminés. On a, en vertu de (35), 


an = Cab Cnet 


C,-1 étant une certaine expression linéaire en Cy, C,, ..., Cn—1, le coefficient 
de z” dans le développement de la fonction 


n—1 


= Ce igs? ga? ...)”. 


Soit Cy—1 = An-1 tt Ba-1, 
A,-1 et B,-1 étant réels. Je pose 
Cairo Pans pn 4-8( | Dyce on) 
Qn = [A,-1]-+1[Ba-i]4 1; 
ce qui donne évidemment 
(37) Con enen/ 2s 


Il suit de (37) qu’a chaque suite déterminée (36) correspond une série con- 

vergente (85), les coefficients a), a), a, ... étant des entiers de Gauss. <A 

deux suites différentes 7, ,, 7, ... correspondent deux suites différentes 

Co) C1, Cg, ... (observons les premiers termes distincts), done deux fonctions 
SER.2. vou. 21. No. 1410. D 
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F(z) différentes. Mais la puissance de l’ensemble des suites de la forme 
(36) est celle du continu, tandis que l’ensemble des fonctions rationnelles a 
coefficients appartenant au corps W—1 est évidemment dénombrable: ce 
qui établit le fait en question. 


7. Dans ce paragraphe je réserverai le mot “domaine” pour désigner un 
ensemble situé dans le plan des z, ne contenant que des points intérieurs, 
simplement connexe et contenant le point z= 0. On connait le théoreme 
suivant: si le domaine D est une partie du domaine D’ (partie proprement 
dite) le rayon de limage de D est plus petit que le rayon de l’image de D’ 
(égalité exclue). 

Considérons un domaine D dont l’image a le rayon un. Admettons 
que la frontiere de D soit une courbe continue sans points multiples. Soit 
f(z) la fonction dont il est question dans le $1; f(z) est done développable 
en série entiére a coefficients entiers dans un cercle de centre z= 0, elle 
est uniforme dans D et n’y a que des points singuliers isolés. §i la fron- 
tiére de D n’est pas coupure pour la fonction f(z), celle-ci possédera les 
mémes propriétés dans un domaine plus étendu D*. Mais le rayon de 
Vimage de D* est nécessairement plus grand que 1, d’aprés ce que je viens 
de dire, puisque celui de image de Dest = 1. f(z) est done une fonction 
rationnelle, c.q.f.d. Ce qui précéde s’applique en particulier au cas le 
plus simple et le plus intéressant quand le domaine D est le cercle | z| <1 
identique a son image. | 

On pourrait traiter de la méme maniére d’autres cas ou la frontiére de 
D est suffisamment ‘‘ dégagée”’ bien qu’elle ne soit pas une courbe con- 
tinue sans points multiples. Je ne m’arréte pas a épuiser cette question 
secondaire. Je me borne a donner un exemple montrant que, sans quelque 
hypothése supplémentaire sur la nature de la frontiere, l’alternative 
piquante, fonction rationnelle ou a domaine d’existence limité, n’a pas 
lieu. 

Je désigne par B le domaine qui contient tous les points du plan des z 
sauf ceux situés sur l’axe réel positif entre + et «©, limite comprise. La 
relation 


(88) (ate ae 2w?+38w — 


= ate 
fait correspondre B au cercle |w|<1. Le rayon de l'image de B est 
done 1. Mais la fonction de z qu’on Heals en résolvant (38) par rapport 


ape Ay deal Glare) oe 5 ( 2n eee 2 
| n+1 


ere 22 DZ. 


i, Ms - 
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a des coefficients entiers et elle est réguliére en B sans étre ni une fonction 
rationnelle ni a domaine d’existence limité. Remarquons comme explica- 
tion qu’aucun point sur la frontiére de B n’est “‘ dégagé.”’ 

En faisant usage de la représentation conforme (88) on démontre facile- 
ment le théoréme suivant: supposons que la série entiére 


S(2) = Ag tayztayz?+..., 


a coefficients entiers dp, @,, dg, ... soit prolongeable indéfiniment le long 
de chaque demi-droite issue de l’origine excepté de l’axe réel positif. $i 
la fonction f(z) n’est pas rationnelle, son point singulier le plus rapproché 
de l’origine se trouve sur le segment 0<.z< 4. Si le point singulier le 
plus rapproché est 4, il n’y a que trois cas possibles: ou bien (1) la partie 
de l’axe réel positif comprise entre + et l’infini est une coupure pour la 
fonction f(z), ou bien (2) f(z) est une fonction algébrique a deux valeurs et 
a deux points d’embranchement, 4 et ©, ou bien (3) la fonction f(z) est 
rationnelle. 


8. Je ne veux pas discuter point par point ce que la démonstration 
exposée dans les §§ 2 a 5 ajoute de nouveau aux raisonnements développés 
dans les travaux successifs de M. Borel, de moi-méme et de M. Carlson. 
Je me contente d’indiquer le point de contact entre le raisonnement actuel 
et celui de M. Carlson. 

Soit a une grandeur positive arbitrairement petite. M. Carlson con- 
struit un polynome P(z) tel que P(O) = 1 et | P(z) |< 1 quand |z|= 1 et 
a <argz < 27—a, c.ad. le long d’un are qui constitue presque un cercle 
complet de centre z= 0. Le rayon de ce cercle est sans importance. 
C’est ce qu’on voit en considérant le polynome P(7~'z) sur la circonférence 
|z|= 7. L’existence d’un tel polynome peut étre montrée de maniéres 
trés diverses, chaque mathématicien exercé dans la théorie des fonctions 
en trouvera une autre. Voici la méthode qui découle des considérations 
du § 4. Considérons le domaine D limité par Vare de cercle en question 
(|z|=1, a <argz < 27—a), et par une courbe continue qui relie les 
deux extrémités de cet arc, située dans le domaine |z|>1. Le rayon p 
de Vimage de ce domaine D surpasse Vunté (voir §7). On a done 
|@(z)|~* <1 sur V’are de cercle |z| =7<1, a <argz < 2r—a dés que 
y s’approche suffisamment de l’unité. Sur le méme are on a aussi 
LP Zo) <1, n étant choisi assez grand, en vertu de (12), et a fortiori 
|2z"P,(z)| <1. Mais z"P,(z71) est un polynome de degré n se réduisant, 
en vertu de la formule (11), 4a 1 pour z=0. C.q.f.d. 


9. L’examen des séries particuliéres a coefficients entiers peut provo- 
bp 2% 
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quer des remarques intéressantes ou tout au moins faire trouver des 
exercices sortant un peu du cadre habituel. Je veux en donner un exemple 
auquel on pourrait ajouter beaucoup d’autres. 

M. Hansen, dans sa Thése,* a désigné comme probable un théoreme 
qui légérement généralisé peut étre énoncé ainsi: 

Je suppose que les nombres entiers 
(39) yz, Ag, Ag, woe Any veey 
satisfont « Vinégalité double ; 


(40) 0 < a, <b, 


b étant un entier donné. St la surte (89) contient wne infinité de termes 
différents de zéro, le domaine d’existence des fonetions 


3 
8 





est le cercle |z| <1. 


(M. Hansen ne parle que du cas ou b=2.) Les fonctions L(z) et H(z) 
peuvent étre développées en série entiére a coefficients entiers convergente 
dans le cercle }z|<. 1. Done pour démontrer la supposition de M. Hansen 
on n’a qu’a établir que les fonctions Z(z) et H(z) ne sont pas rationnelles. 
Mais ce fait n’est pas évident bien que sa démonstration n’est qu’un exer- 
cice. Remplacons l’inégalité (40) par ~1 <a, < +1 et L(z) peut étre 
rationnelle. Hxemple: 





u.(n) désigne le symbole connu de Mobius qui entre dans le développement 
de ¢(s)=*. Ne conservons qu’une moitié de l’inégalité double (40) en la 
remplacant par ad, > 0 et L(z) peut étre rationnelle. Exemple: 


pi) cee nn) ee 
nay 1—2" ~~ (¥—2)”” 








¢(n) désignant comme d’habitude le nombre des entiers inférieurs et pre- 
miers an. Remplacons L(z) par un type de séries légerement différent : 
2) nm 

An 


p> i= et on arrivera tout en conservant (40) a des fonctions 
n= 1 255 





* D. Hansen, ‘‘Om en ‘gruppe hele transcendente Funktioner,’’ Thése (Kopenhague, 
1904). Voir p. 65, Thése 5. 
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rationnelles. Exemple: 





Z 
1 age oh acne yf “tees 78 +.. ieee © 
Mais voila comment on peut démontrer en admettant (40) que L(z) n’est 
pas une fonction rationnelle. On constate d’abord que 


(41) lim (l—z)? L(z) = 0, 
Bel 


se rapprochant du point 1 le long de l’axe réel positif. C’est sur ce 
rayon du cercle |z| < 1 que L(z) prend ses plus grandes valeurs. Si Z(z) 
était rationnelle ses points singuliers sur la cireonférence |z |= 1 seraient 
des poles ; ces poles ne sauraient pas étre doubles ou d’un ordre supérieur 
d’apres (41); ils sont done nécessairement simples. Lorsqu’une série 
entiére converge dans le cercle de rayon 1, et n’a sur ce cercle d’autres 
points singuliers que des poles simples, la suite de ses coefficients est 
bornée. Mais voici la contradiction. Soient 


Ay) Qyys Ayes o9ee9 Ay,» eoeeg 


les nombres entiers figurant dans Z(z) qui sont différents de zéro; leur 
nombre est infini par hypothése. Dans la série de Maclaurin de la fone- 
tion L(z) le coefficient de 2”"3--"* n’est pas inférieur a 


VS edi tg ek EB a “On = k 


done la suite des coefficients de cette série n’est pas bornée. Admettre que 
L(z) est rationnelle est done contradictoire. 
Je parle maintenant de H(z). Je distribue les nombres 


Te52,00,.4 5) O53 /e 0 cinemas 
en une infinité de classes différentes que je désignerai par 


QP. PP ee 


n appartient a la classe Z si a, = 0. 

n appartient a la classe P; sia, >0, sin est divisible par 2’ et n’est 
pas divisible par 2’**. 

Je distingue deux cas. 


(1) Il existe une classe P; qui contient une infinité d’entiers. Ad- 
mettons done que Py, P;, Po, ..., Pi-1 ne contiennent qu’un nombre fini 
dentiers tandis que P; contienne les entiers 2’7,, 2'74, 2'75, ...5 J1, Jos Jar «+ 

. . ° > ° Bea aos . 
étant impaires. En considérant le coefficient de z?/14/s--4* et en supposant 
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A(z) rationnelle, on arrive a une contradiction du méme genre que celle 
qu’on a rencontrée en supposant L(z) rationnelle. 


(2) Chaque classe Pitts eis: ie aes 


contient un nombre fini d’entiers, respectivement 


Po: Pr Pa eeey Ps ees 


entiers. Désignons par N(x) le nombre des entiers non-contenus dans 
Z et ne surpassant pas x. On a linégalité 


N(x) < potprt..tpat| > | 


d’ou l’on conelut lim 27 NG) 8" 


r= nM 


Pour Wi — 12S ene donc 
(42) lin 24 N(@) = 0: 


r=D 


I] s’en suit de (42) que lim (1—z) H(z) = 0, 


z s’approchant de l’unité par valeurs positives. Mais on a évidemment 


Lim} eae 
Done le point z = 1 est un point singulier, mais n’est pas un pole de H(z), 
et ainsi H(z) n’est pas rationnelle. C.q.f.d. 
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THE APPROXIMATE FUNCTIONAL EQUATION IN THE THEORY 
OF THE ZETA-FUNCTION, WITH APPLICATIONS TO THE 
DIVISOR-PROBLEMS OF DIRICHLET AND PILTZ 


By G. H. Harpy and J. EK. Lirrnewoop. 


[Read March 10th, 1921. | 


1. Introduction. 
1.1. Our first object in this paper is to prove the following theorem. 


‘THEOREM A.— Suppose that H and K are positive constants, and 


(Teri) So Ot tee ho eae, 

(12512) ea hema, mmr —| Gl 

Then (1) . 

(1.18) CG) > nex > wil +R, 
M<2 n<y 

where 

(Lota) X = 227)? sin dsr T(1—s), 

(pets) R= O(@-7)+ Oly" [¢[2-%, 


and O| d(x, y, ¢, t)| denotes a function which is, for all values of the 
variables which satisfy (1.11) and (1.12), numerically less than 
Ag (a, y, 7, t), A = A(H, K) being a number which depends on H and 
K alone ; 


(li) af, in addition to (1.11) and (1.12), a Sy, then 


(1. 16) im R= 0 (teen) 








where S3(y) denotes the absolute value of the difference between y and the 
integer nearest y ; 
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(iii) af, on addition to (1.11) and (1.12), x<y, then 


| t [2-7 
, n= o(tly ), 
ae eP+y8@ 

It is to be understood that, in (1.18) and all similar formule, the 
lower limit of summation is 1. 

It is part (i) of this theorem that, in a memoir published recently in 
the Mathematische Zeitschrift,* we called the “ approximate functional 
equation’’. The purpose of the theorem is to facilitate the study of ¢(s) 
in the “critical strip’ O<o<1. The function is represented for 
a > 1 by the formula e(s) = En 


and for ¢ <0 by the formula 
€(s) = x¢(1—s) = x2n*"” 


The formula (1.18) is, so to say, a compromise between the two, and 
it seems to have many important applications. 

The theorem which we proved in our memoir just quoted was less 
complete than part (i) of Theorem A in two respects. In the first place 
it involved error terms 3 


O(a~* log |¢|), Oly" |é [#7 log | 2] ), 


containing a superfluous factor log|t|. Secondly, the result was proved 
only for a fixed o lying between O and 1.+ 

Our former theorem was sufficient for the end which we had then in 
view, and it would be sufficient also for the new applications which we 
give here. But it seems very desirable that Theorem A should be proved 
in its most perfect form.{ The defects are not easily removed if we ad- 
here to the method which we used before, and our argument here pro- 
ceeds on entirely different lines. 


1.2. We give the proof of Theorem A in $2. In $3 we apply the 








———_—- —_— 


* G. H. Hardy and J. EK. Littlewood, ‘‘ The zeros of Riemann’s Zeta-function on the 
critical line’’, Math, Zeitschrift, Vol. 10 (1921), pp. 283-317. 


+ It would have been easy to modify our argument so as to secure uniformity for the 
strip 0<8<o0<1-6<1. 


{ The unnecessary logarithm in the error terms is at any rate a serious esthetic 
blemish. The extension to values of ¢ outside the critical strip is no doubt of secondary 
importance. Butit is important to have a result which holds uniformly for the whole strip, 
and the attempt to obtain one leads naturally to the more complete form of the theorem. 


‘ 
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theorem to the proof that 
“9 
(1.21) | _(SGrit)|* dt = 10 (I logul)s |i, 


an equation which marks at any rate a further stage in the direction of 
‘“‘Lindelof’s hypothesis ’’,* viz. that 


(1 . 22) €G+it) = O(|t|9 


for every positive e. 

In § 4 we apply the result of § 3 to the divisor problem of Piltz, and 
obtain a new result as to the order of the error term in the classical 
formula. 


2. Proof of Theorem A. 


2.11. A few preliminary explanations are necessary. 

We use A (or A’, A, ...) throughout to denote a positive number 
A(H, K) depending upon H and K alone. If particular values were as- 
signed to H and K, all the A’s would become absolute constants; and, as 
the number of different A’s is finite, it would then be possible to assign 
absolute constants a and 6 such that 


Oia A 6: 


for every A. The meaning of O corresponds to that of A, and is stated 
explicitly in the enunciation of the theorem. 

We shall sometimes find it convenient to use 
of the type 


(2.111) \ Jia 2~° dz, 


‘6 


‘ generalised integrals ’’, 


which are not convergent in the ordinary sense. Such integrals have 








* Lindelof’s hypothesis would be proved if we could prove that 
[_ [6+ ig | rat = O79, 
for every p. The most known before in this direction was that 
ie [C(2+4t) |2dt ~ 27 log 7. 


This result was proved in our memoir ‘‘Contributions....’’, Acta Mathematica, Vol. 41 
(1917), pp. 119-196 (pp. 151-156). 
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been used for various purposes by other writers, notably Cauchy and 
Hadamard.* 
Suppose that f(z) is regular for z = 0, that 


F(2@) = Antayztage?+..., 
near z=0, and that p<xn(s)< p+1, 


where p is an integer. If p <0, the integral (2.111) is convergent in 
the ordinary sense, along any regular path with an extremity at the 
origin. If p >0, we write 


Tp(2) = Ap tayet...-ayp12?7', 
ef ti-s 


p-l 
b0=| fleetde =F a S—, 


it being understood that, when s = p, the last term in ¢,(e) is to be re- 
placed by By ihas 
and that e~* and loge have their principal values. This being so, the 
“ generalised ”’ integral (2.111) is defined by 


(2", 112) | (PONE es 9 chien (| Az) aa d:—$,(0), 
0 e—>0) € 


e tending to zero along C. 

These generalised integrals possess (as regards addition, transforma- 
tion, partial integration, and so forth) many of the properties of ordinary 
integrals. It is hardly necessary to set out these properties in a succession 
of formal theorems, for the integrals occur only in rather trivial parts of 
our argument, and the reader will easily verify any property which we 
assume. But their use enables us to extend the domain of validity of a 
number of standard formule, and so to avoid various irrelevant and tire- 
some complications. In particular it will easily be verified that (as was 
shown by Cauchy) Euler’s formula 


(22113) hers | e—* a dz 


is valid for all values of s except 


S10) ee 








* A. L. Cauchy, Hwercices de mathématiques, Vol. 1, pp. 57-65, Vol. 2, pp. 92, 93; 
J. Hadamard, ‘‘ Théorie des équations aux dérivées partielles et du probleme de Cauchy ’’, 
Acta Mathematica, Vol, 31 (1908), pp. 333-380 (p. 339). 


—ooOoorrrr 
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and that a similar generalisation may be made of the standard formule 
‘involving e~*, cos ax, sinaz, ..., commonly deduced from (2.118). 


2.2. Our main aim is to establish part (ii) of Theorem A; the rest of 
the theorem follows readily from this. We observe first that, on grounds 
of conjugacy, it is enough to consider the case when ¢ is positive (so that 
t> A). We show next that, in proving (ii), we may suppose that 


% ==) (mod 1). 
For, assuming the result for this case, let x be unrestricted, 
a, = [x]+3, 
and y, and #, the y and R corresponding to x, Then 


wrt pyry, 


and 0< y—y, < A,tu~*. 
Hence 
pe? 1) Siy) < Wy)+A ta. 


There are two cases. 
(a) No integer is contained between y and y, (inclusive). 


Here we have 


l-—o 
(2.22) R= R+O0(@;7") = O(e77) +0 eee 
1 


i {ei gi-e 
mY (cesaemle 
Hence, provided Pomel) AA ie 
1 ipa -t 
SAD AEN Sid te ee Ea)’ 


Vt+as(yy) ~ 


— if) (a7 Cay 
oR ae (ema): 


If, on the other hand, | iin ata 


we have Ae < AN temas f 
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and so, from (2. 22), 


2*) = 00-040 (ahasy) 


Me = O(e-)+0( Vita) 


the result desired. 


(0) There are integers between y and yy. 
Since y—y, < Ayta*, «>Arvt, 
there are fewer than A; such integers. Further, 


Sy) < yy, < Ay tx7. 
Thus 


seb ty LEN eA rae ae ee ieee 
et Vite5@) > JitAtet = Jt 


We have therefore 
|R| <|R,| + 42-°+43 |x| Asyf 


Aa? 


COR 


+A g-7+A Ae io Lae 


since Vere tm 


and this is less than 


a7 t4e = 0() = 0 (Tease) 


by (2. 23), which completes the proof. 





2.3. We suppose then in what follows that 
(2. $1) Wray =t, c>y>S>K, «=H (mod 1); 
and we now write 
(2. 82) yr = LyJ+1. 


Suppose in the first instance that >1, and denote by ZL, and L, 
the lines from x to infinity which make angles 47 and —4m with the 
positive real axis. Then 
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(2. 33) | Els) at 


Nx 
= Ens (F| ~ x | ) ot eot we de 
n>x L2 Ty 


~ 2 


l—s 


= L+-h- ee ’ 





§ 


: \ (cot re i)e"ds— x | (cot re-+2)2~*dz— Lo 
Ly Des 





45 


say. These integrals are convergent for all values of s, and we have 


plainly 


l-o 
84) {()— Ent = +h+0 (*-) =ht+ht+0@, 


throughout the domain 


2.41. In I, we write 


: e , e2yitlzni 
cot rez—7 = 2 2 e423 -—_—, 
ven l—e 
so that 
55 e” (y, +1) ant 
(2.411) ees | eonsde+| a ane Ae 
vei Ty Dy 1—e 
— p> jyitdy 
voy 
say. In J, we have zg=atre™ (r>0), 
z-§ = O(|z~*|) = O[exp { —3#(e +72) log @+re*) } | 
* r 
= @ | @ter/2+r)-! exp. (¢ are tan Oe 
oe ips tr 
= 01-9 (14-2) on (2). 
since are tan om —ecu(e > O) 
fee ai 
1 —er" ? 


e (yj+1) 2mt — O (e77 +3) rv2y we O (e-* WFD aap), 
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Hence 


(2.412) Jy = O(a”) |, fe exp ea —ryr/2—nr9/2) ae 


ao 


8 


= Ol") | (1+ =) exp (— 77/2) dr = O(a"). 


0 


8 


2.42. In J, we write 


: : 4 : s e772 tent 
cot rz—t = 20 DY eT tM 4 


en 2it 1) emi 
(2. 421) ifya— > | emelede+| serena mee poe IE 
vy Jl, Le l—e 
— >> dv, 2tJo, 
voy 


say. The discussion of J, is simpler than that of J;. We have, in fact, 


Zire Meta Chee ige Olek 
Hey (seta ee fe re aed) gy lhe 
z = 0[« (1+ =) exp i ¢ are tan <atr} | = 0¢ (1+ i): 
1 
joer = OC), 


e~2Qit)) ent — O (e~*Tv2), 


(2 422) y= ole fe (1+ Z| Cane ar| =a puso 


Collecting our results from (2.34), (2.411), (2.412), (2.421), and 
(2.422), we have 


(2 2 423) ¢(s)— > nst— >» ay) ity, 2) — OG. 
Nn <a v<yil 


2.5. If now C, and C, denote the contours formed by adding to L, 
and Le respectively the stretch (0, x) of the real axis, we have 


{ erveTt ys d = (Qyar)s—1 @3** (1-s) T(1 —s), 
Ch 


| en vent y—s dz — (Qyar)i=1 esas 9 I'(1—s). 
02 Dat om 
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~ Hence 
Gi) dy, ty, 2 = 2(Qvr)* sin $87 T(1—s)—k, 1k, 2, 
where 
(2. 52) ky, =| Cor ae A on | Cpcan: a ae 
: 0 0 
These integrals are generalised integrals if > 1. 
Let now 
2158) a Ol) Yo = [yJ-1. 
Then we have, from (2.428) and (2. 51), 
(2. 54) 
yy 
C(s)— > ON area p> Nie me > (Fy, 1+] 2)— = yitk,, +0 (27), 
: n<e nN <Y2 v=Y2 | v <Y2 


where terms for which v or nm are negative or zero are simply to be 
omitted. 


2.61. We now deform the integrals (2.52) into integrals taken along 
(1) the segment (0, —7x) of the imaginary axis, and (2) the straight line 
from (0, —7z) to (x, 0). We call these lines L3 and Ly, respectively. The 
integrals along L, are generalised integrals if > >1. And we write 


(2.611) = (4, ith, 2) =S = J3,1+d4,1 +3, td, 25 
VN Y2 
where 


OD) ah = | ( = aa Pete Fac =| (= | 23 di, 
Lz ; I 


VY v<y2 


(2.618) Jse= | ( > Ba) PE A ap | ( > ‘iat gsdz, 
Ls I 


v<Y2 v<y2 


2.62. We consider first the integral J; 1. On Ls we have 
z=—w O<r<a), 
ft a e7 (7 +t) (log r— 317) = ps gate p— hat 
? 


erent —_— eurn 
We have therefore 
Eo 
(2, O21) siete say = eg & | (DE ig 2 emma DS 
; ‘ hits 0 


y <Ye2 v <Y2 
say. 
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If p<o<p+tl, 


: hi 
we have u, = | ertry-S dy 
0 





. 4 Pal. (Dyar)k , ghtins 1). 
—— >] {{ Qrr Si J. ( VT € 
aia hea! dr ie Aa ar 


si . k k+1—s 
— lim {\ ert 3 dy — 5 (Qv7r) et 7 


> c-o0 Kk! s—k—1 


x k ey se 
aa {{ (et — $ (2vr7) ) wees Pols s (Quy ght} 


e—>0 


- a P ee mye P (Quarry gkti—s 
= PATI P cs BY : sq. pal >) ‘ 
\ ( hp Ce pice! zz0 Kk! s—k—I1 














The second term here is plainly 


Oy? a4) = 01). 
Also 


| eau 
(2 . 622) —= 7 


(Qurr)* ee (Qvrar)?t! 


Qurr 


(p+1)! : 





so that the first term is 
O (04 eon | prime dy) — O(t4 e’), 
; ) 


by (2.31) and (2.538). Hence (2. 621) gives 
(6 . 628) SP Ol me) hams (0) Om 9p 


2.68. The integral Js,2 may be disposed of in the same way; the 
only difference is that —2vrm occurs instead of 2yr7, and that we use 
instead of (2.622) the inequality : 


1 
Seer cms coor 

Thus 

(2. 681) Js,2 == O(e-4); 

and so, by (2.611), (2.628), and (2.631), 

(2. 682) E (baths = $= Fy: 4Fs2+0(e»), 


* It is to be understood that the sums with respect to k disappear if p—1 <0 or p< 0. 
The term which we have added plainly tends to zero with e. ; 
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2.64. On L, we have 
a= a—re™ (0<r< 2/2), 


2 = O({z7‘|) = On {—2R(¢+2t) log (x—re*”’)} | 


= = 0| @ — Er ant Vaye, OXD { ~# are tan —— as =| 


=) (es exp |- aoe = 0 (1 i Cr {—nyr/2}), 


since are tan —— em g [22 setae US Pes 


ent 


~ Also Setar 1 ert) — (| — els)" |) 


v <Ye2 if € 


— O(1) + O(e7 %2-) 2) — O(1) +O (e7 9-D7¥2), 
Hence 


vVv2 
(2. 641) dhs Oe | (enmyry2 e742) de O(e7?). 
0 


49 


2.65. Finally, Js. differs from Js, in that e”™ is everywhere re- 


placed by e~”™*, We have 


1 
Tae tet a), 


e7 22mt __ p—2y gent = O(1), 
and so | 


oe ee ay 2 7 
(2.651) Js: O (« \ oe | —tare tan SESS) ar) 


O (a--[ exp { —tare tan ra a) 


O (w-+| e-##ae) = 0 (7) =a (}(5 7), 


2.71. From (2.54), (2.611), (2.632), (2.641), and (2.651), we 


deduce 


e(2.711) {()— Ss te —y Dn) 2 Gyitina +009, 


n<Yo . 


and it remains to aise the first term on the right-hand side. 


SER, 2. vou. 21. No. 1411. E 


There. 
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are at most y¥,—-Y%+1<38 values of vy involved, and these satisfy 


|v—y | <8. Consider first the case 


y=yr-a (a>O). 
We have, by (2.51), 


(2 ‘ 712) | aos ict dp, 9 Nie —(k,, ith,, 2) 
and we apply the argument of $2.61, replacing the integral from 0 to z 
of k,,, and k,, 2 by a sum of integrals along L, and Ly. 
The integrals along LZ; contribute O(e~“’) as before. Hence 
(2. 718) ky itk,2 = | (e777 4 e—2vem!) 2S z+ O(e-4*), 
Ty 


Writing z= a—re*™, where 0<7r < 2/2, we have, as before, 





a hast oa ny r 
(2.714) oO (tea ex ( tare tan sage 
Also C77 adage ETE —_ O( | evn ih — O(e™”’"¥?) 
= O (ery v2—narv2y — O(exp i tr epi vat), 
rr/2 


(2.715) k,it+k,,2 





— Om) ‘a exp (—2 are tan +—~ ai —7ar V2) dr+-O(e7*). 


r 
L/l—r 


Writing f= aR 





and observing that —arc tan ioté< —Af’ (< €< 1), 


we obtain hi +4,,2 = O(a”) ie exp (—4 Ly —adr) dr. 
The integral is less than either of 

\, exp = Ae a) dr, \. exp (—aAr)dr, 
and is therefore of both the forms O(at—4) and O(a~'). Hence 


@. 716) lyrthys= 0 (222) = ee 
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2.7%. We consider now the case 


yv=yt8 (BBO). 


- Here we have 


Jv ity, Sofas | oede+| e72vert y—s dz 


= (0i| 


Now on LL, we have 


) 





) +0 ( | erent protit Jy 


1 








| ervint y—o—it 
I, 


eee () (acy (1+ us) exp (—ar/2-+ tare tan sate) 
= Ow-*)(1+ =) exp (-= eos ir aroun on sae _— Bri/2). 
Writing fie WEI 
and observing that —£é-+arc tan + < z< - 2. i (€ > 0), 
we obtain Mu Tiki oO Come) Us 


where U is of the form 


ol (+8) osetia 


=0(| exp | 4 A) 5 a ED —ABr| dr), 


We may replace t—A here by ¢, when U is seen to be of both the forms 
ce 2 
SHY, jy aL a _ nie 
ow) | exp ( Secor) ap = 0(S), 
and o| | exp (—A Br) ar | =i) (4): 
0 Ie) 
unless 8 = 0, when of course it is of the first form only. Hence 


(2.721) jy itjy,2 = O Gerawa) To (ee): 


* Replacing every element of the integral along L, by its conjugate. 


E 2 
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2.73. The least of the numbers a and 6 is 9(y). Thus we obtain, 
from?) 711) (eae ey LG6leand Zee 
E(s) = 2 pax US ms +R, 


mw <Y 


ql o 
where yea) a) (Se) 


Lie y Vibenys = Ar/t, and so 


eed tO, fa) 


(22731) ) Vir eee igaeeat 


This is (1.16),.and we have thus established part (11) of Theorem A. 


2.74. If we simply omit the term x9(y) in the denominator of (2.731), 
we obtain the result of part (i), when x>y. In order to remove the 
restriction, we take this result, with « >y, and change s into 1—s.* We. 
thus obtain 


(2.741) (—s) = 2 tty, Zen +O )+0G~ \|t|" 4, 
n <x n <y 


where Niele COs acm Las) 
But, by the classical functional equation, 

¢(1—s) = 2(27)~* cos sx T'(s) (8) = x16 (9), 
and Pay 4) XX1 = 4(27)~' cos $87 sin ds7 T'(s) 0(1—s) = 1. 


Hence, when we divide (2.741) by x,, we obtain 


+0 





(25 742) 8C(s) = ae, Patan e a ie 40 (— 


mn <y | xa'| La | 
= 2 ni tx 2 WI +O y )+ OMe th, 
n<y 
since Ixi|~ 4 te 


This is simply part (i) of Theorem A, with x and y iniguatemectl Heree 
the restriction that x > y is irrelevant in (i). It is evident that the. 





* This involves a change in the constant H of the hypothesis of the theorem, but we. 
may suppose the original H to be increased by 1 without prejudice to the results so far 
obtained. 
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game argument serves to deduce part (111) from part (ii). This completes 
the proof of Theorem A. 


2.8. It is worth while to note explicitly the effect of the term $(y) in 
(1.16). If and y are of the same order (more precisely, if 


Ar<arly <= AN 
or if AM Uti AAA iE), 
the error terms (1. 15) and (1. 16) in (i) and (ii) are equivalent, and may 
be written in the form 0 (t-29). } | 
If x is large compared with y, and 3(y) is not too small—in particular, if 
3(y) >A—then (ii) gives more precise information than (i). In particular, if 
(2. 81) et Vi hh Ns CRE AI eB Vo 
then C(s)— & n-* = x ey dlc Ed lia?) 


In the still more particular case y< A<1, the term in x disappears 
and the inequalities (2.81) are satisfied ; and we obtain the theorem :— 


If Chel ae Glee 
where C > 1/27, 
then G(s) = 2 n*+O0(\t|~-%, 
N <x 


the constant implied in the O depending only on H, C, and C’. 


This result appears in Lemma 2 of our memoir referred to in §1. 
The proof there given does not reveal the intimate relations of the result 
with the approximate functional equation. 


2.91. The error term (1.16) represents the sum of various parts, of 
which one is a term O(x~’); and on this there seems little prospect of 
improving. The remainder of the error term, however, can be expressed 
in a more explicit form. ‘The result has a certain intrinsic interest, and 
may possibly find applications. It should in any case be included for the 
sake of completeness. be ey 

Suppose that ¢>0, that y is not an integer, and that x = 4 (mod 1); 
and let us return to the discussion, in §2.7, of the sum on the right- 
hand side of (2.711), concentrating our attention on contributions to the 
error term (as opposed to contributions to the term in x), and to such 
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contributions as are not certainly of the form O(x~’). 16 will be found 
that such contributions arise only from —h4,,1 and 7,,,1, where 

yy, w=ytl—-a xsr=y-lyl. 
Further it appears that 


ee 4 oe | erent ys zt O(x~") : 
I 


Hence 


(2.911) (3) & Mi res Dain te O.e-")—| ent det | ereemin—S qx 
n <y I Ly 
if ¢>y. We proceed to study the last two integrals in greater detail. 
In the first place we shall show that the restriction « = 4 (mod 1) on 
(2.911) may be replaced by a restriction of another kind. We have 


= (eee <A45<}, 
provided only that Te Aa. 
Let A, = Max (2, A)), 
and suppose now that > Aoy, 


but that z is no longer subject to any congruence condition. Let 
v= (aJ-$, a" = [e)+$: 
and let y’, 7’, vi, 3, Li, La correspond to 2’, and similarly for 2". We 


have clearly ee 


and there is not more than one integer between y' and y”. Hence [y] is 
equal to [y’] or to[y"]: let us suppose that 


[y] = Ly’]. 
Then Sa See 


and we have, as a particular case of (2.911), 


¢(s)— = n-*—x = Tig Ol Gan =|, er" » mdet| ervert 2 dz. 
N <& n <y Ly 


Ly 


Now Cong toi AY op 
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and { -| = \ Ce eae za C) (| | z-*dz|) = O(2~’); 
; Ly Ly a! 


gq! 


and similarly for | . Thus (2.911) is true under the new conditions. 


I4 


2.92. On Ih, g=at+re™, 


and 78 e2veert — O(| gS ezyant |) 
we é 
= O(\2|~") exp (¢ are tan 73 oe ryrs/2) 


in Le ( ( ee -—.) ] 
= O(|z|~-%) exp it are error Ra 
Let 2 coe. 

Then it is easily verified that 


Aye Ty ex Re aL ES, ti Coe e 
Ble w/Z > Aa? +ra/2™ 2) 
for r >p; and so that 
(2.921) 
i; Tiel CEA 44 Eom, (IK \ (o+re™)—* exp | 2r9(a-+r et) wil dr+ Oven4t, 


A similar argument shows that 


(2. 922) 


(0 En ihe 
—| errr 2—§ dz = — a (2—ret™)—* exp {Qv,(ex—re'™) ri} dr-+O(e-4"). 
I4 0 


Now 
(2 . 923) (x +r ean ae exp { Qv_(x + Y e27*) Td = 775 Pe iA 
where 


(2. 924) & = —(¢+it) log (1+ en) — yaar en3, 
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If O<r<p, we have* 





oe Nor ag me rp EMR bys i) 
(2.9241) b=—7, —it (+e — otc 


—Qyrre-3*™—2(1—n) wre?" + O(t7?). 


The terms involving tr/z and yr cancel; and so 


(2. 925) Pe & 140 (= )+0(% or) 400-4 »| 


= (140(L)4+-5 040091, 


where 
(2.9251) P, = — 2(1—7) rre*" — ue 
2.0 
Now 


(2 . 926) { C0 fa \ erodr+R = i e% dr +O(e-4") +R, 

where 

(2, 9261 

n= O(«-*) i e712" dr +O (t¥p-? \ I 8dr) +0 (t- lie etl dy 
= 0 {a-h(at-#)*} +O{t *at-)? @t-)*} +0 {F *ae 4} 


0 (4) = 00), 


Collecting our results from (2.921) and (2. 923)-(2 . 9261), we obtain 
(2. 927) 


\ e2r2emt p—8 a= O(a~") feittg-terert| 
ry 


0 


ize) 


2 
exp {2 =» rei =i lp 


_ Similarly 
(2.928) 
-| erent pS Jy = O(a) —ettaatemt | exp —Qnrre~*!— oh dr. 
: 0 2x 
v2 2 me 
* Since art (5) = O(t-4), 


4 
and . -. £=0(#) = 01, 
x 
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2.93, Hence | 
(2. 981) C(s)— 2 ns—y Fn! = O(f@-7)+P+4+9, 


n <e n<y 
where P, @ are the main terms on the right-hand side of (2.927) and 
(2.928) respectively. This result is proved on the assumption 2 > A, y. 
But it is now easy to see that this restriction may be replaced by «> y. 
For the integrals in P and Q are each of the form 


o(Lewmeir) 0 (8) 


so that, when y << 2% < Agy, and therefore « < At*, P and Q are of the 
form O(z~’). But Theorem A (ii) shows that, when these inequalities are 
satistied, the left-hand side is also of this form, so that P and Q:may be 
retained or omitted at our pleasure. 

If we write + = zw and substitute for », and rv, in terms of y and 7, we 
obtain 


(29952) Pie git gl—sgit+2—n mi J ( (1) a, t), 
(2. 988) Q = — bg! 8 et—2ne7t Tine, 2), 

where 

(2. 984) JiASt he \, exp(— 2 e73"' ku— 4 tu*) du. 


Finally, we observe that, if 1—» > 4,* 
P=0O (#-+| exp(—Azxu) du) = O(xr~’), 
0 


and P may be omitted. Similarly Q may be omitted if » > #4. 
Summing up, we have 
Turorem B.—If —-H<o<xiH, «>K, yok, 
Drie haf 


y is not an integer, and y = [y|t+n, 
then 
¢(s) a » ny > Ms pean guerre fe (1—7) 2, t) — J (nx, t) | 
Nn <x n<y = 
+ O(z~*), 





* Or indeed 1—7 2B A. 
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where J is defined by (2.984). The first term involving J may be omitted 
when n <4, and the second when n>4 


There are of course corresponding results when ¢<0, and again 
when +< y. | 

We have supposed y non-integral. If y tends from below to an in- 
tegral value m, the second member of the right-hand side tends to its 
value for y = m, and we obtain 


G(s) = Earby E wt pelrital “TF (0, N+ 0G 


n<y 


mae ps ny ( Y ne! +4m'- t) FO"). 


NOU nem 


When y increases beyond m the second member gains a new term, and 
the third changes its sign. It may easily be verified that these two dis- 
continuities are, as they should be, equal and opposite, to order O(x~’). 


2.94. We return to Theorem A, and suppose in particular that 
O<o<dH. By Stirling’s theorem, 


= Agee) West hanna : 1+0 (in) } 


and O (tate py nr) = = OEE Gye 10a7)) =eOKe 7) | (to 0). 


n<y 


THErorRem C.—We have 
(2.941) ¢(s) = J n-o+y'’ =z ns *+0(2 
nm <& n <y 





; yes fe) a (a i imi sgn t 
where x= (5, J e ; 
umformly for Weegee Sele 
In particular, when o = 4, and 
Bi H). 
(2. 942) r= y= / ( 
we have 
|{¢| =i te : 

2.948) CG+i) = Banh p (SE) etree S noi O(je|-9, 

ae Dae nm <x 


It is (2.941) that we shall use in the sequel. We may note in pass- 
ing that we have, as an obvious corollary, 


C$+it) = Of). 
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3. The mean value of | ((}+%t) |*. 
3.1. Our main object in this section is to prove 


THrorEeM D.—We have (i) 





| a 4 5 aol val ea Clea) le 

(3°. 11) wal, |€(e+it) | dt ~ ~ 7 <a 
if ¢<ia0<l-and T—> © ; (ui) 

T 
(8.12) | [g@+io de = O[P(og ); 
and (111) 

r 
(3219) | | fe +it) |* dt = O[T(log T)4], 


uniformly for 4<qo<— 2, T> 2. 


But before proceeding to the proof of this theorem we insert a proof 
of one already known, viz. : 


Tueorem E.—When T>o, 


His 
(3. 14) | Sarit? dt ~ 27 log T. 


This theorem is proved in § 2.4 of our memoir in the Acta Mathe- 
matica,* but the proof there given is difficult and indirect, and the 
simpler proof which we give here affords an excellent illustration of the 
use of the approximate functional equation. 

Takeran (2.9041). ai=—-i4, 00) cand 


t — 
= SEE fy y = v (log ¢). 


Since x’ = O(1) when o = 4, we obtain 


€(s) = Ln +y’ = n'!?+0[ (log 1-7] 
Nn <x n <y 


= : n~*-+O[(log ¢)?] = Z+O[(log 2], 





* G. H. Hardy and J. E. Littlewood, ‘‘ Contributions to the theory of the Riemann 
ZYeta-function and the theory of the distribution of primes’’, Acta Mathematica, Vol. 41 
(1917), pp. 119-196 (pp. 151-156). 
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say. Suppose now that we have proved that 


SM 

(3.15) | |Z |? dt ~ Tlog T. 
0) 

Then 


jighae=["|zparto ({" log 





4 Z| dt) +0(T(og 733) 
=| izparto {dog rr (| Ziat) } +0( Pog 2) 
=| |zPat+0 ( Tilog fn ~ Tlog T; 


and a similar argument may be applied to the integral from —T to 0. 
Thus it is sufficient for our purpose to establish (3. 15). 


T if 
Now { | Z|? dt =| ( x m=i*) ( = n-bt) dt. 
0 0 \m <x nN <x 


Here we invert the order of integration and summation, and this requires 
a little care, since x is a function of ¢t. The term in (m, 2) occurs if 


i pe oom 


t 
2ar/ (log 7) 
is larger than the larger of m and ». Hence, if 


o fk 
~ Qara/ (log T)? 


and if 7, = T,(m, n) is given by 


Ly 


Qra/ (log T) = Max (mM, N), 


we obtain 


Ay fy 
| LAIR 9 2 \ m 3-4 3th gt 
0 


Mm, n<X JT} 





ts PHT, 2) S) 1 ‘i (a) at 


n<X n Mm, n<X / (mn) T. m 


=T> ~+0( pla att) +0 >) 
, n<x nN n<X nN mie 


ab te A (mun) 
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the dash denoting as usual that terms for which m =n are omitted. The 
first term here is 


, T log X+O(T) = T log T+0(T log 7); 
the second is 


o > (= awaits ") = 0 (XV (log x)) = O(T) = o(T log 7), 
nex \N 
and the third is* 

O(X log X) = O( TY(log T)\ = o(T log 7). 


This proves (8.15), and so Theorem E. 


3.2. We require some preliminary lemmas for the proof of Theorem D. 


Lewaa a: Lge D(n, o) = a) 


L 





then 
D(n, ) = Ol) @>1), = O( (log n)?)(¢ = 1), =OM-* logn) b < o< 1), 
if a is fixed and n>; and 
D(n, o) a O (1 (log n)*), 
where pu. = Max (1l—s, 0), 
uniformly for ao aed 


These equations follow at once by partial summation from the familiar 


result that 
d(1)+d(2)+...+d(n).~ n log n. 


Lemma 6: If o>1, then 


2 (dm) _ (go) 
ip aes, Tear ¢ (2s) 





This formula is due to Ramanujan.t 











* By Lemma 5 of our memoir in the Mathematische Zeitschrift. 

7 S. Ramanujan, ‘‘Some formule in the analytic theory of numbers” , Messenger of 
Mathematics, Vol, 45 (1916), pp. 81-84. Ramanujan gives no proofs; but proofs of all his 
results have been worked ‘out by Mr. B. M. Wilson, and will be published shortly in these 


Proceedings. 


62 G. H. Harpy and J. E. Lirtnewoop [March 10, 


He Mea 


(dw) =i) (n (log n)®), 


LEMMA y: 


In fact Ramanujan showed* that 





( d(v) ° ~ 2: n(log n)°. 
n (dQ) 
Lemma 6: If B(n,o) =z ae 
1 
then Bin) =O) @ >), = O(ogn) © =, 


= G (ni-* (log n)?) (4<c<1), 
uf o ws fixed and n> ©; and 
B(n, co) = O (70M (log n)*), 
where uw =. Max (l—<a, 0), . 
uniformly for tag aS 
These results follow by “vel summation from Lemma y. 
Lemmae: If K>0, then 
E dod) = 0 (n(logm'), 


uniformly for Or & Kn. 


It is understood here that d(n) = 0 if n<0. To prove the lemma 
we have only to observe that 


> a) dvtn< Viz (aw)? (awv+)’| 


1 


< J > (dw) )’ ies (ao))’ = O {n(log n)*}, 
by Lemma o. | | 


* Ramanujan, l.c. (where he gives a much more precise result). 
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«Leva ¢3 2 yen =O yesh (log n)*), 
1 
cuntformly for O<r<Kn, O0<cK<1. 


This follows from Lemma e« by partial summation. 


3.31. We proceed now to the proof of (3.18), of which (3.12) is an 
‘obvious corollary. In (2.941) we suppose « >4, ¢> 0, and take 


Observing that the two error terms are both of the form 


O(t-#) = O(t-4), 


we obtain €(o+it) = Dn s+y' > n'?+O0(t-4), 
nN <T Nn <r 
4 4 1 
\gi*< A} 2 n-| +Aly' = n=] +0 (=). 
nN <T NOT t 








The contribution of the last term to our integral is plainly negligible, 
and it is sufficient to prove that 





T 4 
(Sea3 i) | E n-| dt = O( P (log 7)*). 
2 |n<r 
T 4 
(8 . 312) Jo =| x' & no dt = O (Tog WAR 
2 NT 





3.32. Write 


(Sm521) t= / (=), Ris= Qe Max m7, 1°, p°). 
Then } 
T _. inp\* 
(3 . 322) 1 a (lmnp) ’ ES dt 
2 1,m, n, p <7 m 
ru pena 
-— lm =zif 2) dt 
l,m, n, p<Tv ( OD) rT We 


. (lmnp) ~° 
és o > oo 
O (r sia (lmnp) )+0 oem | log (np / lm) ) 


= 0 (T'2;) aS O (24), 


say. It is understood that in these sums 1, m, p run from 1 to @ 
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Now the number of positive integral solutions of the equations 
im = np =v 


can plainly not exceed (dv))*. Hence 





(dir) )° (div) )’ 
(3.828). <> +3 <2 = O(log T)¥, 
v<@ V v <AT V 
by Lemma o. 
Similarly 7 
(3 . 824) ee as) Le Dio + Lap, 


py <cas (ey)? [log (u/v) | a" 


say, where >, includes the terms for which 


’ 





ra 
4-1) <4 


and Xe. the remainder. In Xp», |log (u/v)| > A, and so 


(8. 825) y= Dy ee =Oi( > Hu)" = 0(T0og 7%), 


wiv< a? (uv)? bw <AT M 


by Lemma a. On the other hand. 





(3 . 826) Se ee A(u) d(u+r) 
mw < 2 0<|r| <du (nun }* [log (1+ =) 
u<AT 0<| rr] < du fh >| 


- ES Meck 
ms Oe |r| ae a) ato) 
= O(log T. Tog T)*) = O( Tog 7)*), 


by Lemmae. From (8 .822)—(8 . 826) we deduce (8. 311). 


3.33. It is plain that, in discussing Jz, we may write O(t#~%) for 
x’; we have, in fact, 


T 
(3 . 881) 1) Gb e (| feces Nr a at) 
° : : ; D) 
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We consider first 
ie 
(8 . $32) PA | Paid bate hee 
2 


and it is clear, after the preceding discussion, that we have 


BARA = mnp) 
3(T) = O (r ere (Jmnp) ) zc (aoe | log (np/lm) ) 
= O(T Si) + O (2), 


say, /, m, n, and p again running from 1 to @. 
Arguing as in § 3.32, we find 


B= 0( = v*(aw)’) = 0 (Te dog 7), 


23 — X91 -+ Die, 
Bis O(, Butta)" = 02 tog 2), 


MHOC SB we aw) duty 7) 


w<AT 0< |r| <hu 
— 19) (ieee T (log T)*) =a) ( T’? (log T)’) ; 
and so 
(8. 838) j(T) = O ( I" log 7)*). 
From (8. 3881), (3 . 332), and (8 . 3338), we obtain 
(3.334) 
Jhon &, (|, eet un at) 9) ( 7?-*" (log 5) +0 ({, 8 dog t)4 at) 


= 0(T*-* (log T)*) +O ( T?-* (log T)*) + O(L*) = O( T(log 1)*), 
which is (8. 812); and this completes the proof of (3. 12). 


3.34. It remains to prove (83.11). If we suppose now that o is 
fixed and $< o <1, and write 


3.841) Es) = En*ty Vw +04) = Bw +L = Z+Zy 
N <r n <T N<T 


SER. 2. VOL. 21. No. 1412. F 
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it follows from §§ 8.382 and 3, 33 that 
i: 

(3 . 842) | Zed? dt OL Te), 
where 6=<d(c)>0. Now 

TT ve (cee fe | 
fT igtae=f" iziltacto (|! 1Zil|Zalae) +0 (12a at). 
-—T 1 = = 

The last term here is O(T"~'), by (8. 342), and the other error term 

CAG ypNeT Ald ee 
of (fata) (fzsha) 


6 {(T dog 7)? (Z'-§)} = O (T-¥ dog T)*), 


is* 


by (8.811) and (3.342). Thus it is enough to prove that 


2 4 
Teel ese e602) 
(3. 348) a) AI Ut ~ aay T SAT. 


3.35. We consider the half of J corresponding to the interval (0, 7). 
and apply to it the transformation of § 3.32. We obtain 


Z | (lmnp)~? 
3.351) $f—= 2 (77) oma Sao) = 2 td 
) 2 Im=np AS (ecm | log (p/m) ) 2 ta 


say. Arguing with 2, as in § 3.32, but now taking account of the fact 
that o > 4, and using Lemma 4, we find that 


(3 . 352) | De = OCU: 
where Sig hel), 


The discussion is thus reduced ’to that of 2,. : 
The number of solutions of the equations m= np =vy is exactly 


* Using the generalised inequality of Schwarz, viz. 


| | ada | = (| | a|?da) (| | b |P/(» -1) fa) ys 


with p = 4. 
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| (dw) )?, if »<@, Hence 


2 
| (d)) (dw) 
sea Me RUUD) een. pp ot) (7 > | 
lm=np v<& VE; # D<v<AT V 
‘ (di) i 
i DS s— = AT, 
1 V 


by Lemma £. 
Finally we have 


> T,(lmnp)-° << LY Ar (P+m?+n? +p’) (lmnp)~?, 


lIm=np Im=np 
and the right-hand side, by considerations of symmetry, is 


Sar > Pilmnp)-? < 8x =P (lm)-* dim) 


lm=np 


—_ OUTS) YS [2 -2¢ 72° —_ OU > 2-2e Sm-2e: 
= O(T) {O(T?&-2 log T)+ O(log T)} O(1) 
= OP) O(T, 


Hence 

(8 . 354) SAA Cmip ai OCR), 
Im=np 

where ny! = 9'(c) > 0. 


From (8.351)—(8.352) we deduce (8.343), and the proof of Theorem D 
is thus completed.* 7 


4. Applications to the divisor problems.t 





4.1. Suppose that d;,(n) is the number of decompositions of » into 





* It is the equations (3.12) and (3.13) which we shall require in the sequel, and we 
have therefore omitted some of the details of the proof of (3.11). 

+ For references to the literature of these problems up to 1915, see G. H. Hardy : (1) ‘*‘On 
Dirichlet’s divisor problem,’’ Proc. London Math. Soc., Ser. 2, Vol. 15 (1915), pp. 1-25; 
(2) ‘‘ On the average order of the arithmetical functions P(m) and A(m),’’ bid., pp. 192-218 ; 
(3) ‘‘ Additional note on two problems in the analytic theory of numbers’’, ibid., Vol. 18 
4{1919), pp. 201-204. The following memoirs have appeared still more recently :— 

E. Landau: (1) ‘‘ Uber die Gitterpunkte in einem Kreise’’, Math. Zeitschrift, Vol. 5 (1919), 

pp. 319-320; (2) ‘‘ Uber Dirichlets Teilerproblem’’, Géttinger Nachrichten, 1920, 
pp. 13-32; (3) ‘‘ Uber die Gitterpunkte in einem Kreise (III) ’’, ibid., pp. 109-134: 
EB. Landau and J. G. van der Corput: ‘‘ Uber Gitterpunkte in ebenen Bereichen’’, 
Gottinger Nachrichten, 1920, pp. 135--171: 
J. G. van der Corput: (1) ‘‘ Over roosterpunkten in het platte vlak (De beteekenis van de 


F 2, 
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k factors, so that d,(n) = d(n) is the number of divisors of n.* It was 
proved by Piltz that 


(4011), (DiGi > Ax(v) = x {az 1 (log x)*-*+... +a, 1} + AL(@), 


where the a’s are constants and 
(4.12) An) Oe ie loge) eee 
The last equation was improved by Landau to 
(4 . 18) Ay (x) = O{2@-DIEFD (log x) #11 ; | ; 


and this is still the best result that is known, though it is easily proved 
that 


(4.14) Aye Grl et (Oba) 


for every k and every positive ¢, if Lindelof’s hypothesis (1.22) is true 
(and in particular if the Riemann hypothesis is true). 
Let us denote by a; the least number such that 





(4.15) AV AGA emt ON Gots). 

for every positive «. It follows from (4.13) that 
k—-1 

(4.16) ar S Te 

and from (4.14) that (on Lindelof’s hypothesis) 

(4.17) Oo, = 5s 

On the other hand it has been shown by Hardy} that 
(4 . 18) Ax (a) 0a 7h), 
methoden van Voronoi en Pfeiffer)’’, Znaugural dissertation, Groningen, 1919; 


(2) ‘‘ Uber Gitterpunkte in der Ebene’’, Math. Annalen, Vol. 81 (1920), pp. 1-20; 
(3) ‘ Zahlentheoretische Abschaitzungen mit der Piltzschen Methode’’, Math. Zeit- 
schrift, Vol. 10 (1921), pp. 105-120 ; (4) ‘* Zahlentheoretische Abschatzungen ’’, Math. 
Annalen, Vol. 84 (1921), pp. 53-79 : 

S. Wigert : ‘‘ Uber das Problem der Gitterpunkte in einem Kreise’’, Math. Zeitschrift, 
Vol. 5 (1919), pp. 310-318. 


* Thus d, (4) = 10, since 4 may be expressed in 4 forms of the type 4.1.1.1, and 6 of 
the type 2.2.1.1. 


tT Z.c. (1), p. 14. The most important of the inequalities (4.19), viz. ag > $, was found 


independently by Hardy and Landau: see Hardy, l.c. (1), p. 23, and Landau, ‘‘ Uber die Gitter-. 


punkte in einem Kreise (II) ’’, Géttinger Nachrichten, 1915, pp. 161-171. 
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so that 

| k—1 
(4.19) an > yam 
_ 4.2. We show here how it is possible, by using Theorem D, in the 
- less exact form 

Z 
(4, 21) | |e(a-+it)|¢dt = O(T +9, 
-—T 


to improve on the inequality (4.16) for every value of & greater than 3. 
We prove in fact that 





a9 
(4.22) ee | eo 8), 


It is possible to go further, and prove that 


k—l1 
t% SEE (k > 3); 


(4. 28) 
but this requires the use of the equation 
(4. 24) €G+it) = O('*9, 


which lies very deep, and of which no proof has yet been published. 
The relations of these numbers may be seen from the table :— 


— 2, 3, 4, D, ane 1, 











k—1 1 a Di cen 6 3 

ok ay SL 8? 5? EG, 7? ? 
Sa aya ae oe ae 
k 9, PV; ? 
Pairs MM 3 aie 

k ag F) 9 29 59 3? 79 9 
k—-1 ee Le Tees 2 5 3 
k+1 = Re) Bie 5? 3? 79 4? 


4.3. We shall make use of the following lemmas. 
Lemma 9»: We have 
E Perle : 
(4. 81) | lea-tinr F = or», 


for every positive e. 











* We omit the values in the cases to which our result does not apply. 
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This follows from (4.21) by partial integration. 


Lemma 0: Suppose that 6 and e are positive and less than unity. 
Then there is a number A= A (ce) which possesses the following property : 
given an arbitrary w', greater than unity, there is an w between w' and 
20" for which 

1+6 
(4. 82) { | Co +iw) fs dr < Ao. 


2 


This follows at once from the fact that 


, 


eo! Tae 1+68 Qu | 
| at | | S(o-+it) |* do =e | az | : |€(r+it) | dt = O'“*), 


w’ 


by (3. 18). 


Lemma cr: Suppose that 6 is positive and fixed, that 
CPO DS 
for every positive e, that 


fe) = > >, 


nv 

that x and w are large, and that x is of the form vim (m-+1)}, where m 
ws an integer. Then 

14+6+%w | Ss 14+6 

Cy Aes 2a e =| fe) = ds+0 (7 ). 


n <x Doda i eens ®) 


This is a corollary of formula (1), p. 826, of Landau’s Handbuch, and 
Ailfssatz 3, p. 841. 


4.4. We now prove 


Tueorem F.—If k > 4, then 


k~ 2. 





(4.41) A, (a) = O@ F *), 
for every positive e; %.e. 

ri | 
(4. 42) | arn < ear a (k > 4) 


We take, in (4.383), 
a, = a(n), f(s) = (E(9))* 
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We may plainly suppose x of the form ./{m(m+1)}. Then 


14+8+iw s 1+6 
1 § w 


~ Ori +3—iw 
We write x = w'*, where a isa positive constant which will be determined 


' later, and we ehoose « = 6, and w, between w’ and 2w’, so as to satisfy 
(4.32). Thus 


Aw << Te< Da. 
Now A; (x) = Dy(z)—®; (a), 
where P(x) = x | az, (log z)*-1+... + ax, x} 
is the residue of the integrand at the poles = 1. Hence 
(4 . 44) yay AG) | a OE a ~ ds+O(w%- eds 
where C is a path passing from 1+<d—i to ie between O and I. 


We take C to be formed by the straight lines joining the points 1+d—2«, 
4£—to, ¢+iw, 1+6+%, and write 


1 ‘L Z—tw $+%w 1+6+%m I I I 
(4.45) lh, sa (j+f, +{ 0. ) = a ats, 


gle 
say. 


4.5. We consider first the integral J;, We have 


1+6 ; zr? 
(4955 1) I, 0) (| [io +ia)* Te do) 


= 0 (Hf get a) 
==) Vu), 
by (4.82), M being defined by 
M= Max (2#7|¢@-+ie) na 


<oclti 


”N 


Now C(otio) = O(w), 
where u is the greater of 4—}o+6 and 6; and go 


(4. 52) M = 0 (Max (e7w-9*)) = O (Max o*), 
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where 
(4. 581) B= art(k—4)3—}o+s) G<o<)), 
(4. 582) 8B =acot(k—4)o (l<o<1+0). 


As 6 is a linear function of c for ¢ < 1, and increasing for o >1, it 
must assume its maximum for c = 4 or g = 1+, when its values are 


to+3h—14+(h—4)6, a(t +6) 4+(h—4)6. 


Substituting these values in (4 . 52) and (4.51), and gC ne that F, 
and J; are conjugate, we obtain 


(4.54) L.+Iy = OO") +0(w™, 
where 
(4.55) -y, = dat+dh—2+(h—8)8, -y, = a—14-(F—8-+0)6. 


4.6. Finally, it is plain that 


= 00%) +0 (waa | ca tio ¢ Z) 


= O(w%) + O (wit ** MA), 
by Lemma 7; ffl being defined by 
(4. 62) fl = Max | e(4+ia|-4 
25t<e 
This is O(w%-%@+t); and so 
(4 . 68) — «T= 0) +00"), 
where 
(4. 64) yg = ta+4dh—14(k—8) 6. 
From (4. 45), (4.54), (4.55), (4. 638), and (4.64) we deduce 
(4. 65) Fay |, = Ole +066) +000, 


since y; <y3. And from (4. 44) and (4 .65) we obtain 


(4 . 66) A;,(z) = O”), 
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where y is the greatest of the four numbers 


(4.67) a—1+ad, $a, a—1+(k—3+a)6, dao+4h—14(h—8) 6. 


4.7. The parts of the numbers (4.67) which do not involve a factor 
dare a—1, 4a, a—1, and 4a+4h—1. It is plain that, if we choose 


k, 


hols 


je 


the first, third, and fourth of these are equal to 4s—1, and the second 
is not greater. Hence 
Ai Ola airs, 


for every positive «; and this is equivalent to (4. 41), since 
wo = O(27/, 


Throughout the preceding argument we assumed, as regards the order 
of ¢ (+22), nothing more than the well known theorem that 


Cg+tt) = OF). 


If we had assumed instead the much deeper result expressed by (4. 24), 
we could have replaced $—4o+0, in (4.5381) by 4—4o-+0, and we 
should have found 

V1 = ga+Ggh—3+(k—8) 0, 


Similarly, instead of (4.64), we should have found 
v3 = gat+¢h—2+(k—8) 0. 
We should have chosen a so that 
a—1 = da+3h—3, 
which gives a= 4(k+2), a-1=4(k—-1); 
and our final result would have been 
Ax(t) = O(w &-Yt9) = O(yt-DEHD+9, 
which is equivalent to (4. 28). 
4.8. The most that can be asserted about the numbers a;, if we take 
(4.24) as proved, is that 


1 Ee S 
4S aq <5, 3 <a; <3, $< a, <3, 





and ESS Gy > 4: 
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and the exact determination of a, (even on the assumption of the truth of 

the Riemann hypothesis) no doubt demands analysis deeper than any we 

have as yet at our command. ; 
A somewhat easier problem is that of the average order of A;(x). We 


may say that A, (x) = On (a8), 


or A; (x) is of average order x***, if 6, is the least number such that 
[' (Anq)® dy = +9, 
1 


for every positive e. It is plain that 
Br < ay. 
The results of § 3 enable us to prove fairly simply that 
sae 
and this is a certain presumption in favour of the hypothesis that a, = 4. 


It can also be proved that, if Lindelof’s hypothesis is true (and in par- 
ticular if the Riemann hypothesis is true) then 


k—1 
Pi = Ks 


for every k. ‘The proof of this is reasonably straightforward, but it does 
not depend upon the ideas of § 1; and, in view of the length to which 
this paper has extended, we must postpone it. We will only observe that 
the three hypotheses 


(1) 6, ='% for every k, 
k—1 
(2) Bx = pr for every k, 


and (3). C4+2t) = Ove) for every e, 


are exactly equivalent to one another. This is rather curious, for (2) is 
on the face of it a highly specialised form of (1). 


* This was proved by Hardy in his paper (2) referred to on p. 67, but by much more 
intricate analysis which depended essentially on the difficult ‘‘ explicit formula ’’ of Voronoi. 
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ON A NEW SET OF CONDITIONS FOR A FORMULA FOR 
AN AREA 


By W. H. Youne. 


[Read December 9th, 1920.] 


1. In a previous communication* to the Society, I have shown how, 
by actually summing the areas of triangles which together make up the 
directed area of a polygon inscribed in a curve, and proceeding to the limit 
with the sum, the well-known formula for an area, 


ey Cane O(a, y) | 
eg \ | » O(2, v) oe 





may be proved to hold under extremely general conditions, involving, 
relatively speaking, little more than the existence of the latter integral. 
The analytical artifices there employed appear not to render more extended 
conclusions possible. 

Recently, while engaged on the problem of volume, I had occasion to 
consult Brouwer’st discussion of Stokes’ theorem in the general form 
given to it by Poincaré,{ applicable for any number of dimensions, when 
the manifold itself has everywhere continuously varying tangent planes, 
and the functions integrated over the manifold, as well as their differential 
coefficients, are continuous. It was in extending the scope of these results 
that I was led to employ a new method which IJ perceived would render 
equally valuable service in dealing with the formula for an area. 

Perhaps the most interesting result of my earlier paper is that the 
formula holds when, beside the simpler requirements of absolute con- 
tinuity of « and y with respect to each variable w, v, separately, all that 
is needed is that the derivates | 0x/dw| and | 0y/dw| should each be less 


* W.H. Young, ‘‘On the Triangulation Method of Defining the Area of a Surface,”’ 
Proc, London Math, Soc., Ser. 2, Vol. 19 (1919), pp. 117-152. 

+ L. E. J. Brouwer: (1) ‘‘ Polydimensional vectors distributions’’, Proc. Amsterdam 
Acad., Vol. 9 (1906), p. 66; (2) ‘‘ Remark on multiple integrals ’’, ibid., Vol. 22 (1920), p. 150. 

+t M. Poincaré, Les méthodes nouvelles de la mécanique céleste, Vol. 3, p.10. 
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than a summable function u (uw) of w alone, while the analogous condition, 
| Ox/0v| << A(v), | dy/ov| < Av), holds for the other derivates, conditions 
which, in a very simple and obvious manner, secure the existence of the 
double integral of the Jacobian. 

By employing the processes explained below, I have been enabled to 
establish the truth of the formula under other, in some respects more, 
general, and not less symmetrical, conditions, namely when the pair of 
functions 0x/du and oy/dv are such that either (a) one is bounded and the 
other summable with respect to (u, v), or else (b) they have what I call “ asso- 
ciated summabilities”’ with respect to (u, v), while the same is true for Oy/Ou 
and 0x/0v. For the definition of this term I must refer my readers to the 
body of my paper and to an earlier communication to the Royal Society,* 
where illustrations of the utility of the concept in the Theory of Fourier 
series will be found. 

The associated summabilities need not of course be the same in the 
two cases or in the whole (wu, v)-rectangle. Practically the Formula for 
an Area is now seen to be true in all the cases in which the double in- 
tegral of the Jacobian is known to exist, though this does not preclude the 
possibility of other cases being discovered requiring further treatment. 


2. We require the following Lemmas :— 


Lemma 1.—If f(x, y) is summable with respect to (x, y) mm the rect- 
angle (a, b; ¢, d) the integral 
y £5 

JT(f, h, k) =| | [f(ath, y+k)—fa, y)| dx dy (1) 

has the unique double limit zero, as (h, k) > (0, 0), the convergence being 

uniform, where (a, B; y, 6) ws any rectangle in the interior Of AG, Onaee ie 


Case 1.—When /(z, y) is a continuous function of (a, y), the result is 
obvious, since, given e, we can find e, so that, for all values of |/| and | &| 
less than e, such that («+h, y+) lies in (a, 6; c, d), the integrand is 
less than e/(c—a)(d—b), and consequently the integral is less thane. Thus 
the convergence is uniform and the limit zero, as stated. 


Cass 2.—Next let f(z, y) be any positive bounded J (or w) function, and 





* W. H. Young, ‘‘On Classes of Summable Functions and their Fourier Series,’’ Proc. 
Roy. Soc., (A), Vol. 87, p. 226. Avery special case is when one of the factors has its (1+ )-th 
power summable and the other its (1+1/p)-th. In a still morespecial case, » = 1, the squares 
are summable, 
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fila, ys fot, y), «+5 fr(@, y), -.. any monotone ascending (or descending) 
bounded sequence of continuous functions with f(x, y) as limit. Then; 
since the modulus of a sum does not exceed the sum of the moduli, 


Tf, hk) SI (fas h, EAT f—fa, 2, &) 
Cue 
<J (fn, h, +2 | | \f, yy—fala, y)| dx dy. (2) 


Now the monotone descending sequence of positive bounded functions 


| f(a, W—frlx, y)| 


has zero for limit. Integrating term-by-term, 


c¢ fd 
| \ Ifa, y—fr@, y)|dedy>0 (n>). 


Therefore, given e, we can find N, so that, for n > N, the integral on the 
left is less than e. Moreover, by the proof in Case 1, we can then choose 
e, so that, if |h|<e, |k|<e, | 

J (fy; h, k) <= €, 
and therefore, by (2), J(f, h, k) < 8e. 


This proves the Lemma in this case. 


Case 3.—Let f(a, y) be any bounded lw- or wl-function. 
Precisely the same proof holds as in Case 2, l- and w-functions re- 
placing continuous functions. 


Case 4.—Let f(z, y) be any bounded function. 
We can then find a bounded Jw-function which differs from it only at 
a set of values of (x, y) of plane content zero. 
If (a, y) be this dw-function, fw, y)—¢(z, y) 18 zero except at a set 
of content zero. Hence 


tse Taal 
lJAh W-T(ohb)|<IS-bhuyn<s 2| | (fe, ste, pl de dy = 0. 


Hence, by Case 3, the Lemma is true in this case. 


Casz 5.—Let f(z, y) be any unbounded summable function. 
Let fr(z, y) =f, y) when | f(z, y)|<m, and 7, (2, y) = 0 elsewhere. 
Then if H denote the set of points where f(z, y) > 1, 


I(f—fny h, k) <2 i | \f-faldedy < =A\p f(a, y) dxdy < 
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provided » is so large that the content of H is less than a certain small 
quantity e determined by f(x, y) and e. 
Hence, by Case 4, the Lemma is true in this final case. 


Lemma 2.—If g(x, y) is a bounded function of (a, y), and f(x,y) wa 
summable function of (x, y), 
y (5 y (8 
| | fath, y+k) g (@, y)dau dy ~ | | T(t, y) g(x, y)dx dy, 
a JB aJp 
the convergence being uniform, as (h, k)— (0, 0) in any manner. 


In fact the difference of the two sides of this relation is 


Cue 
— | | \fle+h, y+k)—f (2, y)| |g (2, y)| dxedy < MJ (f, h, k), 


where M is the upper bound of |g (, y)|. 
Hence, by Lemma 1, the result at once follows. 


Lemma 38.—If f(x, y) and g(x, y) are a pair of functions satisfying one 
of the following alternative conditions :— 


(1) One of the two functions 1s bounded and the other is summabdle 
with respect to (x, ¥)3 or 


(la) f(x, y) and g(x, y) have associated summabilrties, then 
y £6 


the convergence to the double mut beng uniform, as (h, k) — (0, 0). 


We have seen that the lemma is true when g(x,y) is bounded and 
f(x,y) merely summable (Lemma 2). It is therefore true when we re- 
place g (a, y) by g(a, y), a function equal to g (z, y) wherever g(x, y) < m, 
and equal to zero at the points of the set H at which g(z, y) >m. But, 
denoting our integral by J, and the integral with ¢,, in place of @ by In, 


I—In = {| \fath, y+k) fla, y)} g(a, ydxdy, 


J 


and therefore 


|\I—In\< 





||, fete, yt+hk) g(x, y) dady | + | | fe y) g(x, y)dudy |. (8) 








* For the definition, see below in the text. 
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Now, if f(z, y) is bounded, say numerically < M, each of these two 
integrals is numerically 


<M \\, |g (a, y) | dady, 


which, since g (x, y) is summable, tends uniformly to zero as E—O0O, that 
18) 70—> oO . 

This proves the required result in case the condition (1) is verified. 

We proceed to examine the cases when (lq) is verified. 

Our lemma will evidently be proved, if we can show that, whatever 
values 2 and & may have, including zero values, we can find m so large 
that, for this and all greater values, the first integral on the right in (3) 
is as small as we please, say less than e. 

We may treat f(a, y) and g(z, y) as being positive, since, in the con- 
trary case, we merely replace them by the difference of two such functions. 

Now, by the definition of associated summabilities, there are certain 


functions e{faypt, wWig@, »} 


which are sunmable with respect to (x, y), and satisfy the conditions 
a) g@=[ vod, yo=\ reas 
(2) U(#) is a positive monotone increasing function of t, possessing a 
differential coefficient U'(t) which ts greater than zero ; 
(3) V(t) is the inverse function of U(t), so that, uf 
Z= Ula), 


then pm AV VAL 


By a known theorem,* if we write f, (a, y) for f(@+h, y +h), 


fi (%, y) 
Srl, YG, Y— 2% <| 


» 


“0 


< {f(x,y }ty ig@ y)} 


g(a, Y) 
U(z)ds +| Vi(z)dz 








* «(On Classes of Summable Functions and their Fourier Series,’’ loc. cit., p. 226. 
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Hence 


|) fet y +h o(e, Mdrdy <anE+\) @ (fle, p} dndy 


+\| v ig (x, y)| ae dy, (4) 


where F denotes the set obtained from H by moving it through a displace- 
ment / parallel to the axis of x and & parallel to the axis of ye 

Now the content of H, and therefore of F, is as small as we please, if 
we choose m large enough. Therefore, by the characteristic property of 
summable functions, we can, given e, find m, independent of h or k, such 
that the right-hand side of (4) is less than e. Hence also the same is true 
of the left-hand side, whatever values / and & may have. 

This proves the Lemma. 


8. We shall first apply these lemmas to prove the following general 
theorem :— 


THrorem 1.—If th 0) ee em) 
be one-valued functions of (u, v), possessing the following properties :— 


(1) w(w, v) and y(u, v) are absolutely continuous functions of each of 
the variables separately ; 


(2) their partial derivates dx/du, dx/dv, Oy/du, dy/Ov have absolutely 
convergent Lebesque double integrals ; and either 
(8a) in each pair of functions (dx/du, dy/dv) and (Ox/dv, dy/Ou) one 
function is bounded ; or else 


(8b) the functions in each pair have associated summabilities ;* then 
the formula for an area holds, 


iN OnE aay ae 
Me jee a hy Stu, v) “a” 





Here the double integral of the Jacobian is taken over the rectangle 
(a, b; c, d) of the (w, v)-plane, and the single integral round the contour 
of the curve image C of the perimeter of this rectangle in the (#, y)-plane. 
Denoting by ¢ a parameter connecting the coordinates of a current 


* The summabilities may be differently associated in different parts of the plane. 


perk 
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point on C with those of a point on this perimeter, we may write — 
4 
| 2 tf | x(t) dy (t). (5) 


We shall take the parameter ¢ so that on the sides parallel to the axes of a 
Geman st (ta oe Ds OY ere tt, ay, 

and on the other sides 
Gear l ee OYe t(Ceey 


and similarly for y. 


4. In proving this theorem we assume that the result is known when 
x2(u, v) and y (uw, v) satisfy certain simple conditions, and, to begin with, 
these conditions shall be that the partial derivates of x and y with respect 
to wu and v are continuous functions of (u, v) and are accordingly differ- 
ential coefficients. This case is so simple that the proof need not be re- 
peated here.* | 

We then pass to the general case when x (wu, v) and y (wu, v) only satisfy 
the requirements of the enunciation, by modifying the simple conditions 
first for one, and subsequently for the other, of these functions. This we 
are enabled to do by employing an artifice which involves securing the 
simultaneous approach to one of the functions and to .its derivates by a 
suitably selected function and its continuous differential coefficients. This 
mode of treatment takes its rise in a certain sense in a general method of 
operation which I have found efficacious in various similar circumstances. 
The argument is applicable because we have to deal with an equation, both 
sides of which can be varied at once. It would fail, for example, if we 
attempted to use it in the problem of estimating the sum of our triangles 
taken positively, as we then have no contour integral to fall back upon. 


Pernt A, He \ av Reena raul (6) 


Uo Vo 


which, when (2) holds for a, is the double integral of x(U, V); and 


Rtu, v) = - | x(w, V)dV = | av {\. STV) 407+ alti 1, 


* See § 18 of ‘‘On a Formula for an Area,’’ loc. cit. 


SER. 2. vou. 21. No. 1413. G 


at \6d 
wnt We guet 
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in which we use condition (1) of the enunciation, in so far as «(U, V) is 
absolutely continuous with respect to V and with respect to U. 
Then writing 


Q (u,v) = {Qut+h, v+h)—Qu, v+h)—Quth, v)+Qu, v)}/hk 


i, 


uth ut+tk 
=4\ au| x(U, V)aV, (8) 


U 


we shall show first that 


ie ke t 
| Qe@ayo >| wave, 
when first h—>O and then k—> 0. 
Now since 


otk vt+k Uu 
| a(u, VidV = | dV {| CUD) aa (ug V) , 

this is a double integral and therefore certainly continuous with respect 
to wu. Therefore, by (8), 


a 1 ut+k 
Lt Q(u, v) = +| x(u, V) aV, 
h—>0 v 


and the convergence is uniform. 
But x (uw, v) is a continuous function of v. Therefore 


Lt { Lt Q(u, v)| = a (u, v), (9) 
k= 05 h=>0 
and the convergence in the case of each variable is uniform. Hence, since 
along each side of the (w, v)-rectangle the variable ¢ is equal to one of the 
coordinates (w, v) while the other is constant, we have on the perimeter of 
the (uw, v) rectangle 
Un TAIN aad ay (10) 
k=O) th=>0 
the convergence being uniform with respect to each of the variables h and 
k separately. 
By the theory of integration with respect to a function of bounded 
variation, our required result follows 


Lt { ut | Qwat! = | cay. (11) 


k—>0 \ 2-0 Jty 


e 
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7. So far we have only used conditions (1) and (2) of the enunciation 
for z. Now 


00 — (Ruth, o+k)—Ru+h, v)—R(u, v-+k)+R(u, v)} hk 


1 vtk 
= nal {z(u-+h, V)—a(u, V)} dV 


u+k uth 
i} | v | ox(U, VY) av. 


egal ig tel ee 


Under our condition (2) therefore 0Q/du is a double integral, and as 
such continuous with respect to (w, v). 


Under similar circumstances 0Q/0v will be continuous with respect 
to (wz, v). 

Therefore, since the theorem we are in search of has been supposed 
proved under the simple conditions which are satisfied by y (wu, v) and 
Q (w, v) in place of x (uw, v), we have 





his pls an e fd o(Q, y) iB 
and therefore, by (11), 
0Q,¥) or ii 
Bo (Et | \ TEI) dudo 5 oy Body. (14) 


8. We have now to identify the left-hand side of (14) with the double 
integral of the Jacobian. We shall take each of the two terms in the 
Jacobian separately. Thus our required result is to show that 


c (a a 
— ('(* (e@ _ ox) oy 
l= (J Woueacn| 36 dudv > 0, (15) 
when first h>0O and then k~>0O. We shall show that this is in fact 
true however (h, k) > (0, 0), so that the limit is a unique double limit, 
and that the approach to the limit is uniform. 
Now, by (12), 
C ad 1 uu O | oy 
ji =| au| do| at, | ty = {z(u+t,h, v+tp.k)—x(u, v)} ae (16) 
a b 0 0 u (D) 
Now oy/ov is continuous and therefore bounded with respect to (w, v), and 


by condition (2) the other factor of the integrand is summable with respect 
a 2 
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to (w, v), the integrand is summable with respect to the ensemble (2, v, t,t), 
and we may therefore change the ordar of integration and write 


a fell 
i \ | Kit to) At, dese 
0 Jo - 
(17) 
_ c fd 0 f oy 
where K(t,, t,) = om {2(utt,h, v--t,k)—a(u, v)| ~ dudv. 
adh OU Ov 
But, by Lemma 3, K (¢,, ¢,) tends uniformly to Zero as (h, k) > (0, 0) 
Therefore also J tends uniformly to zero, which is the required result (15). 


9. Interchanging wu and v, which is allowable when (2) holds, since Q 
is then: a double integral and therefore symmetrical, the same is true 
when we work with the other term of the Jacobian. Therefore, when 


(h, k) > (0, 0), ah 
“(2 0(0, ) | { i (x, y) ; 
\ J, O(u, v) Ss ajo O(U,-v) ORE ot 





By (18) the right-hand side of (18) has a unique limit given by the 
double integral of the Jacobian. Therefore the left-hand side also has a 
unique double limit, which is therefore the same as the repeated limit 
found in (14). Hence 


t <= eh Deal O(x, y) 
|, 2 yp \ i OR dudv, (19) 
which proves the formula for an area when x(u, v) obeys the conditions 
(1), (2) of the enunciation, while the derivates of y(u, v) are continuous 
functions of (u, v). 


10. Since x(¢) and y(¢) are integrals by the condition (1), 


t 


ty ty 
| x(t)dy() = — \ y(t) de(t), 


the curve image of the rectangle being a closed curve. We may therefore 
throughout exchange x and y, which proves the formula for an area when 
y (w, v) obeys the conditions (1) and (2) of the enunciation, while the der- 
vates of x (u, v) are continuous functions of (u, v). 


11. The argument already used then serves to extend this result to 
the case when the derivates of «(u,v) are no longer continuous, but 
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merely summable with respect to (w, v), while those of y(2w, v) are bounded. 
Condition (1) is supposed still to hold. The derivates of Q (wu, v) are there- 

fore still continuous with respect to (w, v), so that by § 10 the formula (14) 
- for an area holds, the coordinate x (wu, v) being here replaced by Q(u, v). 
Moreover, in § 8 no further assumption was in point of fact necessary in 
order to show that the change of-order of integration in (16) was per- 
missible; it was the boundedness, and not the continuity of oy/dv which 
served to clinch the argument. Again Lemma 3 can be applied under our 
present hypotheses. Thus the whole argument is valid, and the formula 
for an area is accordingly established when conditions (1), (2), and (8a) 
hold. 


12. Hence again we may extend the formula, so that (3b) takes the 
place of (8a) in our conditions. For (8) ensures equally the summability 
of the integrand in (16) and justifies our use of Lemma 3. 

This proves the theorem. 


_. 183. In extending the preceding result, we require an 2-dimensional 
theorem which has, as far as | know, only been enunciated for one dimen- 
sion. Anyone who has read Part III of my paper ‘‘ On a Formula for an 
Area” should have no difficulty in adapting the proof given in ‘‘ Successions 
of Integrals and Fourier Series.”* The theorem in its primitive form was 
given by Vitali:+ in the extended form here required it is as follows :— 


THeorem (Extended Vitali’s Theorem).—Let x = (2, %g,...,€n) denote 
the ensemble of any number n of variables, and E a set of points in the 
n-dimensional interval S in which « moves, then of 


(1) \, fr(a) dz has no negative double ie as H ae 0, 71>, and 
(2) fr(x) > f(a), except at a set of Bontene zero, and 
(3) \ Fur(x) da AL ean 
then the succession g(x) fr(x) vs absolutely integrable term-by-term, and 
| 92) fale) de >0, =. n—> 0), 


where g(a) 1s any bounded function. 





— tanta ps SO Se nS 


* Proc. London Math. Soc., Ser. 2, Vol. 11, p. 60 top. 
{| Rend, di Palermo, Vol. 23, p. 149. - 
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14. This enables us to prove the following Lemma :— 


Lemma 4.—If &(u, v) ts any positive function, which is summable with — 
respect to v, and whose integral with respect to v is bounded, and u(u) is 
the integral of a positwe summable function u'(u) > 0, then 


Th \| Bi a ee 
iH 


l 
E—>0, h—> h 


dudv = 0. (20) 


By the above extension of Vitali’s theorem this will be true—since 
the integrand is > 0, and tends, as h—>0O, to E(u, v)u'(u) almost 
every where—provided, as h — 0, : 


c (d Ley ce (da Z 
| | E(u, Vv) Bee dv — | | E(u, v) pw’ (u)dudv, (21) 


h aJdb 


that is, if we write, 2(u,d)—x(u, bd) = | E(u, v)dv, 
b 


if \ {a (u, d)—a(u, b)} mer ale du— | {a(u, d)—ax (uw, b)| pu’ (wu) du, 
: 43 ie (21') 


these integrals, as well as those in (21), necessarily existing since (wu, v) 
is bounded, and the other factor is in each case, summable, while the in- 
tegrands are both > 0. | 
The truth of this relation follows again by Vitali’s theorem, for, as 
h—>0, 
9c HERA) ww) 


C , Lan bs cth ath 
and \ ere i = | u(u)du— + | (we) du —> pw (c) — pu (a) 


c 
= | wu’ (uw) du, 
a 


and therefore | {a(u, d)—2x (2, b)} CE i du>0, (h—O). 
iE 


Hence, since the integrand of the last integral converges almost every- 
where to {x (wu, d)—a (u, b)| u'(w), the succession is absolutely integrable* 
and we have the required result (21). 


15. One of the theoremst of my earlier paper involves conditions, 


' * On a Formula for an Area,’’ § 32, p. 367. 
+ Theorem VI, p. 365, ibid. 
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- ensuring the existence of the double integral of the Jacobian, and securing 
the truth of the formula for an area, which, in light of the theorem of § 3, 
seem somewhat one-sided. In that paper I showed that if 


(1) x, y are absolutely continuous with respect to u and also with 
respect to Vv; 


w'(u), where p'(u) is a summable function 








(2) lea |< <u'w, || < 


of w alone; 


(3) \\ | 2 | u' (u)dudv, \) | 


then the formula for an area holds. 


uw’ (u)dudv exist ; 


‘We are now able to supplement this result by proving the comple- 
mentary theorem, in which oy/dw is interchanged with ¢cz/dv. Our 
method of proof obliges us however to postulate the summability of the 
partial derivates with respect to (wu, v), which was avoided in the earlier 
paper. Taking account of both these results, the latter of which alone is 
proved below, the theorem we obtain is the following :— 


THrorEM 2.—If 


(i) w(u, v) and y(u, v) are absolutely continuous functions of each of 
the variables wu and v separately ; 


(ii) in each pair of functions (0x/du, dy/dv) and (dx/dv, dy/du) one 
function is numerically less than a summable function p'(t)* of a single 
variable, namely of that variable t =u or t=v with respect to which 
the derivation is performed ; 


(iii) the other derivate, which completes the pair wm each of the two 
cases, possesses an absolutely convergent integral with respect to (u, v), 
and this remains true when the derivate is multiplied by p' (t) ; 


then the formula for an area holds, 


Grd. > 
eo jx dy (t) =| |, Js : dudv. 





* It is unnecessary to take a different function in each case, since the function which is 
the greater of two summable functions is a summable fnnction. 
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We give the proof in the case when 











oes v) eae oe v) eauey 





while \) SY] w'addude and \) | gu 


oy 
and \)| Aa 


The derivates of x(w, v) and y (wu, v) are accordingly summable with 
respect to (u, v), so that the conditions (1) and (2) of Theorem 1 are satis- 
fied. Therefore the whole of the argument of §§ 5-7 still holds good, since 
in it we did not use the conditions (8a) or (8d). 

Thus, applying Theorem 1, we arrive at once at the equation (14), 


u'(v)dudv as well as EE 











du dv exist. 


Te a ne 6, 9) dudv = | ew dy (t), (14) 
a t 


k—>0 hale O(a, v) U, v) 


in which we may invert the order of the limits since Q(u, v) is a 
double integral, namely, 


Q(u, v= gle x(U, v)dudo/hk. i (6) 


16. We have next to show that the left-hand side of (14) converges to 
the double integral of the Jacobian. We shall take perce the two 
terms of the Jacobian, and prove that both - 


d 0Q oy gee =i) i Ox oy 
ee u | | Aa dudv Pi Sral dl weavag dudv, - 222) 
and also Lt | Lt ri we 2 Y ay udv ‘= \) = sl adai (28) 


In proving (22) we shall use the condition (ii) of the enunciation as apply- 
ing to dx/du, namely, 





< uw’ (wu), | 


Ox 
Ou 





where, «(w) denoting the integral of «’ (w), 
[ (1) — (Uy) =| me! (u) dd. (24) 


In proving (28) we use the same condition as with v in place of w. 
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For convenience of writing out, we shall in (23) interchange w and », 
hand k ; it then becomes 


ies ae | ( 0 oY 7, Bal — ( (= Ox oy dudv. (23') 


OE GES Ou Ov rr u Ov 


The equations to be proved (22) and (23’) are now the same except that 
the repeated limit is taken in a different order. Moreover, the condition 
(24) is now valid in both cases. Piss 


17. We shall assume in the first instance that both oz/dw and oy/Ov 
are positive or zero. | 
Then, by (12) and (24), 


=~ wet ha) (25) 


Ou h 


Hence 


0< \), 3 LO ae *<|) wut W= OEY gy ay, 
| E h Ov 


But the ea iHtentall tends to zero as H +0, k—0, since the integrand 
is independent of k, and alsoas H>0, h>0, by Lemma 4. The appli- 
cation of this Lemma involves the condition (3) of the enunciation, since 


it requires that \| ey u'(u) dudv should exist. This ensures the existence 
of the further integrals which appear. | 


aire Lt: \\, 80 %y Ee i AG, (26) 
k—>0, E->0 


and also the same with & replaced by h. , : 
Now, by (12), the integrand tends to a unique limit except at a set of 
content zero, whether we make & or h tend to zero, since : 


Cire la (ei cn w(u-+h)—u(w) ; 
ea, =5, |, a ae ee FE (27) 


vtk 
ead i =| oF ay < wl(w) (r') 


h—>0 ou Ou 
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Therefore by a known theorem* we have 


0Q oy =) 0Q oy 5 | 
me ia Ou ov oi es b ani Ou Ov eR ‘ac 


and the same equation, with k replaced by h. 


18. We now have to make h > 0 in (28) and k > 0 in the alternative 
equation. In both cases the limit of the integrand on the right is unique, 
except at a set of content zero, and we have by (27) and (27’), 


Tt. ee ee ou Lt Lt 22 Oy _ oe oy 


i—>0 k—>0 OU Bee key ov Ou Ov (29) 


Also, by (27) and (27), we have 


\| tt 2 oY dud < {| eee ay De, 


E k—>0 Ou O h 


and \| Lt 0@ oy L du dv < || u!(w) SE du do. 
E OU 


E h—>0 Ow Ov 


In the former case, when we make EK->0, h>0, by Lemma 4, and 
in the latter case, when H +0, k +0, by the fundamental property of 
a summable function, we get the unique limit zero. We can therefore 
again apply the theorem by which we obtained (28) and its alternative. 
Therefore 


¢c do ry c fd Va 
Lt a ON tia ean \ | tt 22 Y andy 
| Lt Ou Ov ) 


h—>0 h—>0 JaJb ko OU OV 


~ | Tite E eee aula 
aJdb h—>0 k—>0 OU OV 
and a similar equation with the order of the limits reversed. By (29) 
these equations are the same as the relations (22) and (23’) to be proved. 
This proves the theorem when the derivates of x(w, v) and y(u, v) 
are > 0). 


19. In the general case, since x(u, v) and y(u, v) are absolutely con- 





* § 32 of ‘‘On a Formula for an Area,’”’ p. 367. In the more general formula of § 34, ¢ 
has been obviously misprinted for g in the relation (3). 
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tinuous with respect to each variable separately 
Lo Uy — Ng, YY = 91 —- Ya: 


where 21, %, ¥1, Ya satisfy the condition as to the derivates being > 0, 
and fulfil all that we have so far demanded of z and y. Thus (28) holds, 
‘when for x we put z, or %, and for y we put y,; or y,. Adding the rela- 
tions so obtained with proper signs, we obtain the relation (28) for « and y. 


20. We shall in what follows require the following Lemma, which | 
have already given,* though ostensibly only for a single variable. 


Lemma 5.—If f(x) and g(x) are summable functions of the ensemble 
of n variables «% = (a1, Wo, «+5 Un) 


fa+ry) gy) 


ws summable with respect to y for each ensemble x, excepting only a set 
of x’s of content (n-dimensional content) zero, and 


| f+y) gy) dy 
ts a summable function of x, and 
| da |f@+y) g (y) dy = | dy | f@+y) g (y) az. 


We have evidently only to prove the lemma for positive functions and 
it will be true generally. 


Now 
\ fle+y) gly) de 


< | | eee | "flat Lat Yas e909 Ln Yn) 9 (Yi, Ya) eae, Yn) dx, Ax, eee ALn 


o+y : 
=9() | J (x) dx, 
at+y 
and is therefore a summable function of y. Denoting its integral by J, 


* W.H,. Young, ‘‘Sur la généralisation du Théoréme de Parseval,’’ Comptes rendus, 
Vol. 155, p. 30, 1 juillet 1912, 
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and by f(z, y, M) the function equal to f(@+y)g(y) wherever it is <M, 
and equal to M elsewhere, we have, since J is finite, 


i | ay [ fe+wg wae es i dy it \ fe, y, M) dx 
b a M—>~x Ja 


= Aye [ay \ Fe, y, M) dz 
b a 


Mo 


v y x 4 
— Lt | ae\ feo, y, May =) de Le | fee, y, Indy. 
Moa Ja b a M—>x Jb 


Therefore the limit of the inside integral is finite except at a set of values 
of « of content zero, and therefore f(x+y) g(y) which is the limit of 
J (@, y, M), has an integral except at this set, and we have 


T= | dv |’ footy gay. 


This proves the lemma. 


21. We can now prove the following statement :— 
If we write x= 2(uta, v+8) = E(u, v) say, 
y = y(u, v), 


where a and 8 are parameters, the formula for an. area 


A= a@ayo =| | SB audr, 


aJjod O(u, v) 


holds except for a set of values of (a, 8) of plane content zero, provided 
our conditions (1) and (2) hold, namely 


(1) a(u, v) and y(u, v) are absolutely continuous with respect to each 
of the variables separately ; 


(2) their partial derivates have absolutely convergent double integrals. 


In fact, as we already saw the formula (14) holds, namely 


ut {or [SOP aac} = |eoayo, as 


k—>0 \nr—o JaJdd O(u, v) 
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where, using the formule already obtained, 





hk 0Q, 9) _ =) i d&(U, V) dy(u, v) _ 0&(U, V) dy(u, v) 
( 


O(u, v) PO oR SOF Ao | duav 


U Vv 


=|) 0€(U+H, v+K) dy(u,v)  d&u+H,v+K) oyu, v)) 
ae Py Rou. ee oa j 
0/0 


U Ov Ov Ou) 


x dHdKk. 
Denoting the last integrand by ¢(u, v, H, K), we have therefore 


1 ke c (da } 
Aes i ae an {| pea, H, K)dudw | dak, 


r—>o n—>o Ak 0 aJdb 
where we have changed the order of integration in accordance with 
Lemma 5. 
In our case we must in this expression Periia for €(u+H, v+k) the 


expression x (wta+H, v+6+4), that is, write a+H for H and 86+K 
for K and for xz. Thus, if ¢ becomes v, 


1 atk (B+k ( c fd ) 
eae lateelit na) | {\ | Wu, v, H, K) dudv 5 dH dk. 
aJb J 


r—>o k—>o hk B 
¢ differs from yy only in that the letter €in ¢ replaces in. A is there- 
fore the mixed differential coefficient at (a, 8) of the outside double in- 
tegral, which, by a known theorem,* is equal to the inside double integral, 
except at a set of values of (a, 3) of plane content zero, that is 


ea 
A =| { ue (u, v, a, 8) dudv 
aJdb 


PERI SS MRE ote FE See Lis as ALE Sey CN ee 


Ou ov Ov Ou 


ot i f (dr(wta,v +) dy(u,v) dx (uta, v +P) dy(u, 2 DARIeA 
aJdb : 


except for a set of values of a, 8 of plane content zero. 
This proves the required result. 


22, One more remark. We can easily see that A is a continuous 


* W.H. Young, ‘‘ Sur la dérivation des fonctions 4 variation bornée,’’ Comptes rendus, 
Vol. 164, p. 622, 23 avril 1917. 
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function of (a, 6). This follows, in fact, from its expression as a contour 
integral. If, then, we could prove that by a suitable mode of approach of 
(a, 8) to (0, 0), which omits a certain set of content zero, the right-hand 
side of Z had as limit 


°(* (Oa(u, v) Oy(u,v)  dy(u, v) Ox(u, v) ) | 
\J Ou OU. Wy Wp CO Mmmm |) ack 


a 


then our conditions (1) and (2) of the preceding paragraph would suffice 
for the validity of the formula for an area. 


a 
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AN EXAMPLE OF AN ORTHOGONAL DEVELOPMENT WHOSE 
SUM IS EVERYWHERE DIFFERENT FROM THE DE- 
VELOPED FUNCTION 


By Steran Banacu. 


(Communicated by G. H. Harpy.) 


[Received June 24th, 1921.—Read November 17th, 1921.] 


THE purpose of this note is to give an example of a Fourier-like de- 


velopment 
F ~~ ayy teeot 


of asummable function f(t) defined in (a, 6), {W,(t)} being a complete 
set of functions normalised and orthogonal in (a, 6), such that 


(i) the series 2 en Youll) 
converges throughout (a, 0), but 
(i1) the sum of the series differs from f(¢) in every point ¢ of (a, 0). 


The ¢, are to be understood here as the Fourier constants of f, 2.e. 
b 
(1) a=| fOylOdt @=1,2...), 
and we shall choose our functions as to assure the existence of the in- 
tegrals (1). 
THEOREM.—Suppose that (i) f(t) is defined throughout (a, b), (a1) f(d) %s 


positive, so that 
(2) (fA) OD Me ety 
(i1i) f(t) 7s swmmable in (a, b), and (iv) f°) ts not summable. Then we 


can determine a complete, orthogonal, and normalised set of functions 
\Wn(t)|}, defined and summable in (a, 6), such that 


(3) \ Teas (a= 0 G1, 2,°..3): 
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It is evident that our theorem implies the existence of the required 
example, because the equations (3) and the definitions (1) give immediately 


(4) Eva) =0 @<t<d), 


n= 


and from (2) and (4) it follows that 


(5) fO> Zoya) @<t<d) 


Proof.—Let {¢,(t)|} be the ordinary complete and normalised trigono- 
metrical set corresponding to (a, 6)*, and put . 


b 
| AO gulb ae 
(6) fig Sg 1 
| Aoat 
Then 
b 
(7) | { ase bul BAAD) tn Oa lee) 


The set {ar+¢n(t)} ts complete ; in fact, let y(t) be a function integrable 
together with its square in (a, 0), and let us suppose 


b 
(8) [Cat gO]yOdt=0 = 1,2, ..0 


a) 
(8’) | 7 (dt > 0. 


The so-called “ Parseval-relation” holds for the trigonometrical set 
{¢n(t)} and gives 


D b 2 b 
9) E (| vogue) = | pode, 
which, compared with (8) and (8’), implies 


nm=1 


7) b 2 b 
(10) 5) (a, | y(tat) = (| y(t) dt > 0. 











* ny a as 2=4/ 2 i ie =4/ 20 , t—a 
E(t c\ ee (ee ee © (5=a) e259 ae 


+ The denominator is positive, by (2). 
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| 
It follows that \ y()dt + 0, and so that the series 


(11) a, 


n=1 


is convergent. But this implies, by (6), the convergence of 
oo hb 2 
(2) E (J fo gaat), 


b 
and so the existence of | #iodt, which must be equal to (12). This is 


contradictory to our hypotheses; and this contradiction shows that the 
assumptions (8) and (8’) are incompatible, and so that the set {a,t+¢n(d)} 
is complete. 

Put 


(13) Ont balt) = Xn) (wv =A; 4, ~.-). 
_ Then {y,(t)} is a complete set of continuous functions, and we have, by 
(7) and (18), 
: b 
(14) | it Nab G — Ou i Le) 


We have now only to derive from {x,(¢)} a new set {y,(¢)} by the 
‘orthogonalisation method”’ of Mr. E. Schmidt. to get a complete, ortho- 
gonal, and normalised set possessing the property (3). The W, are linear 
finite forms in x,, and thus our set is composed of trigonometrical poly- 
nomuals. 


SER, 2. vou. 21. No, 1414. H 
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CHORDS OF TWISTED CUBICS 


By KH. K. Waxerorp. 


THe present paper deals primarily with the twisted cubics which can 
be drawn with six given lines as chords, and proceeds to a discussion’ of 
Cayley’s problem of the condition that seven lines should lie on a quartic 
surface. Possible relations between two twisted cubics come under dis- 
cussion to a large extent, and in particular the case in which one cubic is 
said to be “inscribed ’’ in the other (§ 2). 

In § 1 a useful transformation with respect to four straight lines in 
space is studied. § 2 contains two representations of one twisted cubic 
by means of another, the former having reference to the number of twisted 
cubics that there are with six given lines as chords, the latter to the 
possible relations of the chords of one twisted cubic and the lines that lie 
in two osculating planes of another. An important fact about two cubics 
both “inscribed” in one is also proved. In §3 yet another representa- 
tion of twisted cubics by means of certain others is described, and impor- 
tant relations are established between cubics with-six given chords, and 
cubies containing each of these lines in two osculating planes. The con- 
figuration is completed in § 4, where twenty lines associated with the six 
given lines are found. §5 brings quartic surfaces on the scene, and 
thereby obtains some of the previous results more simply than before. 
Cayley’s problem of the seven lines is examined in § 6, where it is proved 
that in all cases, if seven lines lie on a quartic surface, so do their re- 
ciprocals with respect to a conicoid ; in other words, the lines possess the 
reciprocal property of lying on a class quartic surface. § 7 contains a few 
properties of two cubics, one of which is ‘‘inscribed”’ in the other, together 
with a proof of a theorem of Mr. Grace’s concerning six lines meeting a 
single line, which is derived from these related cubics; the proof, it is be- 
lieved, adds a new property to the configuration of lines that arises. 

It is feared that several proofs may be condemned as sketchy and 
vague ; for instance, a (1, 1)-correspondence may be found not fully estab- 
lished. In order to understand this, it should be realized that the principal 
aim in writing out the proofs has been to give a clear idea of the geo- 
metrical argument, with notes to show how to deal rigorously with the 
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important analytical problems ‘that arise, and that the question, as to 
what to leave out and what to put in, is largely a matter of individual 
taste. It is hoped that no really important point has been neglected, but 
no attempt has been made to give full logical proofs throughout. 


1. Take four lines J,, J, 23, dy in a space, S, of three dimensions. In 
the general case, which is the case under consideration, no two of the lines 
intersect and the four lines have just two distinct common intersectors. 
Consider now cubic surfaces through the four lines. The coefficients of 
the equation of all such surfaces satisfy sixteen independent linear condi- 
tions ; hence, as there are only twenty coefficients in the equation of a 
cubic surface, all these cubic surfaces can be written in the form 


Ni Oy +AgCot Ag Cz+A,C, = 0, 


where C,, Cj, C3, Cy, are four linearly independent cubic surfaces of the 
set, and Aj, As, As, Ay are independent parameters. But Aj, Ag, Ag, Ay, Vary- 
ing independently, may be regarded as the coordinates of a plane in a 
three-dimensional space S’, and by this means a projective correspondence 
between cubic surfaces in S containing J, /,/3l,, and planes in S’, is ob- 
tained. (In examining the correspondence between the spaces S and S’, 
detailed proofs will not be given at every stage.) A set of the cubic sur- 
faces in § of the form C;-+XC, corresponds to a set of planes'in S’ of ‘the 
form 7,-+A7», that is to say with the planes of S’ containing a certain 
line. Now the cubic surfaces C,+AC, have a common curve of intersec- 
tion, and this curve uniquely determines the system. There is accordingly 
a projective correspondence between such curves in S, and lines'in 8’. In © 
order to find what these curves are, it is sufficient’ to notice that two cubic 
surfaces containing (,/,/,;/, contain also the two common intersectors of 
these lines. The remainder of their curve of intersection is accordingly 
of the third degree. Now when a line forms part of the curve of inter- 
section of two cubic surfaces it cuts the rest of their curve of intersection 
in four points. Hence each of /,/, 1,1, cuts this curve of the third degree 
in two points, the other two of the four points being given by their two 
common intersectors. This curve of the third degree is a twisted cubic 
and 1,/,/;1, are chords of it. If we start with’ any twisted cubic having 
J, lglgl, as chords, we obtain a family of cubic surfaces of the form C+)C' 
passing through it, and thus the corresponding line in S’ is found. 

Now any cubic surface containing J, 1,J31,, and not containing the 
common twisted cubic of C and C’, cuts this cubic in only one point not 
lying on J, J, 131,, so that a family C-+-AC'+-A’C" determines, and is ‘clearly 
determined by, one point in‘the space S. - But such a‘family of cubic’ sur- 
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faces leads to a family of planes 7+A7'’+-A'z"” in S’, that is to say, all the 
planes passing through one point. The points of S are thus (in general) pro- 
jectively correspondent with the points of S’. This is not, of course, true 
for all points, but that does not affect the argument. The correspondence 
between cubic surfaces and twisted cubics in S, and planes and lines in S’, 
may now be regarded entirely from the point of view of a correspondence 
between the points of the corresponding surfaces and curves. The natural 
question now is “ What curve in S’ corresponds to a line in 8S?” To 
answer it, observe that a line cuts a cubic surface in three points, and 
hence the curve in S’ must be such as to cut a plane in three points. It 
is, in fact, a twisted cubic. In a similar way it may be seen that a plane 
in S becomes a cubic surface in S’. 

We now proceed to complete the correspondence by finding four lines 
I; 13132, in S', which are chords of all the twisted cubics representing lines 
of S, and lie on all cubic surfaces representing planes of S. In short, 
consider the family of cubic surfaces consisting of the conicoid through 
ls, ls, ¢4, and a variable plane through J,. This family is of the form 
C+)’, and is accordingly represented by a line in 8’. Call this line J). 
Similarly 2, 23, 4; may be found. Then any cubic surface through J,, J, Js, 
1,4, which does not consist in part of the conicoid through J, ds, 2,, will cut 
this conicoid in one generator (meeting Jy, ls, 24), besides Jy, Js, 2, and the 
two common intersectors of 1,, d,, 23, l,. This generator lies on an a” of 
cubie surfaces through 1, J, ds, 44, and so corresponds to a point on he 
There is thus a correspondence between the lines that cut J, ls, 7, and 
points on jj. Every point in fact on any one of these lines corresponds 
to the same point of 7}. Now any line in S cuts the conicoid through J, 
l,, Jy in two points, that is to say, it meets two of the generators which 
are represented by points on J}. The twisted cubic in S’ representing the 
line in S accordingly meets 7; in two points. Similarly it meets 74, 13, Uj 
in two points each. It is now easy to see that a plane in S corresponds 
to a cubic surface in S’ containing Li, lo, 13, 4. The converses of these 
correspondences are not difficult to prove. 

There is then a symmetrical correspondence between the spaces S and 
S’. Points correspond with points, lines of one space with twisted cubics, 
with four given chords, in the other, and planes of one space with cubic 
surfaces through four fixed linesin the other. The degree of a curve’ or 
surface is in general multiplied by three by this birational transformation. 
If a surface contains J,, Jy, ls, 2,, eight must be deducted from this result 
in order to allow for the four conicoids each containing three of the lines. 
In the same way allowance must be made for each intersection of a curve 
with any of the lines i, lg, ds, U,. For instance, a twisted cubic with 1,, J, 
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as chords, meeting 72; once, but J, not at all, becomes a curve of degree 


3X 3—2—2—1—0, ve. 4. Asa matter of fact, though it is immaterial 
for the present purposes to prove it, the lines J,, dy, ls, 4, are projective 


with 1}, 13, 15, 44, and so the transformation may be considered to take place 


in one space. 
The well known theorem that, if one twisted cubic exists with four 


given lines as tangents, an infinite number exists, is proved most easily 


by reciprocating with respect to any linear complex containing the four 
lines ; but if the transformation under discussion above is used we have, 
remembering that J,, J, ls, 1, are projective with d;, 2, 0, Ui, ‘‘ If four lines 
are tangents to a cubic, a line can be drawn to touch the four conicoids 
each containing three of the lines; and conversely.”’ If one such line can 
be drawn, it is an easy matter to show that all the lines of a certain 
regulus possess this property. Mr. P. W. Wood has given* an analytical 
proof of the theorem in italics. 


2. A few definitions and explanations are now necessary. ‘The word 
“cubic” will denote ‘twisted cubic.” In the following work we are 
usually considering the general case, and where the work does not apply 
to particular cases (e.g. where the cubics are degenerate) that fact is not 
necessarily stated. An axis of a cubie is the reciprocal of a chord, that 
is to say, a line which lies in two of its osculating planes. If there is an 
infinite number of tetrahedra with faces osculating 7” and vertices lying 
on T, T and T" being two cubies, then T”’ is said to be inscribed in 7, and 
T to be circumscribed about T’. We shall use the theorem that unless 
two cubics lie on a conicoid (which will never be the case in the subse- 
quent work) they have only a finite number of common chords. 


(a) We proceed to examine a useful method of representing one cubic 
by means of another. Take a cubic of reference 7’ and project it from 
one of its points into a conic C ona plane II. Then there is a projective 
correspondence between the chords of T and the lines in II, the points on 
T which the chords connect being projected into the points on II where 
the lines cut C. Consider now another cubic 7}. The chords of 7 that 
meet it will be projected into lines enveloping some rational curve, since 
there is just one chord for each point of T,, in general. It is important 
to infer from this projective correspondence that the envelope cannot de- 
generate unless 7’ meets 7), supposing 7 and T, to be genuine cubics. If 


[* Cf. P. W. Wood, ‘‘The Twisted Cubic,’’? Cambridge Tracts,.1913, p. 21.] 


102 é E. kK. Waxzrorp | 


T, meets T in 1, 2, 3, 4 points, the envelope contains 1, 2, 3, 4 points as 
part of itself. So if the envelope splits up into simpler envelopes, all but 
one of these envelopes must be points. | | 

We notice that just six tangents to the envelope pass through any 
point of C, since just six chords of T through a given point of T meet T)- 
The rational envelope is accordingly of the sixth class. A double tangent 
will represent a chord of 7’ that meets 7’, twice, that is to say, a common 
chord of T and T,. Since the curve is rational, we should expect just ten 
distinct double tangents, and it is easy to show from particular cases that 
there are not less than ten, and so there are exactly ten, in the general 
case. This number may be inferred from Halphen’s theorem. The im- 
portant thing to notice is that the ten common chords are given by the 
double tangents of a genuine rational class sextic. 

Similarly two cubics have ten common axes. 

Now take four of the common chords of two cubics as 1,4,l;1,, and 
apply the transformation of § 1. The cubics become lines, and their other 
six common chords become six cubics having the two lines, and 1, Js, ds, ly, 
as chords. From which it follows easily that given six lines there are 
just six cubics which have them all as chords. It is important to observe 
that if two of the six cubics coincide, then the lines must satisfy some 
definite condition, which could be deduced (theoretically) from the condi- 
tion that two of the common chords of two cubics should coincide. That 
is to say, if the six lines are given by coordinates, a definite function of 
these coordinates, which does not vanish identically, will vanish if two of 
the cubies coincide. 

Similarly there are in general just six cubics which have all the six 
lines as axes. 

It will be clear from the subsequent work that if two of the first set of 
six cubics coincide, so will two of the second set. 


(6) There is another way of using the chords of T to represent a cubic 
T’ on the plane II, This time the chords of 7’ which lie in an osculating 
plane of 7” are considered. As before a sextic envelope is obtained in II, 
though not now a rational one; this time we are more concerned with the 
ways in which this envelope can. be degenerate than with its general pro- 
perties. A double tangent to this envelope corresponds in this case to a 
chord of 7, which is an axis of 7’. It is important to know in what cir- 
cumstances there can be an infinite number of such lines. We shall show 
that if 7 has an infinite number of chords which are axes of 7’, there are 
only three cases, Viz. : 
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(i) 7’ lies on a conicoid which is touched by the osculating planes of 
T’ [the system of generators which are axes of 7" being the 
same as of those which are chords of 7’]. 


(i) Z and 7” are reciprocal with respect to a linear complex. 


(iii) 7 is circumscribed about JT’ in accordance with our definition. — 


For if the sextic envelope in II is to have an infinite number of 
double tangents, it must contain as part of itselfa double envelope. This 
envelope must be of class 1, 2, or 8. When this envelope is a point, we 
have case (i) above. When it is a conic we have case (ii), as may be 
easily seen from the fact that the lines in Il which touch a conic corre- 
spond with the chords of 7’ which belong to a linear complex. In the 
last case we perceive that every chord of 7 which lies in one osculating 
plane of. 7” lies in another also. From this fact it is easy to deduce 
that 7’ is inscribedin T. In order to investigate this case more thoroughly, 
we note that in the case above there is just one tetrahedron inscribed in 
T and circumscribed about 7”, of which any particular point of 7 is a 
vertex. The general set of tetrahedra whose vertices lie on 7’, having 
this property, is given by a@j-+-Ab;, where A varies and @ is a parameter 
determining the points of 7’. It is well known that the faces of such a 
set of tetrahedra osculate a cubic 7’, and it is easy to see that the tetra- 
hedra may be determined by a,'+A0,', where A varies and ¢ is a para- 
meter determining the osculating planes of Z”. Moreover all the tetra- 
hedra are self-conjugate with respect to a conicoid. The reciprocal 
symmetry of the relation between 7 and 7” is thus made clear. Now if 
we consider the representation of 7” by means of 7 on a plane, as 
above under § 2 (0), the chords of T which are axes of 7” are projected 
into lines touching a class eubic in the plane. Corresponding to each 
tetrahedron circumscribed about Z” and inscribed in T, there is a quad- 
rangle whose vertices lie on the conic C in the plane which is the projec- 
tion of 7’, all the six sides of which touch the class cubic. Suppose now 
that 7” too is inscribed in 7’, and that we find the class cubic corresponding 
to it also. These two class cubics will have nine common tangents, the 
projections of chords of 7 which are axes of 7” and 7”. It is thus proved 
that if 7 is circumscribed about 7” and TJ”, nine out of the ten common 
axes of T’ and 7” are chords of JT. Suppose that these nine lines were 
also chords of another cubic T,. Use 7’ as cubic of reference, and repre- 
sent ZT’ and JZ” as above, and 7, by the representation of § 2 (a), as a 
rational class sextic. The nine common axes of Z” and 7” are given by 
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the nine common tangents of the class cubics. But since they are now 
being supposed to be chords of 7, they must be double tangents of the 
sextic representing T;. It is easy to see that this is impossible unless 
the class sextic degenerates into two cubics, which is a negligible case — 
[see § 1 (a), above]. Hence given nine of the ten common axes of 7” 
and 7”, there is at most one cubic 7 which has them all as chords, and 
hence there are at most ten cubics circumscribed about two given cubics. 
It will be proved later that there are exactly ten [§ 4, below]. 


3. Let us now take six lines a, 0, c, d, e, f, the six cubics 7',(r, 1 > 6) 
having the lines as chords, and the six cubics 7’. having the lines as axes. 
Consider the cubics inscribed in 7}. Since each of them has as axes an 
infinite number of chords of 7, it only requires one condition to make a 
given chord one of that number. Since again there are w° ecubics in- 
scribed in T, it would appear to be possible to stipulate six chords of Y,, 
é.g. a, b, c, d, e, f, and find a cubic 7” inscribed in T, and having the six 
chords as axes. We should accordingly expect that one, or more, of the 
cubics T;. was inscribed in 7. This will be proved to be the case, by 
means of another representation of cubics inscribed in a given cubic. 

Correlate points of 7’, projectively with points of a twisted quartic Q 
in four dimensions. Then a cubic JZ” inscribed in J, determines a linear 
series of tetrahedra in 7}, and soon Q. Since it is a linear series in four 
dimensions, the hyperplanes containing the different tetrahedra all con- 
tain one fixed plane. (This may be seen by finding the plane from two 
of the hyperplanes, and then considering all hyperplanes containing the 
plane.) There is accordingly a projective correspondence between cubics 
inscribed in 7’; and planes in four dimensions. The chords of 7, which 
are axes of 7” correspond to the chords of Q which meet the plane corre- 
sponding to 7’. Hence to find 7” given six of these chords of 7, we have 
simplv to find a plane meeting six given chords of Q. Now given six 
lines in four dimensions, in general five planes may be drawn to meet 
them all,* and, although this is not the general case of six lines, we shall 
for the moment assume that just five planes can be drawn to meet six 
given chords of Q (see below). Hence there are five cubics inscribed in 7’, 
with a, b, c, d, e, fas axes. Thus five of the cubics T, are inseribed in 
T,. Similarly five of the cubics 7; are circumscribed about each of the 
cubics T;. It follows that the two sets of cubics split up into six pairs, 


[* Cf., for instance, Richmond, ‘‘ On the Figure of Six Points ina Space of Four Dimen- 
sions,’’ Quarterly Journal, Vol. 31 (1899); Weitzenbock, ‘‘ Proj. Geom. des R,,’’ Wiener 
Ber., Vol, 121 (1912). ]} 
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that is to say T,, T; (r, 1 +6), so that J. is circumscribed about every 
one of five 7. (s #7) but not about T’. 

The point left unsettled above is important inasmuch as most of the 
rest of the paper depends upon the theorem under consideration. In 
order to prove it, take six.general lines, and show how to obtain a quintic 
equation giving the points of intersection of the five planes which meet 
them all with one of the lines. Then let the coordinates determining the 
lines assume special values so that the lines become chords of a twisted 
quartic, and suppose that the quintic equation (which will not vanish 
identically) has now n distinct roots. Finally, give still more special 
values to the coordinates so that the six chords meet in three pairs. The 
quintic equation cannot have more distinct roots in this than in the pre- 
ceding case, and it is geometrically obvious that there are now just five 
distinct planes which meet all the lines.* 


4. Seeing that the necessary spade work is. now at an end, it is well 
to review the present state of our knowledge. 

Given six lines a, b, c, d, e, f, there are six cnbics, 7, which have 
them as chords, and six cubies, 7, which have them as axes. JT’, is cir- 
cumscribed about 7’, but not about 7”. We have; moreover, a transfor- 
mation of cubics with four given chords which may prove useful, and wish 
to verify now a suspicion that there are as many as and therefore just ten 
cubies circumscribed about two given cubics. See § 2 (b), above. 

Consider the two cubies 75, Ts and their ten common axes. The 
eubies 7, Ty, T'3, T, are all cireumscribed about these two cubices; hence 
by $2 (6) each of these four has as chords nine of the common axes of 
Ti and 7%, and no two of them the same nine. ‘These ten axes consist of 
a, b, c, d, e, f, and four others, which may be denoted by (123), (234), 
(814), (124), where (123) is a chord of T,, T,, and 7, ete. Thus 7), Ty, 
T; have a common chord apart from a, 0, c, d, e, f, which is an axis of 7; 
and 7%. Similar ly T;, T',, T, have common chords apart from a, b,c, d, e, f, 
which are axes of Ts, T%, and of Ts, Ts respectively. Hence there is a line 
which is a chord of 7,, Tz, ZT, and an axis of 74, T;, 73; for; otherwise, 
T,, Tz, T3; must have three common chords apart from a, 0, c, d, e, f, and 
Ti, Ts, T¢ will similarly have three common axes apart from a, 0, c,d, ¢, f. 
In this case it will be seen that 7, and 7; have altogether eleven common 








[* One plane through the three points of intersection of the pairs of lines, three planes of 
which one passes through one of the three points of intersection, and one plane through none 
of the three points of intersection. | 
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axes,* which is not the case. Hence there-is a line (123) which is a 
chord of 7, T, T; and an axis of T:, T'5, Ts.- There are in all twenty 
lines of this sort, given by (rst), where 7, s, ¢ take different values from one 
to six and order is immaterial ; (rs¢) is a chord of T,., 7’, 7, and an axis 
of the three 7’ cubics other than T/, T;, Tj. It is not difficult to show 
that these lines are in general distinct. 

It is worth while observing that, as far as-we have seen, the only chords 
of T, which are axes of T; are a, b, c, d, e, f themselves. This is verified 
by Halphen’s theorem, for since 8X1+1X3= 6, six is the number of 
lines which in general are axes of one cubic and chords of another. T, 
and T;, in fact, may be chosen at random and nals determine the 
whole configuration. 

A number of theorems may be written down from the existence of 
these twenty lines, such as that if seven lines are chords of two cubics 
they are chords of three and axes of three more. Some of these 
theorems will be mentioned in the next paragraph. 

It is possible also to deduce now that the number of cubics circum- 
scribed about two given cubics is exactly ten. For we have seen in the 
work above that there is a cubic having as chords any nine of the common 
axes of 74 and 7’ which include a, b, c, d, e, jf. Accordingly to find a 
cubic in the cases where one of a, 0, c, d, ¢, f is left out of the ten axes, 
it is only necessary to choose as initial lines not a, b, c, d, e, f but a, b, ¢, 
d, e and (123) say, and consider the cubics which have them as chords. 
Hence we obtain one cubic for each set of nine out of the ten common 
axes of two cubics, and the ten cubics thus obtained are the only cubics 
circumscribed about the two cubics. 


5. Some of our results can be obtained in a simpler manner by con- 
sidering classes of quartic surfaces. The equation of a quartic surface can 
satisfy thirty-four linear conditions. Hence if we consider quartic surfaces 
through the six lines a, b, ¢, d, e, f, we can still impose four linear condi- 
tions upon the equation. Since we know twelve points of intersection of 
the cubic curve 7’, with any such quartic surface, we can by use of one 
more linear condition force the surface to contain T,. In like manner we 
can use up two more conditions in making the surface contain 7, and 7’. 
Hence there is a family of surfaces of the form F,+AF; containing a, b, c, 





[* In the case sug ggested as being the actual one, the ten common axes of Lo T; consist 
of a, b, c, d, e, f, and the single ones belonging each to the triplets fod LR Ti Toko 
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TTT. Any other possibility would involve more than ten common axes for JT, TY.] 
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d, é, fand T,, T,,.T;. But such a family must have a common curve of 
the sixteenth degree, and we have only found a.curve of the fifteenth 
degree so far. | Accordingly the quartic surfaces must have another line 
-in common. But when a line is common to two quartic surfaces it is easy 
to show that it cuts the rest of their curve of intersection in just six 
points. Nowa, 0, c, d, e, f already cut the rest of the curve of intersec- 
tion in six points each. Hence the common line does not meet any of 
them, and so must be a chord of each of the three cubics 7, T,, T3. Thus 
if three cubics have six common chords they have seven, 

By a similar process, or by using the transformation of § 1, with a, ), 
c, das l,, ly, ls, 4, we obtain, “ If seven lines are chords of two cubics they 
are chords of three.” 

The existence of the twenty lines (rst) is thus proved more easily 
than before, but the connection between the cubics T,, T, is absent. 
We should of course obtain twenty lines from the cubies T;, e.g. (7's't’), 
but we should be unable to say that (1'2'3’) = (456) as is actually the 
case. 

It has been shown that a system of quartic surfaces F, +)Fi contains 
a, b,c, d,e, f,and (rst). It is worth while noticing that given a, b,c, d, e, f, 
the twenty lines (7st) are the only lines not meeting a, b, c, d, e, f which 
have this property. For suppose two quartic surfaces meet in 1,, J, ls,, ly 
and a, 8, y; then the rest of their curve of intersection must be three 
cubies with these seven lines as common chords. ‘To prove this apply the 
transformation of $1 with respect to d,, J, J5, 44 The quartic surfaces 
remain quartic surfaces, and meet in J,, J,, 23, l, and T., T's, T,, the three 
cubies into which a, 6, y have been transformed. The remainder of their 
common curve is of the third degree, and must cut each of T,, 7's, Ty in 
six points, since before transformation the rest of the curve of intersection 
met a, 6, y in six points each. These conditions can only be satisfied if 
the curve splits up into three non-intersecting lines, all of them chords of 
T,, Tgand T,. On reversing the transformation the required result is 
obtained. . | 

It has been shown that feroa is a family of quartic surfaces containing 
tie, Ts-and a, b, c, d, e, f. Now use the last condition, and make the 
surface contain 7’, as well. The resulting quartic contains a, b, c, d, e, f, 
(234), (841), (412), and (123). But these ten lines are the ten common 
axes of 7: and 73. We have accordingly proved that the ten common 
axes of two cubics le on a quartic surface. This surface obviously con- 
tains the ten cubies circumscribed about 7; and T;. Each of the cubics 
has as chords all of the lines but one, and vice versa. 

The fact that these ten lines lie on a quartic surface has, I believe, 


~ 
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been proved by Reye.* This surface is the locus of points from which 
the six osculating planes to the two cubics touch a cone of the second 
degree. From this point of view it is quite easy to see that both the ten 

lines, and ten cubics lie on the surface, if their existence is assumed. | 


Cayley’s Problem of the Seven Lines. 


6. The bearing of the foregoing work on Cayley’s problem of seven lines 
will now be shown. A quartic surface cannot be drawn to contain seven 
lines chosen at random. ‘There is one coefficient too few. If six of the 
lines are fixed, the result must satisfy a condition in order for a quartic 
surface to contain them all. Cayley proved+ that unless the seventh line 
met one of the six it would have to belong to a quartic complex. The 
problem is to find properties of this complex. The corresponding problem 
of five lines on a cubic surface leads to the result that the fifth line belongs 
to a quadratic complex. In this case the complex is known to split up into 
the two aggregates of lines meeting either one of the two lines meeting 
the original four. It was therefore conjectured that the complex arising 
from the quartic problem might be reducible. This is not in general the 
case. The following fact should be observed. ‘he condition that five 
lines should lie on a cubic surface is precisely the same as the reciprocal 
condition that all the planes through any of the lines should touch a class 
cubic surface, or as we may say, the condition that the lines should lie on 
a class cubic surface. In both cases the condition is that there should be 
one line meeting all five lines, or else that two of the lines should meet. 
A corresponding property holds good for the quartic problem, that is to 
say, ‘‘ If seven lines lie on a quartic surface they lie on a class quartic 
surface also.”’ We shall begin by taking six general lines, that is to say, 
six lines that have no particular properties, and show how to deal with 
special cases afterwards. The quartic complex to which a line must belong, 
if it is to lie on a quartic surface through the lines without meeting any 
of them, will be examined. It will be proved identical with the quartic 
complex obtained in the reciprocal manner from the condition that the 
seven lines should lie on a class quartic surface. Note that the twenty 
lines (rst) which have the property doubly in that they all serve for a 








[* Crelle’s Journal, Vol. 82 (1877), p. 79, §39. In case the two cubics have a common 
osculating plane the locus is a cubic surface, Reye, Math. Ann., Vol. 55 (1902), p. 257. If in 
place of two cubic curves we havea line and five transversals of this, the locus of a point from 
which these six lines are projected by planes touching a quadric cone is the cubic surface 
containing the lines, a fact which is used below, § 7.] 

[t+ ‘*A Memoir on Quartic Surfaces,’’ Collected Papers, Vol. 7, p..178.] 
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whole system of surfaces and not for one only, are identical in the two 
cases, and this might lead us to expect the complete coincidence of the 
complexes. Before beginning the actual proof, it is necessary to observe 
that all chords of any of the cubics 7’. belong to the first complex (C), and 
all axes of any of the cubics 7, belong to the second complex (0’). For it 
is always possible to draw a quartic surface through a cubic and any seven 
of its chords, since 13+7.3 = 34. We thus know eighteen of the lines 
of C in any plane, to wit, the sides of the six triangles in which the cubics 
T’. meet the plane. | 

Consider now an osculating plane of J}. The other osculating planes 
of 7 cut this plane in lines enveloping a conic, and the cubics 7, 73, 74, 
T;, Ts (circumscribed about T;) meet the plane in triangles circumscribed 
about this conic. Hence, since the sides of these triangles, that is to say, 
fifteen tangents of the conic, belong to C, a quartic complex, all tangents 
to the conic belong to C. It follows that all axes of 7), and so of the 
other cubics T;, belong to C. Similarly all chords of the cubics 7, belong 
to C’. Hence in any plane the complexes C and C’ have twenty-four 
lines in common, and accordingly they coincide if they are not degenerate. 
Suppose C splits up into two quadratic complexes; then the chords of T, 
and Ty, say, will all belong to the same quadratic complex, which is not 
true, as the two cubics do not lie on a conicoid. Suppose then C splits up 
into a cubic and a linear complex. Then the chords of the cubics 7’, must 
all belong to the cubic complex. Considering the osculating plane of 7) 
above, we note that if this is so, one of the sides of the triangle, in which 
T, meets the plane, will touch the conic enveloped by the axes of Ti, un- 
less all the three sides meet in a point, that is to say, unless 7’, touches 
the plane. But if there is in every osculating plane of 71 an axis of Tj 
which is a chord of 7, there must be an infinite number of such lines 
altogether, and this is impossible, since 7 is not inscribed in 7’, and the 
lines a, 6, c, d, e, f do not in general belong to a linear complex (see 
§2 (d)). If, again, every osculating plane of 7) touches 7, then every 
tangent of 7, lies in an osculating plane of Ji, and every tangent of Tj 
meets 7,. In such a case (if such a case exists), it is quite easy to 
show from the sextic of reference of § 2-(6), that there are not six distinct 
lines not belonging to a linear complex, which are chords of 7’, and axes 
of T;. This point is really trivial. Hence in the general case the com- 
plex C is not degenerate. The complexes C and C’ accordingly coincide. 

The theorem has been proved, starting with what we called “six 
general lines.” Let us enunciate what this means in detail. It is as 
follows :—‘‘ Given six lines in space, which do not belong to a linear 
complex, and six distinct genuine cubics, which have them all as chords, 
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then if a quartic surface can be drawn through these six lines and 4 
seventh, a class quartic surface can also be drawn to contain the seven 


lines.” The general theorem which we set out to prove will now be de-. 


duced. Express lines by means of four coordinates 2, y, z, t (not homo- 
geneous), by some such means as by taking their points of intersection 
with two planes. Then if seven lines are given by the suffixes 1 to 7, the 
condition that they should he on a quartic surface, is either that two of 
the lines should meet, or that a certain rational integral function /, of 
the twenty-eight variables («,, y,, 2», t,), (7, 17) should vanish. F, is 
of the fourth degree in the coefficients of any one line. Similarly F4 may 
be found from the reciprocal problem. It has been shown that in a cer- 
tain case F’, is irreducible. It is accordingly not identically reducible. 
Let G denote the rational function which vanishes when any two of the 
lines meet, and let H,, K,, L, (r, 17) respectively denoté the rational 
functions which vanish when the six lines formed by leaving out the line 
with the suffix 7 possess the following respective properties :— | 


(1) belong to a linear complex, 
(2) have one degenerate cubic of which they are chords, 


(3) have not six distinct cubics of which they are chords; 


then, if G+ 0, and we can find one set H,, K,, L,-none of which vanish, 
we have proved that /', = 0 necessitates f= =0. Hence F,, which is irre- 


ducible, must divide the’ product FGI H, K,L, (see below). But F, 


cannot divide G or any of the factors H, K,, L,, since we have found a 
case in which F’, vanishes, and neither G nor H,, K,, L, (for one value of 
‘r) vanishes. F’, must accordingly coincide with Fy, since both are of the 
fourth degree in the coefficients of any one line. Since the only other 
sufficient condition for the seven lines to lie on a quartic surface is that 
two of them should meet, which is the same in the reciprocal case, it 
follows that if any seven lines at all lie on a quartic surface, then they 
lie also on a class quartic surface. | 

In the course of the preceding proof.a theorem (the truth of which is 
obvious), of rational integral functions of 2 complex variables is assumed, 
to wit, that if whenever F' (irreducible) vanishes, ® also vanishes, then F' 
must divide &. This is the sort of theorem that the geometrician has a 
right to expect the analyst to prove for him. It belongs to the same class, 
as a theorem giving a rigorous proof of the properties of a (1, 1)-corre- 
spondence, or of the number of points of intersection of two curves. 
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7. Certain properties of the chords of a cubic 7 and the axes of a cubic 
T” inscribed in it will now be given. 


_ (a) If 7" is inscribed in T, the chords of T, and the axes of 7’, belong 
to an infinite number of tetrahedral complexes, one arising from each: 
tetrahedron that has its vertices lying on J’, and its faces osculating 7”. 


(b) The chords of 7, and the axes of 7’, are the Sean common aaes of 
any two of these complexes. 


(c) If the anit of 7’, and the axes of 7” belong to the same quadratic 
complex, then Z’ must necessarily be inscribed in 7. 


(For consider the lines of the complex through any point of 7.) 


(a) If there is one tetrahedron with vertices lying on 7’, and faces 
osculating 7’, and one chord of T, apart from the edges of this tetra- 
hedron, which is an axis of 7’, then 7’ must be inscribed in T. 


(This follows immediately from (c).) 


(e) If two quadratic (necessarily tetrahedral) complexes contain all the 
chords of 7’, the remainder of their common lines consists of the axes of 
a cubic 7” inscribed in T. 


(f) If there is one tetrahedron with vertices lying on 7’, which is self- 
conjugate witn respect to a certain conicoid, then there is an infinite num- 
ber of such tetrahedra, and 7’ is reciprocated with respect to this conicoid 
into a cubic Z” inscribed in 7, which osculates the faces of all the: tetra- 
hedra. 


Two particular cases of the theorem of the last paragraph are worthy 
of mention. 


(a) If five of the six lines a, J, c, d, e, f, are met by two lines, any 
line which lies on a quartic surface through these eight lines must meet 
one of them. There are certain exceptions to this, in the form of the 
lines of certain reguli. The quartic complex of the general case here de- 
generates into the two lines which meet the five (a, b, c, d, e), and the 
line f taken twice. 


(b) If a, b, c, d, e meet a line, and a, b, c, d, f meet another line, the 
quartic complex degenerates into these two lines, and a tetrahedral com- 
plex. e and f are opposite edges of the tetrahedron of this complex. 
Geometry connected with this case is given below, in the proof of Mr. 
Grace’s theorem on six lines meeting a single line. 
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The theorem which we are going to prove may be stated thus :* 


“],, los Us, ly, Us, 2g are six lines meeting a single line. J; is the line 
of the Double Six containing Jy, Js, l,, ls, J, which does not meet any of 
them. 15, 73, Ui, U4, 6 are similarly found. The lines J{, J, 13, Ui, Us, Us all 
meet another line /’.”’ | 


Tt will appear from the proof that the configuration is reciprocated 
into itself with respect to a certain conicoid, each line denoted without a 
dash being reciprocated into the corresponding line with a dash. It is 
clear from the transformation of § 1, or otherwise, that there is just one 
non-degenerate cubic curve 7’, which has 1,, lg, ls, U4, Us, lg as chords.t+ ~It 
is also clear that any non-degenerate cubic which has 1, d,, ls, 14, 1; as 
chords has J; as a chord also. (This is obvious if the cubic is regarded as 
part of the curve of intersection of a cubie surface containing 1,, Js, J, ly, 
with the cubic surface through J,, l,, ls, 4, ls, U3). Hence 7 has as chords 
li, U5, U:, U4, U5, U3. Similarly there is a cubic 7” with the twelve lines 1, 
and di as axes. It will now be shown that JZ is circumscribed about T’, 
and that /,, /, are opposite edges of a tetrahedron with faces osculating 
T’ and vertices lying on 7’. 

It is well known that the lines J,, J, 13, 44, J; and 7 are projected into 
six lines touching a conic, from any point on the cubic surface containing 
l,, la, U3, U4, l;. We shall here use the converse as well (which is not diffi- 
cult to prove), namely, that if the lines are projected into lines touching 
a conic from a point in space, then that point lies on the cubic surface. It 
follows that from any point of T the seven lines J, J;, ly, U3, U4, ls, lg are all 
projected into lines touching a conic, and that the points of 7 are the 
only points possessing the property, except for the points of 7. Similarly, 
the osculating planes of 7” meet J, l,, dg, ls, U4, U5, 4g in points lying on a 
conic, and are the only planes that have this property, except for planes 
that contain /. 

Let A be the line other than 7 which meets 1,, J,, Js, l.. Then A meets 
1; as well. Suppose that 7’ meets J5 in A and B, /; in C and D. Then 
we shall show that the plane ABC osculates T’, and it will follow by 


[* See ‘‘ Circles, Spheres, and Linear Complexes,’’ by J. H. Grace, B.A., Fellow of St. 
Peter’s College, Transactions of the Cambridge Philosophical Society, Vol. 16 (1898), 
pp. 153-190, ] 

[+ In applying the transformation of § 1, forjthe case of six lines having a common trans- 
versa], the transformations of two of these six lines, by means of cubic surfaces containing 
the other four, ate degenerate cubic curves, each containing as part of itself that common 
transversal of these other four which does not meet the two transformed lines. The remaining 
parts of these degenerate cubic curves are conics, and these have only one common chord, the 
intersection of their planes. But another proof may be given, as below. |’ 
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symmetry that the other faces of the tetrahedron ABCD osculate T’. 
For, since the six lines Li, lg, Us, U4, t, X, and the cubic 7’, form the com- 
plete intersection of two cubic surfaces, they meet any plane in nine points 
lying on two cubic curves. If then three of these points lie on a line the 
other six must lie on a conic. But the plane ABC meets 7 and J in four 
points of which three are on the line J. Hence the points in which this 
plane meets J,, 4, J;, 4, 1, and the point C, lie on a conic. But C is 
on /;, Hence ABC meets J, 1,, ly, 13, ly, l; in six points on a conic. But 
ABC contains 1;, which lies on a cubic surface containing J, 1,, ly, Is, ly, Is. 
Hence it meets these six lines in six points on a conic. It follows that 
the plane 4 BC meets / and all the lines J, in seven points on a conicoid, 
and so osculates 7’. In a similar way ABD osculates 7’, and, by inter- 
changing / and A, itcan be shown that ACDand BCD osculate 7’. Hence 
ABCD is a tetrahedron with vertices lying on 7’ and faces osculating 7”. 
It immediately follows from § 7 (d), since there are other lines which are 
chords of T and axes of 7", that T is circumscribed about 7’. 

l., l, are the opposite edges of tetrahedra circumscribed about J’ and 
inscribed in 7’. But all these tetrahedra are self-conjugate with respect: 
to a conicoid. There is therefore a conicoid with respect to which J, re- 
ciprocates into 7}. 7 will reciprocate into J’, meeting all the lines 7;. Also, 
as l,, Is, ls, ly, Us, 46 are met by a single line, so will be Ui, Us, ds, Us, Us, Up. 
The lines J,, U1, J, 23, etc., are such that, if one of each pair be taken, the 
six resulting lines are either met by a single line, or else form one half of 
the lines of a Double Six. There are thirty-two lines such as J which 
meet six of these twelve lines. These thirty-two lines are all the lines 
which are common to four quadratic complexes. If the lines J,, J, are 
projected into a plane from a point of 7’, then the twelve lines touch a 
class cubic [see § 2 (d)], and any six of them which are the projections of 
lines meeting a single line touch a conic. The... 


[The MS. ends here. | 
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REMARKS ON MR. WAKEFORD’S PAPER 
By H. F. Baxer. 


AN attentive reader of Mr. Wakeford’s very remarkable paper will wish 


to place the results which he obtains into relation with those of the . 


existing literature dealing with the same matters. As this literature is 
extensive, and Mr. Wakeford’s references are of the scantiest, the reader 
may be glad of the following remarks. The paper may be said to contain : 
(a) a consideration of a particular birational transformation of space, 
already dealt with by Hesse, Cremona, Noether, and Cayley; (b) two 
particular theorems apparently both first given by Cremona, of which the 
second is dealt with in an imperfect way by Cayley, also without refer- 
ences ; namely, that two cubic curves of general position have ten common 
chords, and that six lines of general position are chords of six cubic curves ; 
(c) the theory of the relations of the six cubic curves ‘having six lines as 
chords, and the six cubic developables having these lines as axes, with 
application to the problem considered by Cayley of the condition necessary 
for seven lines, in order that they should le on a quartic surface. Mr. 
Wakeford’s contribution to the latter problem appears to be new, and the 
writer possesses letters from Mr. Wakeford showing that he valued it 
highly. But the relations of the six cubics and six developables are in 
intimate connexion with many papers written by Reye, dealing with 
apolarity. (d) A proof, which adds a most interesting additional fact, of 
Mr. Grace’s theorem as to the new line deducible from six arbitrary lines 
having acommon transversal. The account given by Mr. Wakeford appears 
somewhat hurried, and may well have been written out when he was on 
active service (the book containing the whole paper was found in his kit- 
bag). The following remarks, which are in many ways incomplete, are 
arranged under these four heads. 


(a) Mr. Wakeford’s account does not bring out that the corresponding 
points are conjugate to one another in regard to three quadric surfaces ; 
and this does not seem to be mentioned by Cayley [Coll. Papers, Vol. 7 
(1869), p. 234]. 

Let l, m, U', m' be any four lines of which no two intersect ; take the 
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two common transversals of these four, and upon each of these the two 
points which are harmonically conjugate as well in regard to J and lU’ as: 
in regard to m and m’. With the four points so obtained as points of 
reference, the equations of the two transversals can be supposed to be 
“z=0, y=0, and z=0, t=0. Choosing the ratio of y to z, and of ¢ 
to 2, properly, the equations of the lines 7, m can then be supposed to be 
respectively, y= px, t= qz, and y=2/p, t=2z/q; and thence the 


equations of l’ and m’ will, respectively, be y=—pzx, t=—qz and 

y =—2/p, t= —z/q. Now consider the cubic surface represented, for 

any constant values of the ratios 4: B: C: D, by the equation | 
AG By — OC — Di = 0; 


t,o pry, ere grt 
jump anal igi | OY 
1 TEAS GEN UTS, 








for all values of 4: B:C: D it is at once seen that this contains the 
four given lines J, m, ’, m'. Regarding these ratios as variable the equa- 
tion thus represents the general cubic surface containing these four lines. 
Further, if this equation be written in the form 


Ax'+By'+Cz'+D?t = 0, 
this being a definition of the ratios z’ : y': 2’: Ut intermsofa:yiz: t, 
we have the three identities . 
ioe aCe y'—z.2'—Ggt.t = 0, 
pe. a’ty.y'—qe.2¢2—-t.t= 
py .e'+pa.y'—qt.2z'—qz.U=0; 


thus the two points, (a, y, z, t) and (z’, y’, 2’, t’), are conjugate to one 
another in regard to each of the three ee, canteens 


tp y? = e+q't, pe+y? — Ge+e, pxLY. — gat, 


and therefore, also, in regard to any quadric surface whose equation is a 
linear function of the equations of three quadrics. ‘This shows that 
aty:zit are precisely the same functions of a’: y': 2’: t as are 


these of ne former. 
It can be verified that these formule lead to 





y' — pe ak bigtegehts EO We ux qguoy st Seayek 6h 
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and that the last expression, equated to zero, represents the quadric sur- 
face containing the three lines 


(y¥=—pt, t=—q?), Y=p'e, t= q 2), y=—p sr, t=—qia- 
By changing p, q respectively into 
(0679) 20k (Did Ol etiam i, 

we obtain three other such equations. The points where a line meets any 
one of the four quadric surfaces, each containing three of the four given 
lines, are thus transformed to the points where the corresponding cubic 
curve meets that one of the four lines which does not lie on that quadric 
surface. 

For references to the transformation see Noether, Math. Ann., Vol. 3: 


(1871), p. 548, who refers to Hesse (Credle, Vol. 49), Steiner (Credle, 


Vol. 538; uw. Monatsber. Ber. Ak., 1856), Geiser (Credle, Vol. 69), Cremona. 
(Crelle, Vol. 68). 


(6) The number of common chords of two cubic curves in space, um 
general position, is given as ten by Cremona, Crelle, Vol. 60 (1862), 
p. 192, whose proof supposes one of the two cubics to degenerate into a 
conic and a line meeting this. The number fs a particular case of that of 
the chords common to any two curves in space, also there given by 
Cremona, which is found in Cayley, Coll. Papers, Vol. 5 (1863), p. 171. 
The number may also be deduced, as Mr. Wakeford remarks, as a par- 
ticular case of Halphen’s formula for the number of lines common to two 
congruences (see, for instance, Jessop, The Line Complex, 1903, p. 259). 
But Halphen’s formula appears more interesting when interpreted as a 
theorem for the number of points of intersection of two surfaces lying on 
a quadric fourfold in five dimensions (Bertini, Geometria Proj. deglr 
Iperspazi, 1907, pp. 140, 141), being then a continuation of that for the 
number of common points of two curves lying on a quadric surface in 
three dimensions. 

We may obtain the number of common chords of two curves by the 
Principle of Correspondence. For simplicity we suppose one at least of 
the curves to be rational. Let the curves be Cn, C,, of respective orders. 
m and n, the curve C,, being rational; let 7, s be the number of chords of 
these curves, respectively, which pass through an ordinary point of space. 
To any point P, of the curve C,, we can make correspond 47s points P’, 
of the same curve, by drawing through P the s chords of the curve C,, 
and, from each extremity of every such chord, drawing the 7 chords of 
the curve Cp, taking P’ to be an extremity of one of these chords. The 
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number of positions of P which give rise, in this way, to the same posi- 
tion of P’, is to be found by remarking that the intermediate point Q, of 
the curve C,, arises by the fact that the line P’@ is a common generator 
of the cones, of vertex P’, projecting from P’ the two curves C,,, Cy, so 
that to P’ correspond (m—1)n positions of @; while P is to be found 
from @ by the fact that QP is a common generator of the cones, of vertex 
Q, projecting from @ the two curves C,, Cn, so that to @ correspond 
(n—1)m positions of P. Thus between P, P’ there is a correspondence of 
indices [(m—1)n(n—1)m, 4rs|. There are therefore (C;, being rational) 
(m—1)n(n—1)m+4rs positions of P for which the corresponding P’ coin- 
cides with it; when this is so, however, the chord from P to C, coincides 
with a chord of C,,, and the two ends of this chord are two of the coinci- 
dences in question, each arising twice over according as the point Q of the 
chord of C,, is at either end of this. The number of common chords is 
ppgrore 4 (m—I1)n (w—1)m-+rs. 

For the case when C;,, C, have / common points, the number of common 
chords not passing through these points is stated by Cremona, Crelle, 
Vol. 60 (1862), p. 192, to be 


dmn(m—1)(n— 1) +7rs+3h(h—1)—h(m—1)(n—1). 


The proof of the theorem for the number of lines common to two con- 
gruences by interpretation in five dimensions, is as follows: Any line (in 
three dimensions) is represented by a point in five dimensions, and the 
aggregate of all the lines in three dimensions is represented by all the 
points of a certain quadric fourfold in five dimensions. This quadric four- 
fold we denote by (2. All the lines passing through any point of three 
dimensions are represented by the points of a plane, lying entirely on Q; 
this we may call a plane of the first kind; all the lines lying in any plane 
in three dimensions are represented also by the points of a plane, lying 
entirely on 9, which we may call a plane of the second kind. As is clear 
from the three dimensions, any two planes of Q of the first kind have a 
point in common, as also have any two planes of the second kind. But a 
plane of the first kind has not in general a point common with a plane of 
the second kind; if it have, then these two have an infinity of points in 
common, lying on a line. A congruence of lines (J, /'), in three dimensions, 
of which / lines pass through an arbitrary point, and /’ lines he in an 
arbitrary plane, is represented, in five dimensions, by a surface lying 
entirely on 2, having J points common with any plane of (2 of the first 
kind, and /’ points common with any plane of (2 of the second kind. This 
reminds us then of acurve lying on a quadric surface in three dimensions, 
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having a points common with every generator, of the surface, of the first 
kind, and a’ points common with every generator of the second: kind. It 
is known that two such curves of a quadric, (a, a’) and (8, ’), have 
a@'+a'8 points common. Similarly, in five dimensions, two surfaces. 
(2, 2) and (m, m’), lying on Q, have Im-+l’m’ points common. And the 
result is capable of generalisation to space of any odd number of dimen- 
sions, the formula being derived from the two pairs of component in- 
dices in a different way according as the number of dimensions of the 
space is = 8 or = 1 (modulus 4). 

To deduce the result for the space S; from that for the space of three 
dimensions S3, let O denote any point of 2; the tangent S, of Q at O meéts 
Q in ©* points, lying on ? lines, and lying on o! planes of each kind, 
all passing through O. Let o denote any definite S, lying in the S;. 
The planes of 2 through O, on the tangent S,, meet o each on a line; 
two planes of the same kind through O do not meet again, and give two 
skew lines on « ; two planes of different kind having O in common have 
a line in common, which meets ¢ ina point. The intersection of o with 
the tangent fourfold at O lies on a Ss; in this, therefore, we have two. 
systems each of 1 skew lines, any line of either system méeting every 
line of the other system in a point; these two systems of lines, therefore, 
are those of a quadric surface lying in S3. A surface on Q, meeting the 
planes of Q, of the two kinds, respectively, in 7 and J’ points, which we 
denote by F;’, when projected from O on to the space of four dimensions 
oc, becomes a surface therein; and this intersects the S; arising from the 
tangent fourfold of Q at O, in a curve, lying on the quadric surface above 
spoken of, and meeting every generator of this quadric, of one system, in 
1 points, and every generator of this, of the other system, in lJ’ points. 
That F3’ is a surface involves that, in S;, it meets any threefold in a 
finite number of points; projected on to o it gives a surface meeting a 
plane in the same number of points, that is a surface of the same order ; 
in S;, a threefold is determined, passing through O, by two planes of Q of 
different kinds, meeting on a line through O; these planes meet o in two 
lines containing, respectively, 2 and /’ points of the surface, in o, obtained 
by projection of Fj", and these lines lie in a plane of oc. The surface 
obtained by projection of Fy", ino, is thus of order /+/'. If then we 
have, on Q, two surfaces FY” and F%”’, their projections on o have 
(1+2')(m--m’) points in common. Now consider how many of these arise 
from merely “‘ apparent ”’ intersections of F4" and 7”, that is, by inter- 
sections of c with lines through O which meet Fy” and F”™” in different 
points. Such a line will have three distinct intersections with Q, and, 
therefore, lie entirely upon it; it will thus be on the tangent fourfold of 
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Q at O, and will meet o on the quadric surface above described lying in c. 
The nymber of apparent intersections is therefore that of the intersections 
of two curves (J, 1’) and (m, m’), lying on this quadric, namely, is lm’!-+-l'm. 
The number of actual intersections of F;" and F””’ is therefore 


(C-+1')(m—-+-m') —(lm' +1'm) or lm+l’m'’. 


This is the number given by what is known as Halphen’s theorem. 

That there exist six cubic curves having six given lines of general 
posttion as chords is proved by Cremona in the paper referred to, Crelle, 
Vol. 60 (1862), p. 191, as follows. If a, b,c, d,e be any five lines of 
general position, and a variable plane through e meet the other four lines, 
respectively, in A, B, C, D, the point of intersection, P, of the lines 4B and 
CD describes a cubic curve having the five given lines each as a chord, 
The two ends of the chord lying on the line a form a pair of points on 
this cubic curve, which, with the two ends of the chord lying on the line 
6, define an involution of pairs of points of the curve; there is another 
involution similarly determined by the two pairs of points which are the 
ends of the chords c and d. The two ends of the chord on the line e are 
the pair of points common to these two involutions; for the transversal 
from P to a, 6 meets e, as does the transversal to c, d. Conversely, if five 
chords of a cubic curve a, b, c, d, e, be such that the chord e gives the 
pair of points common to the two involutions which are given, respectively, 
by the two pairs of chords a, b and c, d, then the plane of the two trans- 
-versals,drawn from an arbitrary point of the curve, one of them to the chords 
a, b, and the other to the chords c, d, contains the line e. The _ proposi- 
tion reciprocal to the foregoing is, that if a, b, c, d, and f be any five lines 
of general position, and, froma variable point of the line f, there be drawn 
the transversal to the lines a, b, and also the transversal to the lines c, d, 
then the plane of these two transversals describes a cubic developable of 
which the lines a, 6, c, d and fare axes. In particular, in this reciprocal 
proposition, if a, b, c, d and f be chords of a cubic curve, it is clear, from 
what is said above, that the two planes of this developable, one through 
each end of the chord f of this cubic curve (other than the two planes of the. 
developable which intersect in f), meet in the chord, e, of the cubic curve: 
determined as giving the pair common to the two points involutions on 
the curve determined by a, 6 and by c,d. For the construction for such 
a plane, when we start from an end of the chord f, is that by which we 
may arrive at the chord e from any point of the cubic curve. The chord 
e is thus an axis of the cubic developable determined, as above, by a, 0, 
c,d, and f. If, with f, we take the pairs a, c and 0, d, we shall obtain.a 
different developable, and, as axis of this, a different chord, e’, of the cubic 
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curve. The planes of this developable which meet in e’ will however also 
pass through the ends of the chord, /, of the cubic curve. So for the 
pairs b, c and a, d. 





Hence, if a, b, c, d, f, g be six given lines of general position, a cubic * 


curve having them as chords will have as chord the line e which gives the 
common pair of the two involutions determined thereon by the chords 
a, b and by the chords c, d; and this line e will be an axis common to the 
two cubic developables determined as above by the two pairs of chords a, b 
and c,d, taken first with f, and then with g. The planes of these develop- 
ables intersecting in the line e will determine four points of the cubic 
curve, two on the line f and two on the line g; when these points are 
found the curve can be constructed, for instance by axial pencils of planes 
through three of the chords a, b,c, d. Thus, to find the cubic curves 
having the six given lines a, b, c, d, f, g, as chords, we consider the ten 
common axes of the two cubic developables (a, b, c, d, f) and (a, b, c, d, g), 
of which however the four a, b, c, d do not determine points of the cubic 
curve. The other six lead each to such a cubic curve as desired, having 
the six given lines as chords. There are then six such curves. 

Mr. Wakeford’s solution leads to this conclusion in a much briefer 
way. By transformation with cubic surfaces passing through the lines 
a, b, c, d, the lines f, g become two cubic curves having, beside a, 0, c, d, 
six other common chords say p, g, 7”, s, t, w; the transformations of these 
six chords are the six cubic curves desired, having a, b, c, d, f, g as chords. 
The study of the relations between the two figures would seem to be an 
interesting problem. Cremona’s construction is interesting, too, in con- 
nexion with Mr. Wakeford’s treatment of Mr. Grace’s theorem. 

It is supposed that the chords of the cubic curve to be constructed, 
which are given, are lines of general position. As examples of cases where 
this is not so we remark: (1) when the six given lines are such that every 
five of them have a common transversal, there is an infinite number (a *) 
of cubic curves having these lines as chords, all lying on the cubic surface 
which then exists containing the six lines ; (2) when the six given lines, 
SAY dy, ..., Ag, are such that there is a common transversal, 0,, of ag, a3 and 
Ay, Us, Ag, and a common transversal, b,, of the five ds, a1, dy, As, Ag, and 
also a common transversal, 63, of a, @2, 4, Gs, a, there is not in general 
any proper cubic curve having the six given lines as chords. There is a 
degenerate cubic curve consisting of the lines bg, 6; and the line joining 
the points (da, 3), (a3, bg); there is also a degenerate curve consisting of 
the lines b9, 6, and the line of intersection of the planes [@., b3], [ag, by]. 
And there are four other degenerate curves of similar descriptions. When 
4, Ag, Ag, 01, bg, 63, and a4, are given, it is possible to choose 0b,, bs, how- 
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ever, so as to have case (1). Lastly, (3), if the six given lines have one 
common transversal, there is, as Mr. Wakeford remarks, only one proper 
cubic curve having them all for chords. In this case, there are o? de- 
generate curves, each consisting of the common transversal and a conic 
which meets this and meets. the six given lines. 


(c) In regard to apolarity— When a quadric locus f contains the ver- 
tices of a tetrahedron which is self-polar in regard to a quadric envelope 
#, we shall say that fis owt-polar to ¢, and ¢ is in-polar to f. When 
every quadric locus which contains a cubic curve is out-polar to a quadric 
envelope ¢, we shall say that the cubic curve is out-polar to ¢. A suffi- 
cient condition for this is that four points of the cubic curve should be the 
vertices of a tetrahedron self-polar in regard to ¢. Similarly a cubic de- 
velopable will be said to be in-polar to a quadric locus f when every 
quadric envelope containing the planes of the developable is in-polar to /f. 
When an algebraic series of sets of four points upon a cubic curve is such 
that one of the sets is determined by the assignment of any one of its four 
points, the series is given, by the variation of A, from an equation of the 
form U+AV =0, where U, V are two quartic polynomials in the para- 
meter by which the points of the curve may be represented. In this case 
the tetrahedra formed by the sets of four points are all self-polar in regard 
to a quadric, and the faces of these tetrahedra are planes of a cubic de- 
velopable. The quadric, regarded as an envelope, is then in-polar to the 
cubic curve, and regarded as a locas is out-polar ‘to the cubic developable. 
We shall speak of the cubic curve as out-polar to the cubic developable. 
Mr. Wakeford speaks of the cubic developable, or rather of the cubic curve 
of which the planes of the developable are the osculating planes, as being 
inscribed to the cubic curve. For these matters reference may be made 
to Reye, Credle, Vol. 82 (1877); cf. also Crelle, Vol. 77 (1874). One 
particular result may be remarked, as of importance below: when a cubic 
curve is out-polar to a quadric envelope reducing to two points, these 
points are on a chord of the cubic and harmonic in regard to the curve. 

Now suppose that we start with four linearly independent quadric loci 
hi» fo: fa, fs. These are all ont-polar to a linear aggregate of six quadric 
envelopes ¢;, $2, $3, $4, 5, Gg, Which is determined by fj, fi, fs, fy. Con- 
versely the linear system of loci f,, fo, fz, f; 18 determined when 4), ..., $¢ 
are given. The theory of the relations of this system and aggregate is 
considered by Reye, Credle, Vol. 82 (1877), p. 75. In the system of loci 
there are quadric cones, each of the form 


Afitoaftefstas, = 9, 
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coo? in number, and there are plane pairs, finite.in number. Among the. 
ageregate of envelopes there are conics, «* in number, and there are 
point-pairs, ©” in number. Consider, first, three of the quadric loci, say 
Tis fo fz. Take the point P’, which is the intersection of the polar planes, 
in regard to these three loci, of another point P. As P moves along an 
arbitrary line, P’ will describe a cubic curve. The polar plane of P in 
regard to the fourth quadric f,, meets this curve in three points. There 
is thus a correspondenee (1. 3) between two points of this curve. We are 
able to infer that there are four positions of P upon the line for which the 
polar planes of P, in regard to the four quadrics f,, fo, fg, fs meet in one 
point. The locus of points P, for which this property holds, is thus a 
quartic surface J(f), containing pairs of corresponding points P, P’. And 
each of these points is a vertex of a quadric cone belonging to the linear 
system of point quadries f,, fo, fs, f; The pair of corresponding points is 
also, clearly, a point pair of the linear aggregate of quadric envelopes- 
dy, -++> dg, in-polar to the system /,,..., /, A particular case of a quadric 
cone is a pair, of planes; thus the line of intersection of every pair of 
planes of the system ¢,f,+...+c,f, = 0 lies on the quartic surface J(/) ; 
conversely every line lying on this surface is the intersection of such a 
pair of planes, for every point of such a line is a vertex of a cone of the 
system. ‘The theory is considered by Cayley, Coll. Papers, Vol. 7 (1870), 
p-/168: ae | ? 

To obtain the number of lines lying on the surface J(/) we may, there-. 
fore, enquire what is the number of plane pairs out-polar to six quadric 
envelopes. If we suppose that this number is the same as for six quadric 
envelopes which all-reduce to double points, the number will be that of: 
the pairs of planes containing six points, namely ten. The number can, 
however, be obtained as a consequence of a theorem which is otherwise of 
importance here. It can in fact be shown that there are two cubic de- 
velopables which are both in-polar to all the quadric loci of the system 
Cy fit...tc,f, = 0. This means, as we have explained, that the three 
quadric envelopes, whose common planes (other than those through a 
common line) constitute one of these cubic developables, are all in-polar 
to every quadric locus of the system. . The theorem is given by Reye, 
Crelle, Vol. 82 (1877), p. 78, § 388; .the developables 7%, 7% of Mr. 
Wakeford’s paper (§ 4) are a case. By this theorem, then, six par- 
ticular quadric envelopes are obtained (three from each of the cubic. 
developable), and the system c,/,+...+¢,f/,=0 may thence be defined 
as that of the quadric loci out-polar to these six envelopes. Assuming. 
the theorem for a moment, and remarking that a quadric locus consisting 
of a pair of planes out-polar to: a°cubie developable will intersect in an 
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_ axis of the developable, and be harmonic in regard to the planes of the 
developable passing through this axis, we see that every plane pair of the 
system (c/) has for intersection one of the ten common axes of the two 
 developables, so that the system (cf) has at most ten plane pairs. Con- 
versely, through every axis common to the two cubic developables can be 
drawn a definite pair of planes, harmonic in regard to the planes of each 
developable passing through this axis; this pair of planes will then be 
out-polar to both developables, and therefore be a surface of the system 
(cf). There are then just ten plane pairs belonging to the system (cf), 
and just ten lines on the surface J(/). | 

To prove the theorem assumed, that there are two cubic developables 
in-polar to all the surfaces (cf), we take the reciprocal theorem, that there 
are two cubic curves out-polar to an aggregate of four quadric envelopes 
WiVit...tysv,—= 0. For this purpose we suppose the aggregate to be 
given by four linearly independent point pairs. Then the theorem is: 
given four lines and on each of them an involution of pairs of points, two 
cubic curves exist having these lines as chords, meeting each in a parr of 
the involution determined thereon. Leta, b and c, d be the given lines, 
which we arbitrarily divide into two pairs; through any cubic curve 
having these lines‘as chords can be described two quadric surfaces, one 
to contain the chords a, 6, and the other to contain the chords c, d; these 
quadrics will intersect further in a chord of the curve, which we denote by 
p. Conversely, if p were given, the curve could be obtained as the re- 
sidual intersection of the quadrics (a, 0, p) and (p, c, d). A point of the 
cubic curve on the chord a, being on the quadric (p, c, d), is ona line 
meeting these last three lines; thus the curve meets the line a on the 
two transversals of the four lines a, p, c, d. Consider the quadric surface 
(a; c, d), and the generators of this of the system other than these 
lines; by the involution supposed to be given on the line a, the genera- 
tors of this regulus are arranged in pairs in involution. By the 
condition for the intersection of the cubic curve with the line a, 
the line p is, thus, to cut the quadric (a; c,d) on two generators 
forming a pair of the involution of generators of this regulus. But, 
when the generators of one system of a quadric surface are arranged in 
involution, the lines eutting the quadric in points lying on pairs of this 
involution are the lines of a linear complex (as is shown below). Thus, 
the line p, in consequence merely of the fact that the cubic curve cuts the 
line a in pairs of a given involution thereon, belongs to a definite linear 
complex. By considering similarly the quadric surfaces (0; c, d), (a, 6; ¢), 
(a, b; d), we see that-p is defined as a line common to four linear com- 
plexes. Without entering into further enquiry as to the generality of 
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these complexes, we may therefore infer that there are two lines p, and 
hence two cubic curves, as stated. 

To prove that the lines, meeting the generators of one system of a 
quadrie in points lying on pairs of a given involution of these generators, 
are the lines of a linear complex, it may be sufficient to remark that lines, 
with this property, which lie in a plane, intersect a conic in this plane in 
pairs of points of an involution on this conic, and so pass through a point ; 
while lines, with this property, which pass through a point, each lie on two 
tangent planes of an involution of such planes of a quadric cone, and so 
lie in a plane. Analytically, for the quadric xy = zt, the generators 
edz, t=Ay, and # = dA'z, t= A'y, belong to an involution, if 


avr’ +b (A+A') +e = 0, 


with constant values of a: b: c. The lines meeting such pairs belong to 
the linear complex given by 


al+b(n+n')+cl’ = 0; 
this contains one system of generators of the quadric zy+zt=0, given 
by LOM eh oO re: 


It is thus proved that there are two cubic developables both in-polar 
to all the quadric loci of the system c,f,+...+¢,f, = 0. In particular, 
these are in-polar to all the quadric cones of this system, one of which 
has a vertex at any point of the quartic surface J(f), Thus, the three 
planes of either of these cubic developables which pass through any point 
of this surface, form a three-fave which is self-polar in regard to the 
quadric cone having this point as vertex. The three planes of the other 
developable through this point have the same property. Therefore these 
six planes touch a quadric cone. And the quartic surface J(f) can thus 
be obtained as the locus of a point such that the six planes of two cubic 
developables, which pass through this point, touch a quadric cone, a result 
due to Reye (see the references given in the text, above). 

The quartic surface J(f) contains also ten cubic curves, each the locus 
of the points corresponding to the points of any one of its ten lines, taken 
in respect to any three surfaces of the system (cf) ; in particular, by taking 
the correspondence in regard to any three of the plane pairs of this 
system, we see that the cubic curve corresponding to any one of the 
lines has the other nine lines as chords (Cayley, Coll. Papers, Vol. 7, 
p- 168). The surface may be identified as containing any six of the ten 
lines and four of these cubic curves, those namely having these six lines 
as chords, 
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At this point we can make contact with Mr. Wakeford’s paper. 
Suppose that six lines of general position are given. There are, we 
have seen, six cubic developables having these lines as axes. Choose, 
arbitrarily, any two of these six developables, say « and € Each will 
be determined by the aggregate of the tangent planes common to three 
, quadric envelopes. Thereby six quadric envelopes arise. To these there 
is a system of quadric loci, out-polar thereto, of which four are linearly 
independent. From this system arises a quartic surface; this quartic 
surface contains the ten common axes of the two cubic developables ¢ and 
¢, and, in particular, the six given lines; and a plane pair belonging to 
the system of quadric loci may be found as the two planes, through any 
one of the six given lines, which are harmonic in regard to the pair of 
planes, of both of the two developables ¢ and ¢, intersecting in this line. 
The quartic surface will contain four of the six possible cubic curves 
having the six given lines as chords, namely those which correspond, in 
respect of the system of quadric loci, to the four other lines of the quartic 
surface ; it will also contain six other cubic curves, each having five of 
the six given lines as chords. 

To make still clearer the identification of the figure considered with 
that considered by Mr. Wakeford, we may give a direct proof that every 
one of the ten cubic curves of the quartic surface is out-polar to both the 
developables « and ¢. Let J,, 1, ;, J; be any four of the ten axes common 
to the developables e and ¢; let the planes, of the system of quadric loci, 
passing through these be respectively denoted by (a, 84), (a1, 21), (a2, 8a); 
(a3, 83). Let P be any pointzof the line J,; through P there passes one 





plane, say p, of the developable e; beside the two intersecting in J,.. Con- 
versely, any plane, p, of the developable e, meets 7, ina point P. Join P 
to the lines J,, J, ls, respectively, by the planes A, u,v; let \’ be the plane 
through 7, harmonically conjugate to A with respect to a, and §,, and, 
similarly, u' the plane through /, harmonically conjugate to « with respect 
to a, and @,, and v’ the plane through /,; harmonic to y with respect to ag 
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and 63. Let P’ be the intersection of the planes A’, uw’, v'; and let g, 7, s 
be the planes of the developable « which pass through P’. By the con- 


struction, P’ is the point of the quartic surface corresponding to P, and 


describes a cubic curve as P describes the line J,. Let ¢, w be the planes 
of the developable e which intersect in l,. The six planes of e, denoted by 
P, 7; Y, 8, t, u, are touched by four linearly independent quadric envelopes ; 
four such envelopes, however, are the three which determine e, together 
with all the planes through the point-pair P, P’; and each of these four is 
in-polar to the system of quadric loci, founded, for instance, on the four 
plane pairs (a;, 6,), (a2, 82), (a3, B3), (a4, 81), by what we have seen. Where- 
fore, every quadric envelope containing the six planes p, qg, 7, s, ¢, u, being 
a linear function of the four particular envelopes which have been speci- 
fied, is equally in-polar to the system of quadric loci. In particular, the 
envelope, consisting of all the planes through the point-pair (p, 7, s) and 
(q, t, uw), 18 so in-polar, and so on. The four planes p, qg, 7, s are thus 
entirely symmetrical to one another, and either of them determines the 
other three by a construction similar to that by which qg, 7, s have been 
deduced from p, the planes ¢ and uw remaining thesame. But an algebraic 
series of sets of four planes, belonging to the developable e, of which any 
set is equally well determined by any one of its four planes, forms a series 
of tetrahedra all self-polar in regard to the same quadric, and the locus of 
intersection of three planes of the set is a cubic curve. The quadric is at 
once out-polar to e, and in-polar to the cubic curve, and this curve is out- 
polar toe. Thus it appears that the cubic curve which is the locus of the 
point P’ is out-polar to the developable e. By similar reasoning it is out- 


polar to the developable ¢. And thus every one of the ten cubic curves” 


is out-polar both toe and ¢. This is the theorem referred to. 


It would, however, be interesting to pursue the matter further, and 


determine the quadric which arises as the intermediary between the 
system of quadric loci and the developable e, which is not the same, pre- 
sumably, as that arising similarly for the developable ¢. 

It now appears that, if six lines be given, by choosing out, arbitrarily, 
two of the cubic developables which have these for axes, we can obtain 
fifteen quartic surfaces (cf. Cayley, Coll. Papers, Vol. 7, p. 170, § 93), each 
containing the six given lines and four others, each containing four of the 
cubic curves which have the given lines as chords, as well as six other 
cubic curves, the ten cubic curves on any surface being all out-polar to the 
two developables which identify the surface. Moreover, of the four cubic 
curves in question, having the given lines as chords, any three have 
another common cherd, one of the four remaining lines of the, quartic 
surface. The total number of lines thus ‘arising, beside the original six, 
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is twenty; through each of these pass three of the quartic surfaces. Hach 


quartic surface'is.a locus of vertices of cones belonging to a system of 
quadrie loci, of which four are linearly independent; in all, in the com- 


plete figure, there arise twenty quadric loci, each out-polar to three cubic 


developables, from the six, which have the six given lines as axes. 


(d) If we are given a line, ¢, here called the transversal, and five other 
lines meeting this, but not meeting one another, say a, b, c, d, e, then a 
cubic surface exists containing the six lines; thereon the lines a, b, c, d, e 
are five lines of one row of a double six of lines; we denote the remaining 
line of this row by f’. There are thirty-six double sixes, and seventy-two 
such rows of six lines; no two such rows have five lines in common. 
There are upon the surface seventy-two families of cubic curves, all those 
of one family meeting the lines of one row of a double six each in two 
points; thus every cubic curve upon the surface meeting each of a, b, «, 


d, é in two points has f’ for a chord. A cubic curve belonging to a par- - 


ticular family can be drawn through two arbitrary points of the surface. 
The line f’ can be constructed independently of the cubic surface ; every 
four of the lines a, b, c, d, e has another transversal beside ¢; these five 
transversals all meet another line; this is the line f’.. To every one of 
these statements there is a reciprocal. A class cubic envelope exists con- 
taining the lines ¢, a, 6, c, d, e, in regard to which there exists a line /’, 
constructed in reciprocal manner, and therefore coinciding with f’. There 
are cubic developables, whose planes belong to those of the class cubic, 
having each:of a, b, c, d, e as axes, and of these f’ is also an axis; and 
so on. | i 

Now consider six skew lines a, b, c, d, e, f having a common transversal 
t; leaving aside the line f, which, in this connexion, we may speak of as 
the omitted line, there is, as above, a cubic surface containing the other 
lines, and, upon this, the line f’, which, in this connexion, we may call 
the completing line. This cubic surface is met by the line fin two points, 


“not upon the transversal ¢; through these points can be drawn, upon the 


surface, a cubic curve having «a, 0, c, d, e as chords, which also has /' as 


‘chord. The same cubic curve is evidently obtained if any other of the 


lines a, b, c, d, e, f is taken as omitted line, for a cubic curve hes entirely 
upon a cubic surface which contains five of its chords, and the curve is 
identified by its intersections with the omitted line ; this curve has there- 
fore six chords such as f/f’, these being the completing lines for the six 
cubic surfaces constructed in the way explained. The theorem under con- 
sideration relates to these six.completing lines. Denote this cubic curve 
by 0. Reciprocally, there is a unique cubic developable, 0, having a, b, 
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c, d, e, f, and these same six completing lines, as twelve axes. The points 
of the cubic curve 0 are those points of space from which the seven planes 
to the lines ¢, a, b, c, d, e, f touch a quadric cone ; the planes of the de- 


velopable 0 are the planes meeting these seven lines in points of a conic; — 


of these statements, made by Mr. Wakeford, a direct proof is given 
below. 

Taking the cubic surface which omits the line f, any plane through 
the completing line f’, meets the original transversal ¢, the five lines a, b, 
c, d, e, and the cubic curve, each in one point not on this completing line ; 
these points lie on a conic, the residual intersection of this plane with the 
cubic surface. If the plane be taken to pass through either of the points 
in which the cubic curve @ meets the line /, the plane will meet the 
seven lines, other than /’, namely ¢, a, b, c, d, e, f, in points lying on 
a conic, and will therefore be a plane of the cubic developable 9, of 
which the two planes passing through the axis f’ are thus constructed. 
Reciprocally, considering the cubic envelope which omits the line /, 
and the planes of this which pass through any point of the completing 
line f' (these being reciprocal to the points of the cubic surface 
lying on any plane through /’), these planes touch a quadric cone; 
of such planes are the planes, from the point, containing the lines ¢, a, 
b, c, d, e, and the plane, of the cubic developable 90, through the point 
(other than the two planes of this developable which contain the axis 
jf’). If, in particular, the point taken on the line /’ be one of the two 
points in which this line is met by the planes, of the developable 9, through 
the axis f, these being, like all planes through this line planes of the 
cubic envelope, the point will be one from which the planes to the seven 
lines ¢, a, b, c, d, e, f all touch a quadric cone; thus, this point, and, so, 
both the points in which the planes, of the cubic developable 0, through /, 
meet the line /’, lie on the cubic curve. We have thus shown that (1) the 
planes joining the completing line (f’) to the two points where the cubic 
curve 0 meets the omitted line (/), (2) the planes joining the omitted line 
to the two points where this cubic curve meets the completing line, are all 
planes of the cubic developable 9. By taking each of the lines a, 0, c, d, e, f 
in turn as omitted line, we thus have six tetrahedra inscribed in the cubic 
curve, whose faces are planes of the cubic developable. Now if two tetra- 
hedra have their vertices on a cubic curve there is a quadric surface in re- 
gard to which they are both self-polar, and conversely, a cubic curve which 
_ contains seven of the vertices of two tetrahedra self-polar in regard to a 
quadric, contains the remaining vertex. Taking then the quadric surface 
which has two of the six tetrahedra above as self-polar, the cubic de- 
velopable, which contains the eight faces of these, is identified as. being 


Beet 
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_the polar reciprocal of the cubic curve in regard to this quadric surface. 

The developable is thus in-polar to the curve, and the other four tetra- 

hedra are self-polar in regard to the quadric. The lines a’, 0’, c’, a’, e', f’ 

are thus the polar lines, respectively, of a, b, c, d, e, f; they are there- 

fore met by another line, which is the polar line of the original trans- 

_ versal ¢, in regard to the quadric. This completes the proof of the Grace- 
Wakeford theorem. | 

Mr. Wakeford proceeds somewhat differently. The completing line is 
a common transversal of the transversals of every four of the selected 
lines ; let 7,, d3, Js, ¢4, J denote the selected lines, the omitted line being /,, 
and the completing line J;; let A be the second transversal, beside the 
original transversal of J,, J, U3, U,, so that 7% meets U5. It we take as 
selected Jines, however, 1,, ly, Js, U4, and J,, we obtain a completing line J, 
which is equally met by X. The line A thus meets J,, J, ls, l,, U5, and 
l;, and we have a double six of lines 

i fs . le ls IP 

ie Os UE U A 
lying on the cubic surface determined by 1, J, J5, 4, ls, and ». Re- 
garding the six lines J,, , ls, U,; 5, Us, with their transversal \, as funda- 
mental, and taking the same cubic curve and cubic developable as before, 
the line J, appears as the completing line when J5 is the omitted line. 
Wherefore the two planes through the completing line /;, one to each of 
the points where the cubic curve meets the omitted line J;, are planes of 
the cubic developable. 

Now consider the theorem assumed in the proof, which we take in its 
reciprocal form: tf a conic meet a line and six other skew lines which 
meet this, the plane of the conic is that of a cubic developable having the 
six lines as axes. 

On the common transversal take two arbitrary points (¢), (z); through 
these draw two arbitrary planes not containing the transversal, as well as 
two arbitrary planes containing the transversal, thus obtaining a tetra- 
hedron tayz, of which the vertices (x) and (y) are those not on the trans- 
versal. 

To represent the points of an arbitrary line meeting the transversal 
tz, we may take two points (p, q, 7, 0) and (p, q, 0, s) on this; then any 
point of the line is (p, q, pr, os), where p, o are variable, subject to 
p+o=1. A conic meeting the transversal lies on two cones, of equa- 
tiong of the forms 

z(Ax+By)+ ax?+ 2hey+ by’? = 0, 
t(Ar+By)+a,27°+2h,cy+b,y? = 0, 
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which. both contain, the transversal, and touch along this. Denoting 
ax*+2hay+by? and a,2°+2h,cy+b,y’ respectively by f(x, y) and 
fi (&, y), and f(B, —A), f,(B, —A) respectively by f and f;, the quadric 


sutate (of, —tf (Aa By) +h le, y fi—files y) f = 0" 


contains,the curve, of intersection of the two.cones, but- breaks up into 
Aa+By =0 and another plane; this latter is then that of the conic. 
After division by Az+By the left side is homogeneously of the third 
degree.in A, B, a, h, b, a, hy, by; it is in fact capable of the-form 


Now the condition that this conic should meet the line, meeting the 
transversal tz, whose points are given, with varying p, o ee to 
p+o=1), by (p, g, pr, os), 18 that the equations 


pr(Ap+Bq)+f(p, g) = 9, as (Ap+Bq)t+h(p, 9) = 9, 


should lead to the same values for p,o; this is merely that F’ = 0, where 
i fl wee ? 


and this is a single linear homogeneous equation for the ratios of A, B, a, 
h, b, a, hy, 6, If the conic is to meet six such given lines meeting the 
original transversal, these eight coefficients will each be expressible as a 
linear function of a parameter 0. The plane of the conic then appears in 
a form in which its coefficients are cubic functions of the parameter 0. 
This proves that the planes are those of a cubic developable. 

Further, the conditions for the plane of the developable to contain the 
line (p, g, pr, v8) are at once seen to be w= 0, (2 = 0, where 


1 i 


and these are such that 
ABF+pqo = (Ap+Bq)2 


The condition for the plane to contain the point (0, 0, 7, —s), where. the 
line meets the transversal, is w=0 alone. When 4p+ Bg does not vanish, 
the condition » = 0, with F = 0, leads to Q = 0; and,..as.Q is of the 
second degree in A, B, a, b, aj, b,, this leads to two planes containing the 
line. When Ap+Bq = 0, the conditions # = 0, F = 0.are identical, and 
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do not involve QQ = 0; the corresponding planedoes not contain the line. 
We thus see that each of the six lines is an axis of the developable. 
_ We may in fact use this analysis to dispense with any previous know- 
ledge of the cubic surface. If the variable plane be required only to meet 
the transversal and jive of the lines in points lying on a conic, the A, B, 
a, h, b, a, hy, b,, will thereby be determined as homogeneous linear func- 
- tions of three parameters, which we may think of as coordinates in a fixed 
plane, wa. The coordinates of the variable plane, 


pee ee 


p= Haas 7 = BAL hpi rT=—f, 


correspond then to four cubic curves in the fixed plane, w, having six 
common points; these are the five common points of the curves f= 0, 
Ji = 9, other than the common double points of these, together with this 
point counted once. Thus we see that the variable plane is that of a 


cubie envelope, which is at once seen to contain the transversal and the 
five lines. 


Appendiz.—The following are transcripts of four letters sent to the 
present referee by Mr. Wakeford. . The last is inscribed simply Trin. Coll., 
Sunday—and the date is uncertain. It was probably written just after 
Mr. Wakeford’s leaving the hospital, when he came home with his first 
wound. The first three are written from Badajoz Barracks, Wellington 
Lines, Aldershot (xvii Leicestershire, 7th Service Battalion), and are of 
respective dates 10 Nov. 1914, 17 Jan. 1915, 27 Jan. 1915. The first 
gives a summary of the results of the present paper. There was reason 
to fear that this paper was lost, for some considerable time. 


(1) “‘ Dear , 1 am taking the liberty of writing to you, since you 
once encouraged me to come to you about Geometry, and I shall not he 
up at Cambridge this term. In the’ Long Vacation I was considering 
twisted cubics with 6 given lines as chords. This led me on to consider 
Cayley’s problem as to the condition that 7 lines should lie on a quartic 
surface. I proved that if 7 lines lie on a quartic surface, then a surface 
of class four can be drawn touched by all planes through any of the seven. 
lines. The relation is, in fact, reciprocal. I enclose a list of the results. 
If you could let me know if much work has been done before on them, or 
if you think any of them interesting, I should be very grateful. The 
theorem about the 7 lines on a quarti¢ surface seems to be true, not only 
in the general case, but in every case under the sun.—Yours faithfully, 
HK. K. Wakeford (Trin. Coll., Camb.).”. 
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** Results. 


(1) Given six lines there are six ¢ cubics 7, (r, 16) which 
have them as chords, and six ¢ cubics 7',, so that the six lines lie in - 
two osculating planes of each of them. 

(2) An o of tetrahedra can be described with vertices on T,. and 
faces osculating 7’, (7 + s). 

(3) There are °C; lines, e.g. (186), so that (136) is a chord of 
T,, Ts, T's, and lies in two osculating planes of T3, Ti, and 7;. These 
20 lines are the only lines not cutting the original six, such that two 
quartic surfaces pass through the original six, and any one of the 
20 lines. : 

(4) If three cubics have 6 common chords they have seven. If 
7 lines are common chords of 2 cubics they are chords of a third 
cubic also (these can be obtained from considering systems of quartic 
surfaces). The 10 lines which le in two osculating planes of both 
of two twisted cubics, lie on a quartic surface; H.g. the six lines and 
(123), (234), (841), (412), (obtained, I think, by Reye, probably in 
another way). 

(5) It is clear that a quartic can be drawn through any seven 
chords of a twisted cubic (18+21 = 34), e.g. through the original six 
lines and a chord of 7,.. By considering an osculating plane of 7%, 
we show that any line lying in two osculating planes of 71, and sim. 
of T2, ete., belongs to the quartic complex of lines which are such 
that a quartic can be drawn through the original six lines and the 
line in question. From this it follows immediately that the reciprocal 
property is true for all such lines, 7.e. that a class quartic surface can 
be drawn touched by any plane through any of the six original lines. 
and the line in question. Hence, zf a quartic can be drawn through 
seven lines, one can be drawn through their reciprocals with respect 
to a concord or linear complex.” 


6é 


(2) “ Dear 





, | wrote to you last term about some mathematical 


results, and you were good enough to say that you would let me hear in 
a few days. As I have heard nothing since, I imagine that you may have. 
forgotten about it, and am therefore writing again, in case you should 
have time to give me any information about the work.—Yours very truly, 
K. K. Wakeford.” 





(3) “ Dear , I hope I have not seemed impatient about the 


cubics ; I was very glad to get your letter. I have not written all the 
proofs out yet, in fact I have not written any out since September. [ 
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_ shall do so now and in ease they are published, shall feel very grateful for 
your kind offer about proofs. I have not read Cayley’s paper upon 
quartic surfaces unless it is the one in which he deals with the ‘7 line” 
- problem, and proves that given 6 lines the 7th belongs to a quartic com- 
plex. I don’t suppose I shall leave for the Front till the end of March.— 
Yours very truly, E. K. Wakeford.” 


(4) “ Dear , I got the MS. quite safely, and have collected a 
certain number of references. I will write the paper out shortly and 
send it in. Possibly I shall first do the work on Canonical Forms I men- 
tioned to you. The theorem F” = =FF" I found proved by Hilbert in 
Gottinger Nachrichten, 1892. I wonder that it has not been brought 


more into prominence as it seems to be important.—Yours very truly, 
K. K. Wakeford. a 





[The concluding portion of the paper on “Canonical Forms’’, here 
referred to, has been edited by Mr. Grace, Proc. London Math. Soc., 
Ser. 2, Vol. 18 (1920), p. 403.] 
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RELATION BETWEEN APOLARITY AND CLEBSCH’S MAPPING. 
OF THE CUBIC SURFACE ON A PLANE 


By Wiuttram P. Mrune. 


[Received December 3rd, 1921.—Read December 15th, 1921.] 


1. Introduction. 


In a paper “On the Geometry whose Element is the 3-Point of a 
Plane” (Transactions of the American Mathematical Society, Vol. °5, 
No. 4, pp. 467-476, October 1904), Morley obtained the following re- 
SU ise 


If a pencil of cubtc curves circumscribe ;two triangles and be apolar 
to each of them, the curves intersect in three further points, which form a 
triad apolar to every member of the pencil. 


In the Proceedings of the Edinburgh Mathematical Society, Vol. 30, 
Session 1911-12, I obtained the same result (being unaware of Morley’s 
paper until my attention was called to it by Mr. H. W. Richmond), and 
have frequently employed it as fundamental in my subsequent investiga- 
tions into the applications of apolarity to the theory of cubic curves. In 
both papers the method of establishing the theorem was entirely algebraic 
and shed little light on the real essence of the problem. In conversation 
with Mr. Grace, it seemed desirable to obtain a proof which would remove 
this defect, and Mr. Richmond suggested that as the vertices of two tri- 
angles were involved, giving six points in all, it might be possible to utilise 
Clebsch’s method of mapping out the cubic surface on a plane (Crelle, 
Vol. 65, 1866), and then to regard every plane section of the cubic 
surface as corresponding to a cubic curve through the six base-points of 
the plane. Acting on this suggestion, I have been able to prove the 
theorem synthetically and also to obtain several new results with regard 
to the geometry of the 27 lines on the cubic surface, particularly with 
reference to Steinerian Trihedra (Steiner, “ Uber die Flichen dritten 
Grades,” Crelle, Vol. 58, 1857). 


2. Synthetic Proof of the Fundamental Theorem. 


Let the cubic surface If be mapped out on the plane 7 according to 
Clebsch’s method (Credle, Vol. 65, 1866), so that a (1, 1)-correspondence 
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exists between the points of the surface II and the plane 7. Let 41, As, 


As, Ay, A;, Ag be the six base-points of the plane 7 to which correspond 
respectively on the surface II the six lines aj, dg, a3, a4, As, Mg, Which are 
known'to form half of a double-six. Then we know that a (1, 1)-corre- 
spondence exists between the points of a cubic curve S through the base- 


‘points and the corresponding points of the plane cubic 2 in which the 


surface II is cut by the plane o that corresponds to 8. 
We shall ‘now establish a ‘result that will be required later on :— 


If a (1, 1)-correspondence exists between the points of two cubic curves 
Tl and I’, and if ABC and DEF be two co-apolar triangles on I, then the 
corresponding points A'B'C' and D'E'F’ constitute two co-apolar tri- 
angles on I". 


Suppose for convenience that the two cubics I and I” are regarded 
as lying in the same plane. Let P,Q be any two points on I’, and P’, 
Q’ the corresponding points on I’. Let the chords PQ, P’Q’ meet I’, I” 
in the third points U, V’ respectively. Let a variable chord through 
U meet Tin the points LZ, M, and let ZL’, M' be the corresponding 
points on I’. Then the rays corresponding to ULM through V" are 
V'L' and V’M’. Hence a (2, 2)-correspondence exists between the rays 
through U and those through V’. The locus of the intersection of 
corresponding rays through U and V’ is therefore a binodal quartic 
having nodes at U and V’. Let, further, the lines UPQ and V’P’Q’ 
meet in O, and consider a ray through U very near in position to UPY. 
This ray meets the binodal quartic at the two points where it is inter- 
sected by the two corresponding rays through V’. Hence, in the limit 
UPQ meets the quartic in two coincident points ‘at O. Similarly V'’P’Q’ 
meets the quartic in two coincident points at O. The quartic is there- 
fore trinodal having the third node at O. Consider next: one of the four 
tangents drawn from U to I’. In this case the points Z and M coincide, 
and hence V'L’ and V’M’' coincide. The ray ULM therefore touches the 
quartic. Hence the four rays from U to [' each touch the quartic curve. 
But in the case of a trinodal quartic only two tangents can be drawn from 
a node to the curve, and consequently the above (2, 2)-correspondence in 
which the rays V’L’, V’M' corresponding to ULM are separate and dis- 
tinct must degenerate into the special .case of V’L’ and V'M’ being coin- 
cident. Thus a (1, 1)-correspondence exists between the rays through U 
and those through V’. To the rays, therefore, U[A, B, C, D, EH, F of 
T will correspond the rays V’[A’, B’, C’, D’, HE’, F’] of I” respectively. 
It follows that if the pencil U[ABC] be apolar to U[DEF], then the 
pencil V’[A’B’C’] must be apolar to'V’[D'E'F’]. Hence if ABC and 
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DEF be two triangles subtending at every point U of I pencils which are. 
apolar to one another, then must A’B'C’' and D'E’F’ be two triangles sub- 
tending pencils at every point V’ of I’ which are apolar to one another.. 
Consequently, if dBC and DEF be co-apolar triangles of IT, then A’B’C' 
and D'E'F' must be co-apolar triangles of I’. The required result is thus 
established, and it is evident that it is not necessary to regard the two 
cubics I‘ and I” as being coplanar, provided that a (1, 1)-correspondence 
exists between the points of each. It follows as an immediate corollary to 
the above result that ef ABC be a triangle inscribed in I and apolar to 
vt, then A'B'C' is a triangle inscribed in TY and apolar to tt. 

It is also to be noted that in virtue of the (1, 1)-correspondence be- 
tween the rays through U and those through V’, the cross-ratio of the 
tangents from U to I’ is equal to that of the tangents from V’ to I”. 
The two cubics I’ and I” have therefore the same absolute invariant and 
must be expressible by the same elliptic functions. They must, in fact, 
be identical projectively, and corresponding points have parameters whose 
sum or difference is constant. The condition that ABC shall be apolar 
to I’ involves only the differences of the parameters of A, B, C, which 
proves at once that A’'B’'C’ must also be apolar to I’ from a somewhat 
different standpoint (Proc. London Math. Soc., Ser. 2, Vol. 18, pp. 375- 
384). 

Consider now a cubic curve S lying in the plane 7 and passing through 
the base-points. Let, further, S be apolar to A,4,A3. The points of S 
will correspond on II to the points of a plane cubic 2 in which the surface 
is cut by a plane o. The condition that S be apolar to A,A,A3 is lmear 
in the coefficients of S, and hence in the coefficients of «. ‘The plane o 
corresponding to the plane cubic S will therefore always pass through a 
fixed point Fy.,. Now the points A,, A», A; of S correspond to the points 
of 2 in which the lines @,, dg, @3 intersect the plane c, and hence, in virtue 
of the (1, 1)-correspondence existing between the plane cubics S and 2, we 
see that the points in which the lines a, az, a3 intersect o form an in- 
scribed apolar triangle with respect to 2. We therefore have the follow- 
ing result :— 


If in the case of a cubic surface three lines of the same system of a 
double-siz intersect a plane in three points forming an apolar triangle 
with respect to the plane cubic which is the section of the plane and the 
surface, the plane always passes through a fixed pownt. 


We next proceed to find the position of the point Fyy5. Let the line 
A,A,, joming two base-points of 7, meet the cubic curve S again in the 
point C,, Then to the point C,, on § corresponds on 2 the point of 
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intersection of the line c,; and the plane o where c,,; is that line on the 
cubic surface which is the line of intersection of the planes a,b, and a,b,. 
Now we know that since 4, A, A; is an apolar triad on S, the points Cy;, Co;, 
C35 obtained by projecting A, A, A; through A; on to the curve S again is also 
an apolar triad with respect to S. Hence we deduce that if the plane o cut 
_ the three lines a@;, a, a3 in three points forming an apolar triad on &, then 
also must o cut C15, Cos, C35 in three points forming an apolar triad on 2; 
and similarly with regard to Cg, Cog, Cggz. | Now consider a plane section o 
through the line ¢,, such that ¢,5, Cos, Cs, cut this section in three points 
forming an apolar triad on . In this case, the line c,, and a conic con- 
stitute the plane cubic of intersection 2, whose meeting points with js, 
Co5, Cgs consist of the points where 5, Cs, cut c,, together with the point in 
which ¢,; cuts the conic. The condition that this triad of points shall be 
apolar to the section = consisting of the line c,, and the above conic is 
easily shown to be that the points ¢,4¢); and ¢,4¢3; shall be conjugate with 
respect to this conic. The points ¢,4¢9, and ¢y4¢3g must similarly be con- 
jugate with regard to the same conic. Hence the required plane is 
easily found thus :-— 

If a plane a be drawn through cy, cutting the cubic surface in a conic 
Raving Cy, Co, ANA Cy4C35 (07 what is tantamount to the same thing C14Cdx¢ 
ANA Clog) AS CONE: points, this plane will pass through the fixed 
point Pyros. 


Let the planes 6, y through ¢95, C3, respectively be similarly defined as 
cutting the surface in conics having C9564, Cog Cgq (OF Co5Cig, Cos Cag) BNA Cag C4 
Cag Coq (OL Cag Cys, CagCox) AS Yespective pairs of conjugate points. Then Po, 
is the point of intersection of the three planes a, 6, y thus defined. Let us 
also define the point Fy, as being the point common to all planes o whose 
points of intersection with a,, a@;, ag constitute a triangle apolar to 2. As 
before, the plane ¢,, F's, will cut the cubic surface in a conic having ¢14 C95, _ 
C4Cog OF (Cy4 Cag, C435) BS Conjugate pants and similarly for the planes 
Cos F'gsg ANA Cop F'ssg. 

Consider next in the subjoined diagrammatic table the determinantal 
system of lines, formed by rotating the suffixes 1; 2,3 of the first column 
in one direction and-4, 5, 6 in the opposite direction, so as to obtain the 
second and third columns :— * 
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They constitute the lines of intersection of two complementary 
Steinerian Trihedra, the three planes x,y,z of one trihedron being 
defined by the lines in the rows, and the’three planes ¢, w, 7 by the lines 
in the columns. ‘Let 2, y, 2 meet in the Steinerian Vertex H and t, wv, v 
in K. We proceed to show that Fjo3, F436 harmonically separate H, K. 
































































































































Consider, therefore, the pencil of cubic surfaces tuv+-pxryz=0 through 
the nine lines of intersection of the above pair of Steinerian Trihedra. 
Plainly a (1,:1)-correspondence exists between each of the pencils of planes 
a, 8, y and the members of the pencil of cubic surfaces. But when ‘the 
trihedron tuv is the member of the pencil of cubic surfaces under con- 
sideration, it is evident ‘that a, 8, y each become coincident with the plane 
t. Hence, the locus of the point Fy; = aBy is a straight line. Also, in 
‘ the case of that cubic surface of the pencil consisting of the ‘trihedron 
ayz, it is plain that a, 8, y coincide with 2, y, 2 respectively. Hence the 
straight line which is the locus of Fj; must pass through H. We deduce 
therefore the following proposition :— : 


The locus of the point F 3 is the'straight line joining the vertices H, 
K of the complementary Steinerian Trihedra xyz and tuv. 


Similarly Fy; lies also on this line. Hence :-— 


All cubic curves S of the plane 7 passing through the base-points and 
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having A,A,A3 and A,A;A, as inscribed apolar triangles, correspond to 
the. sections of the cubic surface IL by planes c passing through the ver- 
tices of a pair of complementary Steinerian Trihedra. 


Now it is evident that any plane section of o through H and K cuts 
the cubic surface II in a plane cubic having H, K as corresponding points 


on its Hessian curve. Hence the line HK cuts the cubic curve > in three 


collinear points constituting an apolar triad with respect to 2 (Proc. 
London Math. Soc., Ser. 2, Vol. 9, p. 239). But the pencil S of cubic 
curves lying in the plane 7 and passing through the vertices of the two 
triangles 4,4,4; and A,A;A, apolar to each of them, have in common 
three further points which correspond to the three points of intersection 
of the line HK with the cubic surface II, since HK is the axis of the 
pencil of planes o that correspond to the pencil of plane cubics S. Further, 
since the three intersections of the ine HK with the surface II constitute 
an apolar triad on 2, the section of o with II, we obtain the following re- 
sult, in virtue of the fact that a (1,.1)-correspondence exists between the 
points of S and those of 2 :— 


The three further points of intersection of the pencil of cubic curves S 
circumscribing the triangles A,A,A, and A,A;Ag, and apolar to each of 
them, constitute a triad apolar to every member of the pencil of cubic 
curves. 


The fundamental theorem is thus established. 

Also, Fy.3 and Fy, harmonically separate H cand K. 

‘This is plain from the fact that the two planes through c,, cutting II 
in two conics having ¢4Co5, C14Cg5 ANA Cy4Co5, Cy4Cgg YeSpectively as conjugate 
points, harmonically separate « and ¢. 

Finally we have the following property :— _ 


The two planes joining Fyg and Fg to cy, are the two planes that 
harmomcally separate both x, t and the two plane sections of II through 
Cy, whose conics touch C4. 
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AN ANALYTICAL TREATMENT OF THE 3-BAR CURVE 


By F. VY. Morey. 


(Commumcated by G. H. Harpy.) 


[Read June 9th, 1921.—Received July 24th, 1921.] 


Introduction. 


The ‘theory of the 3-bar curve has been recently enriched by the 
theorem of Colonel Hippisley* and the comprehensive memoir of Dr. 
Bennett.+ There seems, however, to be room for a treatment of the curve 
itself from the point of view of inversive geometry.} | Such is the following 
account. It falls into three parts. 


1. The vector treatment of the general 3-bar curve; in which the 
algebra leads up to the keystone property of the transformation of the curve 
into itself, given by Dr. Bennett. 


2. The mapping of the general curve, in which Darboux’s treatment of 
the jointed quadrilateral is developed with detail and is applied to the curve 
itself. 


3. The special cases of the rational and degenerate curves, whose con- 
sideration is apparently novel. 


Sseotion 1.—The Vector Treatment of the General 3-Bar Curve. 


1.1. Darboux§ was the first to point out the analytical handling of 
the jointed quadrilateral by means of the two fundamental vector identities 
which express the closure condition. If we call the lengths of the sides in 


* Proc. London Math. Soc., Ser. 2, Vol. 18 (1919), pp. 136 ff. 

Tt Ibid., Vol. 20 (1920), pp. 59 ff. 

t Inversive plane geometry, as opposed to projective plane geometry, assumes infinity to 
be a point. For the name and a sketch of the method of analysis here used, see Prof. Morley, 
Trans. Amer, Math. Soc., Vol. 8 (1907), p. 14. 

§ Bull. des Sciences Mathématiques (1879), pp. 109 ff. 
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order of size Pipop3e, and their directions t,t,t3t, (where t = e”, 0 being 
the angle made with any fixed line), then these conjugate identities are 
Pity t+ pate t pats tpity = 0, 
Plt + pol tet pa/ts+pa/t, = 9, 
or, symbolically, (61) 0) (1.11) 
(Ob: (1 . 12) 


When one bar of the jointed quadrilateral is fixed, say p,, there is still 
the one degree of freedom which gives 3-bar motion. Let us make 


pe=1, 4=—-1, 


which is most simply done by calling the ends of the bar 0 and 1. A 
point x rigidly attached to the traversing bar may then be named from 
the base point 0 as 

Cy 1 to pata (1 . 18) 


where * is a complex constant. But, named from the point 1, 2 will be 
Ly = pyty(k—1)—pegts, 

using the identity (1.11) in what we may call the non-homogeneous form 
Piit potetps3ts = 1. (P14) 

It is thus suggested that x is best named symmetrically, from base point 

Sa ete PR te ae re (1.15) 


where the three c’s are complex constants. 
Consider now each ¢ as a point of the plane. Since the identity (1.14) 
holds, we may write (1.15) as 


L— C3 = (Cy —63) py b, + (Co— C3) pate. 


This gives the naming of x with respect to c,, and must therefore be iden- 
tified with (1.18) when c,;=0. That is, 


C1 — C3 = ih. Cg— C3 = k. 
When ¢, is 0, ¢, is the point 1, and there is a third point 
Cheats 


the vertex of a triangle on cc, similar to that attaching x to the traversing 
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bar. Hence the triple generation theorem of Roberts,* for this third pomt 
Cy plays apart equivalent. to either of the other two in the-relation (1+ 15). 
And as the non-homogeneous relation 


(pt) = 1 | (1.14, symbolically written) 
implying its conjugate iby saik 
determines 3-bar motion, so the additional equation (linear in ¢ and 2) 
= (cpt) (1.15, symbolically written) 
determines the 3-bar curve. | 
1.2. This permits us to name the various vectors in Cayley’s figure of 


the triple generation,+ as in our Fig. 1. We see that the three arrange- 
ments of linkworks are all of different types, corresponding -to ‘Darboux’s 


Cy 





classification of quadrilaterals. t Namely, if the sides of the triangle ¢,¢9¢s 


are Az AgAzg; where Ay < Ag <3 Xz, 





* Proc. London Math. Soc., Ser. 1, Vol. 7 (1876), p. 17. 

Tt ibid., p. 136; cf. Clifford, Kinematic, p. 149. 

t Loc. cit. A wider classification of the jointed quadrilateral, according as the arms may 
‘turn completely round their pivots or only swing through an arc, is given in Burmester, 
Kinematik, Leipzig, 1888, pp. 283 ff. It does not concern us here. : 
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then the 8-bar on A, has the. bars: in. order p;popy; that on A,.in order 
P2P3Pi; and that on A; in:order pgp; py 
Furthermore, we see that. the equations 


a =’ (cpt), (1.15) 
1 = (p?), (1.14) 
the first linear in ¢ and 2, the second linear in ¢, provide us with a generali- 


zation of the 3-bar problem into that of putting a triangle of given shape 
with vertices on three fixed circles. For the vertices may be taken 


AFT AgtreT2, AstrsTs, 
and the condition that a point x be affinely attached to the triangle is 
| EA, — 77 = hy(Qy +1171 — Ag—1g 72) 
= ks(ay +7117; —d3—13T3). 


This gives two relations ; one linear in x and 7+, and the second (formed 
by subtracting the right-hand sides) linear in tr. This last equation is of 


Our 1 b, T1 +- bo T2 a bs T3> 


where the 6’s are given numbers, and in general complex; say 0; = p;{j. 
The equation is then : 


1 = p,Py71+ p26, 72+ P3837, 
so that on taking ¢t; = §;7;, we have the standard: form 
Li (pt): . 


The equation linear in.z and 7 similarly reduces to the form of (1.15), 
and we-have the theorem that.a point affinely attached to a triangle of 
given shape traces a 3-bar curve when the vertices of the triangle move 
each on a fixed circle. 

Under this more general problem falls the 3-bar problem, of placing a 
rigid bar on two fixed circles. The latter is the special case when the tri- 
angle of given shape degenerates into a base of constant length and two 
parallel sides. ait vo 

The equations so far used, (1.15) and (1.14), have been non-homo- 
geneous. But the same relations in homogeneous form, each in four terms, 


(cpt) = 0, | ae @, 21) 
(pt) =0, wn (1. 11) 
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indicate a mutuality between the four c’s. In the triple generation figure 
(Fig. 1) one c is taken specially, and called x. But there will be a com- 
plete linkage in which three triangular plates are pivoted at each of the 
four c’s ; the set of three triangles pivoted at c, being all similar to the 
triangle ¢,¢3¢,, and so on. 


1.3. Let us put into the present notation an important. fact about 
the 3-bar curve, referred to in the Introduction as having been proved by 
Colonel Hippisley. Namely, that if a point x be reflected in the sides of a 
triangle c,¢,¢3, and a point y can be found at given distances from the 
three images x,22%5, then x and y move on the same 3-bar curve. That 
is, Colonel Hippisley focuses attention on pairs of points x, y such that the 
image of x in, say, CsC¢,, 18 at a given distance from y. Obviously such a 
relation is mutual. 

Let x and a, be images in c3¢,, and let us for simplification take c¢,c,¢3 
as turns, or points on the base circle of radius unity. Then (writing z for 
the conjugate of 2) 

Ly+XLC3C, = C3-+0y, 


and |y—2_| = |y+%ce3c,—c3—c, | = constant, (¢ iss) 
is the relation demanded. 
Now to any point on the 3-bar curve given by 
amd (GY Soy 
it is natural to pair the point, also on the curve, 
y = (cp/t). 


To identify this pairing with Colonel Hippisley’s pairing it is necessary to 
show that x and y so defined satisfy the relation (1.31). From this 
definition of # and y, 


= C3C 
E+ CzCY = pate ies +e,—¢5—<,] +e3+¢y, 


using (1.14); so that 


OS Co) (C3— Cg) 
Ca 4 
? 


UCC, Y —Cg— Cy = Paty 


which is of constant length. 


. 7 ~ 
1.4. The relation (1.31)-between the Hippisley pairs may be written 


(x+Y C3Cy—C3— C1) (y+ C3¢,—C3—C,) = ko, 
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say. There will be three such equations. Multiplying out the left-hand 
side, we have 


wy + (we + yy) cgc,— (a+ y) (s+ cy) +x y c3¢i— (&+Y) C3¢1(cg+c;) 
| +(cg+c,)? = ky, 


By choice of unit point c,c,c,; may be taken as the roots of 


P—s,P?+s,t—1 = 0, (1.41) 
where the discriminant is positive.* Then 5, =s,, and s;=1 or 
3 Cpa Cals 
and as Ca Cy — 81 —Co, 


we may substitute above and get 
(e+ y)eh-+[ay+E+y—(e+y)s]e+[or+yy—G@+y)s1]¢+27 
+ (s;—c,)” == ko. 


Now we get no further by keeping the right-hand side simply ’,. But if 
a, b be a selected pair of points in the desired mutual relation, we can let 
the right-hand side be 


ky = (atbe3c,—c3—¢,)(b-+ac3¢,—¢3—C¢;). 


Multiplying this out and collecting terms, we shall have three equations 
of the type 


(x+y—a—b)P+[ay—ab +e+y—a—b—(2+y—a—b) sy] c? 
+[a2r+yy—aa—bb—@+y—a—b)s;|c+@y—ab) =0. (1. 42) 
This must be consistent with (1.41), which means first that 
zy—ab = —(x+y—a—b), 
giving the two conjugate relations 
ay—ab+z+y—a—b = 0, (1.43) 


zy—abt+a+ty—a—b =0, (1.44) 





* Here the discriminant is (s,3, —9)’—4 (3s,—3,”)(35,—s,7)._ When this is negative the 
roots of (1.41) are one point on the unit circle and two points inverse to it. 
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and secondly that 
xe-+yy—aa—bb—(@+y—a—d)s, = s,(a+y—a—b). (1.45) 


lee: The relations (1. 43) and (1. 44) may be written 
cytz+y = A, 


zytaty = A. 


These two give a one-to-one correspondence, mutual or involutory, between 
x andy. Thus the whole curve has a transformation into itself, in which 
the Hippisley pairs figure as correspondent points. The singular points 
of this transformation are found by expressing y in terms of 2, 


ab oe lend x 


LxLr—1 


The transformation is such that when z is on the base circle (xz = 1), y 
is in general infinite; but the singular points, for which y is indeterminate, 
are given b = 
Ten ee o—Ac?+Ar—1 = 0. 

- The conditions of this transformation suggest the simple transforma- 
tion by isogonal conjugates with respect to three points on the base circle. 
For three such points a; whose symmetrical functions are o4, a9, a3, the 
transformation by isogonal conjugates is most easily expressed 

| t+y+osry—o, — 0. i 
And so we have the important theorem of Dr. Bennett, that there is a 
transformation (by isogonal conjugates) sending the curve into itself. 
The singular points are such that 


o; =, On =i Ak 


The points a; are not the points ¢;; but when the discriminant in c is posi- 
tive they too are on the base circle. They are (as we shall see in the next 
section) the double points of the 3-bar curve, cat the familiar relation of 
Cayley is here expressed as 

Peat ep: 


1.6. The Hippisley pairs are picked out of all pairs of the transforma- 
tion by the condition (1.45). To make this factorable, add 2s,s, to each 
side and write ) 

(X& — 81) (%— Sq) +(y — 5) (¥ — Sq) = constant ; 
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and, since s, = %s,, we have Dr. Bennett’s theorem, that the sum of the 


squares of the distances of x and y from s, (the orthocentre of the triangle 
¢;) is constant. That is, we may write 


}a—s, P+] y—s, |? = 2h? 


This is linear in k?; hence, by varying k, we have a pencil of sextics with 


the same points ¢; tel di. = 4 

When « and y are equidistant from s,, they are on a circle of fixed 
radius k and centre s,. There are on this circle three pairs of correspond- 
ing points, intersections of the circle and its transform—a circular quartic 
(speaking projectively) with double points at a; The 8-bar curve is 
uniquely determined by such a ae. as well as by the circle and the 
three pairs of points on it. 

The Hippisley construction takes the three images 2; of x in the sides 
of the triangle c;, and with these as centres describes circles with given 
radii. In general these circles will not meet in a point. They may do so, 
and then we have this point y, paired with x in the involution. The 
question rises as to there being more than one point y corresponding to 


. Geometrically this occurs when the circles meet in two points; that 


is, when their centres are on a line. But the three centres z; are on a 


line only when « is on the circumcircle. Such a point « having two 


correspondents 7 must be a double point. Hence, as has been stated, the 


double points of the 3-bar curve (a@,@,@3) must be on the base circle. The 


two correspondents y to each node z will show up only for real intersec- 
tions of the Hippisley circles ; but when they show up they are images in 


the Wallace line of the node, and on the opposite side of the nodal tri- 


angle (see Fig. 3). 


1.7. The three equations 


1 ='(p2), 
(cpt), 
y = (cpt), 


are three equations linear in t;; hence ¢; is linear in x, y. And substi- 
tuting in the remaining identity 


1 = (p/t), 


we have a cubic equation between x, y; and this is another entry of 
L 2 
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Dr. Bennett’s remarkable theorem, that the antipoints of Hippisley pa 
lie on a cubic curve. 


An equation of the 3-bar curve is sugwested by the homogeneous equa- 


t10 
Bi (pt) = 0, 


(Cpt) == 0) 
If we eliminate ¢,, we get 
—(Cy—C) pat, = (C3—Cy) pgts +(Cy— Cy) pg ts, 
— (€,— C1) Pal to = (C3 —C) pg/ ta (Ca— Cy) prg| tye 
If from these we eliminate ¢, by multiplication, we obtain 
(Cg— C1) (Cg— C1) 05 = (Cg— Cy) Cz— 01) 03+ (Cx — Cy) (Ce = C1) 05 
| + (63 — Cy) (C4 — C1) rg Ps | bg + (C3 — C1) (Cg — Cy) 3 Pg La te 
Calling the distance from c, to c,; = dy, and #3/t, = ne we have a quadratic 
ANM+BA+C = 0, 
where | A = (6-0, Gs—G) Par 
B=— 6, p3+6i3p.+6i4p3, 
Ci Cae C)) (ore) P3P4: 
If we had eliminated ¢, first, and then ¢,, we should have had a similar 
quadratic A+ BA+C’ = 0, 


with similar expressions for A’, B’, C’. The eliminant of these two quad- 
ratics may be written 


—CAB”"—C'A'B?+(CA'+C'A) BB' = (CA'—C'A)’, 
where CO Aste 0p ae 
OA’ = Bh ppl, 
and by virtue of multiplying the following identity and its conjugate 
(C1 ——Cq) (C3 — C4) = (€,— Cg) (Cg— Cg) — (Cy — C4) (Co — Cs), 
we have 67,03, = 67363,+067,62, | 
— (Cy — C3) (C1 — C4) (Cg — €3) (Ca Ca) — (C1 — C5) (C1 — C4) (Co — C5) (Co—G,) - 


Hence —(CA'+C'A) = (62,63, —6?, 62, — 67,62.) p33. 


el 
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The result of elimination must be symmetrical ; hence we need find only 
the coefficients of, say pi, p2, pip. These are respectively 


— 635613 014P3P4, 
— 4 053 024 P3P4, 
ca Ovy (64, O34 saa Ot O34 es O14 03s) p3 ps ° 
The factor —d;,p3p; may be dropped, and the result written 


4 6 
> Org oe Opi +> OF (O44 aa Opa ors 053) Pi p> = 0. 


This equation reduces conveniently when the four c’s are in special 
configurations. As, for instance, when the four c’s are on a circle, by 
Ptolemy’s theorem, we have 


032 035+ 033 042 + 044003 = 0, 
012034 — 913 524 — 934033 = 2033014093 940, 


and we have the form of the equation which is given by Dr. Bennett for 
this case , 
> 642013944 Pp} = 0. 


In terms of the points themselves, when on the base circle, this equation is 


4 
X (6; — Cg) (C1 — Cg) (C4 — €y) pie, = O. 


Section 2.—The 3-Bar Curve as an Elliptic Curve. 


9,.1. In previous papers on the 3-bar curve little has been said about 
its actual appearance.* For a fall discussion of the jointed quadrilateral 
the fundamental identities (1 . 11) and (1.12) must be solved. The 3-bar 
curve may then be expressed by (1.15) or (1. 21), and studied for itself. 
Darbouxt pointed out the solution of the identities in terms of elliptic 
functions. We shall here put into the Weierstrass notation the formula 
which Darboux took from Jacobi. Let us start with the function 


a1 


ae €,U = /(gu—e)), ; (2.11) 





* For some beautiful diagrams of the 3-bar curve see the Atlas of Burmester’s Kinematik, 
Leipzig, 1888, especially Figs. 346-353. They do not, however, emphasize the distinctions 
here desired. 

+ Loc. cit. 
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where &,w is in effect Jacobi’s function 1/snw. This function is elliptic 
with periods 2, and 4,, for it changes sign when for w we write w+ 2a. 
But the product of any even number of factors 


€,(u—a) &(u—D) ... 


is elliptic with the standard periods 2,, 2,; for the changes of sign are 
cancelled. Hence 


fu = €,(u—a) & (u—b) €, (u— 0) €, (u—d) 


is elliptic with the standard periods. It has simple poles at a, b, c,d; 
the residue at @ is | 


£,(a—b) €,(a—c) &,(a—a). 


By the theorem that the sum of the residues in any cell is zero, we have 
immediately the formula 


E,(a—b) E,(a—0) &(a—a) 
+&(b—@) &(b—0) & (b—d) 
+ £&(c—a) &,(c—b) &(¢—a) 
RO ser hel Gh=—tayayeiaaio) SU) (2.12) 


We write w in place of d, and put this result in the form 


> &(a—b) &(a—c) 
> $i $1 = 71, 2. 
£(u—b) &(u—e) : ene, 
Now* [ev—e, |[ g(v+o,)—e,| = (€,—e9)(€;— 3) = Fj. (2.14) 
Writing v = — OF +u, we have 
ie eel es | 
2 G u) é, (5 +u) salt 15) 
Or we may write E(u) €,(u+o,) = — ky. (2.16) 
Using this last in the form 
1 ONE es) ; 
E,(u—a+te,) eae. 





* Harkness and Morley, Introduction to the theory of analytic functions, p. 261. 


* 
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we may put w+, for wu in (2.138), and write it 


| 
> €,(a—)) & (a—o) & (u—b) €, (u—c) = k?. (2 17) 


2.2. We may now identify equations (2.138) and (2.17) with the 


identities fundamental to the 3-bar linkwork. In 


Pil tpotetpsts = 1, 


pilt, + ps/tat+ ps/tz = 1, 
let us write 


kip, = €,(a—b) &(a—c) k,/t, = €(u—b) &(u—o) 
—hipy = €(b—0 €(b-—a)  —khy/t, = G&(u—o) &,(u—a) +, (2.21) 
kipg = €(e—a)&i(c—b) Ay [tg = E,(u—a) &, (uw —D) 
and determine wv, a, b, c so that the relations hold. 
The relation (2.15) may be put in the form 
a (B48) 4 (3-8) <A, 


where 7 is real. If the factors are conjugate, k, is necessarily the positive. 
root of (2.14). We may then put 


Eu = & (St +in) = V/ky.t, 


fu = & (S$: —in) = V/k,/t, 
and may again take J ky = (€1—s)* (1: —e)*, 
to be positive. 
We are here concerned with self-conjugate networks, and hence with 


two types—the rectangular and the rhombic. (Fig. 2.) In the rectangular 
B D 





—_——_——_— ee ia i = _——_- — — 
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case, when wu traces a vertical line through w,/2, the function €,w traces a 
circle. If a, b,c are pure imaginaries, then it follows that the expressions 


for 1, Po, Pz are real, for €,(¢j) isa pure imaginary. But to determine w, a, 


b, c in the rhombic case it is better to proceed as follows. Let wu trace a 
horizontal line through w,/2. Then 


U = U+o,—2w, 
and Eu = — €, (U+ 20.) = — €&,(uto,). 


From the relation now true 
Gu.gu = ky, 


we may proceed as before. If } isreal, w—0 still moves on the horizontal 
line through ,/2; here then a, b, c may be real. 


2.3. We are now in a position to discuss the appearance of the 3-bar 
curve, for the problem is reduced to one of mapping. The map-equation 
of the 3-bar curve is 

— 5 4, fa—d) fila—o) 
iy amt ROY ET Osa} (27,34) 


We shall be concerned with only a single cell of the network (Fig. 2). 
In the rectangular case, when w traverses the vertical lines through »,/2 
and 3w,/2 of the fundamental cell, x will trace the appropriate 3-bar curve. 
Here the two paths AB and CD are distinct, and the map in the plane of 
« will consist of two corresponding parts—a bipartite curve. In the case 
of the rhombic network, as u traverses the two lines BD and AC, z will 





Biparti Unipartite. 
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trace its 3-bar curve; but here the point D is congruent with A, and 
hence the passage of w along BD, AC is continuous. BD and AC are in 
effect one line. The map in the z-plane will in this case be a wnipartite 
curve. 

The Hippisley pairs on the 3-bar curve were obtained in § 1.3 as 
the points corresponding to the parameters ¢ and 1/t. In terms of the 
elliptic parameter they correspond to wv and w+w,, and for the bipartite 
curve the transformation by isogonal conjugates amounts to an inter- 
change of w between the points AB and CD. Hence the transformation 
maps one part into the other. 

When w is on the horizontal lines through w,/2 and 3w,/2 in the rect- 
angular case, or on the paths 4B, CD in the rhombic, the map consists 
of 3-bar curves orthogonal and confocal with those discussed. 


2.4. The map-equation (2.31) defines x as an elliptic function of the 
third order, with poles 


u=ato, w=b+o, u=ctoa,. 
The conjugate equation is 


: &(a— b) E,(a—c) ¢ 
ae * Ex(u— bay) §(U—e-F a) bor 


When a curve is given by a map-equation, say 
“z= f(2), 


the path of z being given, the values of z which make x infinite may or 
may not make infinite all values of 


eal 


Those finite values of x corresponding to the z’s which make 2x infinite, 
we shall call the poles of the curve. Suppose the curve given in the self- 
conjugate form 


f(z, x) = 0. 

This we regard as the coincidence case of 
pz, y) = 9, 

where equally d(x, y) = 0. 


Then z and y are images in the curve, and those finite values of « which 
make y infinite, viz. those finite points which are images of infinity, are 
the poles. This variation of language from the commonly used “ singular 
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foci’’ of projective geometry seems advantageous in any inversive argu- 
ment. 

In the 3-bar curve given by thie map-equations above, when wu = a+r, 
£->co, and #—=%¢,; “and equally when “w= a, «> 2, -and 2s oF 
Gonseatenthe the points C,CyCz are the poles of the curve. 

In the classification of inversive curves the 8-bar is an ave ee bicubre, 
or curve of order 6. For a bilinear function of « and x becomes, on 
substitution from (2.81) and (2.41), an elliptic function of order 6; and 
hence the curve may have three image-pairs in common with a circle, or 
may be met by a circle in at most six points. Speaking projectively, the 
curve is met by a line in six points; for a linear function of z and % 
is on substitution equally ah elliptic function of order 6.. From this point 
of view the curve is then an elliptic tricircular sextic. 


Section 3.—The Rational and Degenerate 3-Bar Curves. 


3.1. The underlying network shows that there are two types of the 
elliptic 3-bar curve. A convenient classification by analogy comes from 
the fundamental homogeneous identities (1.11) and (1.12). Darboux* 
suggested that if the ¢’s are homogeneous coordinates of a point in space, 
then these equations represent the join of a plane with a cubic surface; 
that is, a planar cubic curve may be taken as the curve of positions for a 
3-bar linkwork. 

The condition for this cubic to be rational is (if p; = 0) 


+ pi pot pst py = O. 


For a physical quadrilateral we may take p; positive, and for convenience 
in order of size. Then, if 


| Ps F Pit Pat Ps: 
the only combination which can be zero is 
— Pit pat p3— 
Call this p. This single combination can be positive, negative, or zero.. 
When ssh Ls) 


the 3-bar curve is bipartite, corresponding to the bipartite cubic. For let 
the linkwork be such that the least and greatest sides shall be opposite. 


* Toc. ct. 
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If 

Bi a 
and Pat p3 > Ps 


there will be no motion. 


the bipartite curve. 





If p, is small, and 


Pot p3 > pit pas, 


there will be a small closed motion on each side of the pivot line, giving 





Hence we have the analogies 
























Cubic curve. | Shape of 3-bar. 3-bar curve. Coefficients. 
Bipartite aipariite sequence Bipartite Po +p3 > pi + Py 
Unipartite Unipartite sequence ~ Unipartite Po + pz < pi + pa 
Rational Circumscriptible Rational pg + pz = py + p4 
Double point Collapse Extra d.pt. (4) 

Conic and line Contraparallelogram | Biquadratic Pi = pa ps = Pa 
and parallelogram ; : and circle 






or kites 






2 d.pts. 
3 lines 
3 d.pts. 


2 extra d.pts. (5) 
3 circles 
3 extra d.pts. (6) 





Rhombus 






Piss 22 = Pa Pa 








3.2. To handle the rational curve we may let either the rectangular 
or the rhombic network degenerate. Taking. the first case, with the 
periods 2, and 2, changing to 7 and w respectively, we have 


Eu = /(pu—e,) = cot u, 
the sign being such that 


lim wé«w = 1. 
u—>0 


Now the formula (2.15) is 


cot (+ —u) cot a +u) iy ee hi 
so that 1S rectly 
The formula (2.12) is 
cot (a—b) cot (a—c) cot (a—ad) 
+cot (b—a) cot (b—c) cot (b—d) 
+ cot (c —a) cot (c—b) cot (c —d) 
+ cot (d—a) cot (d—b) cot (d—c) = 0, (3. 22) 
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and finally the parametric equation (2.31) for the 3-bar curve is 


3 cot (a—b) cot (a—c) 





m= = 4 cob u—b) cob (WC) ai: 
3.3. More convenient than this is the algebraic form. For 
; _ eria 4 eri 
cot(a—b) = 14 pa p20 
Let then a= eu 8 —_— ee vi er, A= pe 
and cot(a—b) = pote cot(u—a) = 2 ea 
so that (8 . 23) becomes 
3 = = 
seeps) neler Ginny eats apy (3. 81) 








Since a, b, c, were pure imaginary, a, 6, y are real. And since now 


u = — +07, 
Ne cme 

a pure imaginary. Thus 
A=—A. 


To +A correspond the Hippisley pairs on the rational bicubic. 

The extra double-point must go into itself under the isogonal trans- 
formation. But the fixed points of the transformation are the four in- 
centres of the triangle formed by the singular points. Hence the extra 
double-point of a rational 3-bar curve must be at one of the incentres of 
the triangle formed by the other three double-points. It corresponds to 
the values \ = OandA= mo. The extra double-point is then 


tm Dole (3 . 32) 


If it were desirable tu study the rational curve in detail, we should 


express (3. 31) in partial fractions as 


oe ict Panes 
mae EMEC Sey 


x 


where Ala+B/B+C/y = 0. 
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We may invert with respect to the double-point, getting a rational quartic 
whose behaviour is known. 





Fic. 4.—Rational 3-Bar Curve. 


The identity (2.13) is now in the form 


satB aty AWB A-y_ 
2 NE a—y A+B A+ 
This, when cleared of fractions, is a cubic in A. But again it iszobviously 


true, for it is true when 


A= xa, 0; ci; 0, wo, 





(3 . 33) 


This eauaticn and its conjugate 


5 atB atby BoA yA _ 
> tee ay, Cea ea’ 


are the solutions of the 3-bar motion when the rational or collapse con- 
dition holds. 


iy. (3 . 34) 


3.4. If we force the two conditions to be true 
— pit pat ps—ps = 9, 
—Ppitpa—pst ps = 9, 
which give i re aba ewe ugha 124) 


we have a type of 3-bar motion for which the associated cubic has two 
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double-points ; that is, breaks up into a conic and a line. The quadri- 
lateral is in this case either : 


(1) parallelogram or contraparallelogram, for which the equal bars 
are opposite ; 


(2) kite,* for which the equal bars are adjacent. 


But by constructing the triple generation figure when one 3-bar is a con- 
traparallelogram, the other two are seen to be kites. Hence the motion 
in each case is the same. Let us analyse case (2). The identities are | 
here (if we fix p, with ends 0 and 1) 


Pi (ty +t) = 1—bs, 
1] 
Pi (y+ ty) = ty ty (1— =) 


— t; ty (t3— ty) 


from which 1—t, ; 
3 


and either (a) ¢; = 1 or 
(b) ts — ie ty to. 


In (a) we have collapse of the bar p3; upon the fixed bar, and a point P 
attached to the traversing bar p, will describe a circle about one pole, 
named here 0. In case (b) consider the plane of the traversing bar, say 
the x-plane, as sliding over the fixed plane of the pivots, say the y-plane. 
The naming of P in the y-plane is 


Y = pili tp tak. 
If we write the name of P in the z-plane as 
hh prk, 


so as to make the unit of length the same in both planes, the equation of 
motion (or equation connecting the two names of the point) is | 


Y = py Fhe, 





or, in terms of 4, - y= ple sate ied Oe (3. 41) 


For given 2 this is a biquadratic with a node. - 





* Using ‘‘kite’’ for both the ‘kite and « spearhead ’’? of Kempe’s nomenclature 
{A. B. Kempe, How to Draw a Straight Lime, 1877), 
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For the x-centrode Diy = 0, 
giving the equation (p?—1) a = p,(p,— ty)”. (8. 42) 


This is a limacon, with focus «=O and double-point «= Pr: The 
y-centrode is another limacon 


(—Dy = p21 fy — pit } ites: (3 . 43) 
‘with focus y = 1 and double-point y = 0. 





Fig. 5.—3-Bar Curve with Five Double-Points. 


Now in the case (1) of contraparallelogram motion it is geometrically 
obvious that the centrodes are either ellipses or hyperbolas according to 
whether the short or the long side of the contraparallelogram is fixed.* 
There ws then equivalence between the rolling of two equal conics and the 
rolling of two related limacgons. FEither will produce a degenerate bicubic 
consisting of a biquadratic and a circle. The degeneration of the bicubic 
corresponds to the degeneration of the associated cubic into a conic and a 
line. 


3.3. If the three conditions are satisfied 
—pot pst py = 9, 
— Pit Po—Ppst ps = 9, 
— Pit pet p3— ps = 9, 


* See Sylvester, Nature, Vol. 12 (1875), p. 214 footnote ; also Burmester, loc. cit., and 
Figs. 359-367. 
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then the linkwork must be such that 
PIS ed oa era 

The arrangement of each 8-bar is rhombic. The associated cubic breaks 
up into three lines. The 8-bar bicubic breaks up into three circles with 
centres C), Cy, C3, radii Ay, Ag, Ax respectively. The configuration is that of a 
triangle (the three extra double-points) with its mid-points (the poles) and 
feet of perpendiculars (the three double-points on. the base circle). The 
base circle is the Feuerbach or nine-point circle. (Fig. 6.) 





Fic. 6.—3-Bar Curve with Six Double-Points. 
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19-24. Parr V.—Transformation of the Variables in a Two-Dimensional Integral. 


19. Sufficient conditions for the validity of the formula for transformation. 

20. Proof of the formula in the case of a continuous integrand. 

21. Proof for 1, w, lw, and wl functions. 
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content. : 
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Part I.—Introduction. 


1. In a previous communication to the Society* I laid the foundations 
of a theory of the transformation of the variables in a multiple integral 
analogous to that known to hold good in the case of a single variable, and 
I stated general conditions, valid not only in the case there explicitly con- 
sidered, but also, as was implicitly stated, when the integrand is of a 
general nature. 

I confined myself however in the paper in question, for reasons some 
of which are there given, to the discussion of the formula for an area,t a 
formula which constitutes at once a particular case of the formula of 
transformation{ and the corner stone of the theory. On the one hand, 
in the passage from the straight line to higher space, additional insight is 
required into the concepts of area, volume, and the like; and on the other, 
as will appear from the present paper, a new concept, namely, that of 
integration over what may be called @ directed area, volume, or hyper- 
volume, is needed for the proper elaboration of the complete theory. 

In a subsequent communication to the Royal Society.§ however, I 
attacked the question, in so far as it was possible to do so without intro- 
ducing this innovation. It was, of course, necessary to make the restriction 
that the integrals which occur, both in the final result and in the course of 
the reasoning, should be integrals in the accepted sense of the word, and 
that, accordingly, the areas should be ordinary simple|| areas. With this 








* W.H. Young, ‘‘On a Formula for an Area,’’ Proc. London Math. Soc., Ser. 2, Vol. 18 
(1919), pp. 339-374. 


a Ke cede ey re au do. 


ce rd } 
{ \[ 7 (cc, 1) de dy = [ [re (4, 0), 9 (ws, »)} roe du dv. 
§ “On Change of the Variables in a Multiple Integral,’’ Proc. R. S. (A), Vol. 96, 
pp. 82-91. 
|| Throughout the paper the term ‘‘simple curve’’ implies a curve devoid of multiple 


points, and ‘‘ simple area’’ means the area of a simple curve, and is therefore an area in the 
elementary sense. 


1920. ] INTEGRATION OVER THE AREA OF A CURVE. 163 


restriction I was able to show that the formula of transformation holds 
good, whenever the formula for an area does so. 
It is, however, a fundamental requirement of analysis that we should be 


_ spared, as far as possible, the necessity of proving that a restriction which 


plays no part in the final result, holds good in the interim. 

Now even if the area of integration is an ordinary simple area, it is 
inconvenient to have to prove the fact. Moreover, it may very well happen 
that though the limits of integration of one of the two integrals, whose 
equivalence is in question, are such as to render the area of integration of 
the other a simple area, this is not so for all the range of possible limits 
which are bound to occur during our discussion. 

In the present paper we are able to dispense with the restriction in 
question, replacing it by one which is in point of fact fulfilled whenever 
the conditions obtained in my earlier paper for the validity of the formula 
for an area hold good.* In particular the formula of transformation 


e fd x 
\\, T(x, y) dxdy = ; | flaw, v), y(u, v)} TD aude, 


is valid, for all bounded measurable functions f (x, y), provided that the 
transformation gy a pens nay 
which changes the fundamental rectangle (a, b; c, d) wm the (u, v)-plane 
ento the curve C wi the (x, y)-plane, ts such that the derivates of « and y 
with respect tou and v are all bounded ;+ or more generally,t if x (u, v) 
and y (u, v) are integrals$ with respect to each variable separately, while 
their deriwates with respect to each variable separately are numerically 
less than summable functions of the variable of differentiation alone.| 
The curve C may or may not be a “simple” curve, but if “ simple ”’ 
the integral is the ordinary integral, and if non-simple must be understood 
in the extended sense given to the term “‘ integral’ in the present paper. 


2. The definition which I have adopted of integration over the area of 


* Exception must be made of the more general condition given in the second part of (i1i) 
in the enunciation of Theorem VI, loc. cit., p. 365, for which the validity of the formula of 
transformation is not demonstrated below. 

+ Theorem 4 of ‘‘A Formula for an Area,’’ p. 361. 

+ Theorem 5, loc. cit., p. 362. 

§ Absolutely convergent Lebesgue integrals. 

|| A still more general set of conditions, of which these are special cases, is explicitly dis- 
cussed in § 24 below. ‘This corresponds to Theorem VI, loc. cit., p. 365, first set of conditions. 


um 2 


164 W. H. Youne [Dece. 9, 


a curve is analogous to that I have given for directed area itself, the latter 
being in fact a special case of the former. 


We take the accepted definition of the integral of a continuous func- | 


tion over a triangle, and hence, by summation, get the integral over any 
polygon, simple or not. The integral over the area of the curve is then 
defined in terms of the integral over an inscribed polygon, namely as the 
limit, if finite and unique, of the integrals over polygons inscribed in the 
curve—the vertices of each polygon being taken on the curve in a pre- 
scribed sense—when the lengths of the sides tend simultaneously to zero 
in any manner whatever. 

It is convenient to suppose the function to be continuous -in the fee 
instance, and to use the method of monotone sequences, in order to 
ascend to the corresponding definition of the integral of any bounded 
function. 

It should be remarked that in that part of our theory of the trans- 
formation of the variables in a multiple integral which deals with ordinary 
integration (v.e. when the region of integration is simple), no more is re- 
quired than the notion of the integral of a continuous function over a non- 
simple area. The method of monotone sequences enables us to pass from 
a continuous function to any bounded function without altering the region 
of integration. For the rest it is found that unbounded functions which 
possess integrals over a directed area constitute a generalisation of func- 
tions which are summable over an ordinary area, but that neither of the 
two classes is included in the other. 

It is evident indeed, looking at the matter more, for the moment, from 
the point of view of multiplicity, that a directed area may be regarded as 
partly positive and partly negative. Clearly, then, it might happen that 
a function which was positive only might possess an integral over the 
area, and might (defined, as this is, as the limit of the integral of a bounded 
function over the whole’area) fail to possess one when certain of its values 
are made zero or negative, a circumstance which cannot arise in the case 
of integration over an ordinary area. 

The simplicity of our theory would appear to be largely due to the 
fact that a set of zero plane content possesses areal content zero with 
respect to our curve. Areal content is here defined as the integral 
over the area of the curve, of the function which is unity at the points of 
the set and zero elsewhere. ‘This coincides therefore, when the curve is 
simple, with the plane content of the part of the set inside the curve. 
Hence it follows that two bownded functions which have the same Lebesgue 
double integral have the same integral over the area of our curve, and the 
same is true for unbounded functions, in so far as the integrals exist. 
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8. As regards the appropriateness of our definitions of area and of in- 
tegration over an area, various considerations suggest themselves. We 
_ remark first that, in a bounded portion of the plane, curves may be drawn 
whose areas are infinite, and others which cannot be said to possess an 
area, finite or infinite, the term aea being understood in the sense which 
I have given. Neither of these possibilities occurs, however, in the case of 
a curve C of the type which we may call sem-rectifiable, one defined by 
equations of the form 


z=axu), y= yu), 


where x(u) and y(u) are both continuous, and at least one of them, y(t), 
has bounded variation. 


_ But although in the detailed work of the present paper the sufficient 
conditions obtained for the existence of the integral of a function f(z) over 
the area of a eurve C, and the transformation of the variables in such an 
integral entail the existence of the area of C, this is no part of the general 
definition. Indeed, even when no number can be adjoined to the curve, 
which can rightly be termed its area, it will in general happen that not 
merely a particular function, but even whole classes of functions possess 
integrals over the area of the cwrve according to our definition, or rather, 
as we may now logically express it, two-dimensional integrals over. the 
curve. That it would be a spurious limitation to demand as a necessary 
condition for such integration over a curve C the existence of the area of 
the curve is evident, when we recall the fact that ordinary integration 
between infinite limits is virtually equivalent to integration with respect 
to a function which has not bounded variation. 

We have next to remark that our definitions virtually give us a care- 
fuily selected means of securing an area for our curve, when more directly 
geometrical methods would fail. We shall understand this better if we 
introduce the multeplicity of a point with respect to the curve. This is 
the number of complete anticlockwise revolutions of a half-ray joining 
the point (z, y) to a variable point which traces out the curve in its pre- 
scribed sense. In the case of a simple Jordan curve, the multiplicity 
m(xz, y) 1s zero outside the curve and inside is unity, the sign being + or 
— according to the sense in which the curve is supposed described. More 
generally, if the curve be a Jordan curve, cutting itself, but doing so only 
a finite number of times, m(xz, y) has, at any point (x, y) not lying on the 
curve, a definite value, which is zero, or one of a finite number of integers, 
positive or negative. In particular this is the case when the curve is a 
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polygon, or a Jordan curve which is rectifiable,* or semi-rectifiable, and 
has only a finite number of multiple points. The area as I have defined 
it, then exists, and may, as is shown below, be identified with the integral | 
of the multiplicity function m(zx, y) over any sufficiently large rectangle 
which includes within it all the points of the curve. | 

This equivalence suggests that this double integral might be adopted 
as the definition not only in these eases but also when the curve has an 
infinite number of multiple points. It leads us to the naive conception 
that the curve determines portions of the plane, or, more generally, sets 
of points, which are to be considered as occurring a certain positive or 
negative number of times; and we are tempted to calculate the area of 
the curve by summing algebraically their areas, or plane contents, pre- 
fixing to each the corresponding positive or negative integer. Apart, how- 
ever, from the tacit assumption here made that points at which the 
multiplicity is fractional, or irrational, or infinite, or completely indeter- 
minate may be left out of consideration, it 1s evident that such a definition 
suggests no obvious rule for the summation of such a series, containing as 
it does an infinite number of terms. ‘The idea of order does not occur in 
it, and before such definition could be used, it would be necessary to prove 
that the order of summation was immaterial, so that any order taken at 
random gave an absolutely convergent series. 

It is evident likewise, that if, without entering into actual geometrical 
considerations, we define the area as 


c (a 
\ | mix, y) dx dy, 
b 


a 


or the integral of a function f(z, y) as 
e a 
| | mix, y) f(a, y) dx dy, 
a job . 


we should either be tacitly requiring that the integral still existed when 
the integrand was made positive everywhere, or else we should find our- 
selves involved in the difficuls domain of non-absolutely convergent 
integrals. 

The difference between the two definitions is vital. The one we have 
adopted contains the idea of order, and the other does not. It is a strong 
argument in favour of our definition, and of the consideration of directed 
areas in general, which can only be logically treated with the aid of the 





* When both x =x(u) and y=y(u) are continuous functions of uw, with bounded 
variation. 


ae 
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idea of order, that in higher space, even in ordinary space of three dimen- 


sions, considerations of order are, as we have shown elsewhere, inevitable, 
if we are to discuss satisfactorily even the ordinary entities such as the 


area of an ordinary curved surface, in which, as such, questions of sign 


do not appear to have any place. 

Similar considerations of course arise when it is a question, not of 
area, but of integration over an area. It is evident that the definition of 
the latter must follow the same lines as that of the former. Here indeed 
the idea of order suggests itself so far still more naturally, that even in 
ordinary one-dimensional integration of the Stieltjes type, all depends on 
our ordering our variable of integration suitably by means of a subsidiary 
independent variable. 

The fact that our definition satisfies the desideratum of maintaining 
the well-known and fundamental formula for the expression of a two- 
dimensional integral over the area of a curve as a contour integral round 
the perimeter, serves both to give an extended meaning to this analytical 
formula and also to secure the equality of the integral with the sum of the 
integrals over any directed areas into which the area of integration may 
be divided, or, more correctly speaking, disintegrated. 

From the point of view of analysis then our definitions of area and 
integral mark an advance. ‘They give an extended meaning and scope to 
formule already in use, so that the work founded on them is of value, 
even if, for one reason or another, it should be thought undesirable to 
investigate more closely their geometrical significance. This fact is of 
peculiar importance in the generalisations to higher dimensions. There 
is no occasion, for example, to make our analytical investigations sub- 
sidiary to the question, whether, and in what degree, simple generalisations 
exist in higher space for Jordan’s theorem about a plane curve, and other 
theorems connected with it. 


Part I1.—The Integration of Continuous Functions over the Area 
of a Curve. 


4. We have now to show that a closed curve C being defined by equa- 
tions of the form | 
c=2(u), yry@) (wm<u<VD), 


where one of these functions at least, say y(w), has bounded variation, and 
both are continuous—so that the curve is what we have called semz-rectifiable 
—a continuous function f(x, y) has an integral over the area of C’, whether C 
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be simple or not. At the same time, we shall show that our definition, 
when C is simple, agrees with the usual one. 

The method adopted corresponds closely to that employed in proving 
the existence of the area, and its identification, when the curve is simple, 
with the ordinary area. The formula is the following :— | 


: U 
\\ Fay) dedg = | F |[a(w), y(u)] dy (wu), 
C Ug 


where Siz, Y) = ha , 


or more precisely, F(x, y) is the indefinite integral* of f(z, y) with respect 
to z, y being constant. We shall refer to this as the contour integral 
formula. 


It will be remarked that we adopt the usual notation \| F(x, y) dxdy 
C 


for integration over the area of the curve C, the symbols being now given 
an extended meaning. 


5. We begin by defining the integral of a continuous function /(z, y) 
over the area of a polygon P, not necessarily simple, at the same time 
proving what we have called the contour integral formula for this case. 

Following the analogy above referred to, imagine the polygon P dis- 
integrated into triangles A’ in any convenient manner. For example, we 
may join the vertices of the polygon to any origin O in its plane. The 
sides of these triangles will have senses perfectly determined by the sense 
of the polygon P, these senses being such that each side of the polygon 
occurs once only in its proper sense, while each line introduced occurs 
twice, once in one sense and once in the opposite sense, these being such 
that the sides of each triangle A’ have the same sense, anticlockwise or 
clockwise, as we follow them continuously all round the triangle. Each 
of the triangles A’ will have a definite sign, + if the sense in its perimeter 
is anticlockwise, and — if clockwise. For instance, the triangle whose vertex 


= 
is O and base AB, one of the sides of the polygon, will have the sign + 


or — according as the perimeter described in the sense 4 BOA is anti- 
clockwise or clockwise round the area of the triangle. 

The integral of our continuous function f(x, y) over each such tri- 
angle will be the ordinary double integral with the sign of the triangle 





* The lower limit of integration may be considered to be an arbitrary continuous function of y. 
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prefixed, and, by the usual reasoning,* is expressible by our contour in- 
tegral round the perimeter. 
The sum of all such integrals, each with proper sign, is defined to be 
the integral of f(x, y) over the polygon. That this definition is inde- 
pendent of the particular mode in which the polygon is disintegrated 
‘into triangles follows from the expression we: thus obtain for it as a 
contour integral. The sum of the contour integrals round the triangles 
will in fact involve twice the part due to integration along any of the 
sides introduced, once positively and once negatively. We are thus left 
with only the perimeter of the polygon as contour of integration, so that 
the contour integral formula is at once seen to be true for any polygon 
simple or not. 

Moreover, since there is, in dealing with a polygon, no distinction be- 
tween the coordinates, we have three forms of the contour integral, which 
may. be written 


\\ fe, y) dady = | Fe, y)dy =— | ee, y) dz = a {Fdy—Gdz', 


where Ce | FRU te ee Ch a) \" fee, y) dy, 
a B 


a and (6 being arbitrary continuous functions of y and of x respectively, 
which do not affect the result as we integrate all round the perimeter of 
the polygon. | 


6. We here digress to remark that the integral over a polygon can 
also, as is obvious in the case of a triangle, be expressed by the ordinary 
double integral 


c (dad 
\ \ mia, y) f(x, y) du dy, 
aJdb ; 


over any rectangle containing the polygon. 

In fact, when we disintegrate the polygon into triangles A’, each A’ 
must, as it were, be cut out of a separate sheet; so that the triangles, 
some of which may be positive, and some negative, are to be regarded as 
superposed in part, wherever they have a common point. The bounding 
lines of the triangles form on the plane on which they lie a pattern or 
patchwork. Each patch A”, as we may call one of the simple polygonal 
parts thus isolated, has superposed to it, say, m-+A positive triangles and 








* Rearranging the terms in the approximating double summation. 
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\ negative triangles. If therefore we disintegrate the integral 


{| f (x, y) da dy 


for each of these triangles into a sum of integrals for the patches forming 
it, and then add these sums together, so as to obtain another expression 
for the integral over the polygon, the patch A” will be involved m-+A 
times positively and » times negatively, so that, on the whole, it will 
be involved m times in the final summation. 

This integer m is equal to the multiplicity m (x, y) of any point (x, y) 
inside the patch A” with respect to the polygon, since the multiplicity 
is, in virtue of its definition, unaltered by the introduction of the dis- 
integrating lines, and is therefore the sum of the multiplicities with re- 
spect to the individual triangles A’. 

We have thus the expression 


\| f(x, y) dxdy = Xm \) f(z, ydady = = || mio, y) f(x, y) dx dy 
ite A” 


Ae 


c rd 
= | | mix, y) f(x, y) dxdy, 


b 


since m(x, y) is zero at a point (vw, y) outside every one of the non- 
overlapping patches A”, or, which is the same thing, outside every one of 
the overlapping triangles A’. Here (a, b; c, d) is any rectangle contain- 
ing the polygon and all the auxiliary lines of our figure. 


7. The integral over the area of a closed curve, 


Em D1) ee ad) 1) ee ig 


equally whether this is simple or not, is next defined as the unique limit, 
when such a wuque limit exists and is finite, of the integrals over poly- 
gons, inscribed at successive stages in the curve in the customary manner, 
with vertices, 


[Sh etade @/ (ez) bs [ued teal gf tha ibe mn evoced Ail Alen) sats (Gah) LE ge ree hg ieee 


in order on the curve, and sides whose lengths tend, as the stages advance, 
to zero as limit. 

It immediately follows from our definition that the integral of the sum 
of two functions is the sum of their integrals, and that, if a continuous 
function f(x) les in value between two continuous functions g(x) and h(x), 
the wntegral of f(x) over our curve lies between those of g(x) and h(x). 
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We assume now that the curve C is semi-rectifiable, 7.e. such a Jordan 
curve* as was contemplated in § 2, defined by the equations 


g=a(u), yoy). uw<u< U0), 


m which x(u), y(u) are continuous and y(u) has bounded variation. It 
will then be seen that the integral of the continuous function f(x, y) over 
the area of C exists and ts expressed by the usual contour integral 


U 
| F iz(u), y(w)} dy(u). 


Let (£, 7) be a point on the polygon P, and let the vertices be 
(DU), Ys) f , {LCela), Y (Ug) fy seep [L(Lm)» Y (Clin) | « 
By what has been already proved 


i Ms 


1 (%; 64) 
|| fe y) dxdy = |. F(é, ») dy = | F(€, n) dn, 


t=1 Jy (uj) 


where Y (Un +1) = y (uy). 


Now F(z, y) is defined independently of the polygon, being an indefinite 
integral of f(x, y) with respect to x, and like its integrand f(x,y), it is a 
continuous function of (x, y). Therefore, given any positive e, we can 
determine p so that the oscillation of F(x, y) in any circle of radius <p 
‘euetiag Via 


m y (U;,4) | m 
x | F¢€, n) fie [F {x(2i), y (rei); (y (ei+r—y (ees) f |] 





<2 ly (win—y (ui) | < eB, 


provided the sides of the polygon are all less than p in length, and B is 
the total variation of y (vw). 

But the summation on the left tends, as the lengths of the segments 
(W;, Uiz1) tend to zero, to a unique limit, namely 


U 
| F {x(u), y(u)} dy(u). 


4 


Thus the integral of f(x, y) over the polygon has, as the segments (2;, Ui +1) 





* Not necessarily simple. Throughout the remainder of the paper the letter C will be 
used for such a curve. 
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U 
tend to zero, one or more limits, which differ from | Fia(u), y(u)} dy(w) 


by at most eB. Since e is as small as we please, these limits must all 
coincide. Therefore, by definition, 


U 
{| fee y) andy = | Fia(u), y() | dy(w). 


This proves the existence of our integral, and shows that it is expressed 
by the contour integral formula. 


8. If both x(u) and y (wz) are functions of bounded variation the curve 
is rectifiable, and we may, not only use all three forms of the contour 
integral 


U 


U 
\ F(x, y)dy(u) = -| G(x, y)da(u) = 2| (F(a, y) dy(u)—G(z, y) dx(u)}, 


but also, introducing the length of the arc of the curve from a fixed origin 
as new variable, obtain the forms 


the integration being performed all round the curve. Indeed, now the 
derivates of z and y with respect to s are numerically <1, so that x and 
y are integrals. Therefore taking s as our parameter w, we may, by the 


known theorems, replace dy(w) and da(wu) by OY ap and oF as, Again, in 
this case, ie and — 2 exist as differential coefficients, except for a set of 
values of s of content zero, and are equal to the direction cosines 1, m of 
the outward* normal. Thus we may write the contour integrals the forms 


| Fe, Ls | Ge, y) mds = | (1F+-mG} 


Each of these may be used for \\ S(@, y)dady over the area of the 
rectifiable curve. : 

These forms reduce when f(x, y) = 1, to the familiar expressions for 
the area. 





* That is the position into which the tangent in the progressive direction, determined by 
w increasing, comes when rotated backwards, 1.e. clockwise through a right angle. 


ii 


1920. ] INTEGRATION OVER THE AREA OF A CURVE. 173 


9. We can now identify our integral with the usual double integral, 
in the case when C is a semi-rectifiable simple Jordan curve. 


Since the integral, as I have defined it, has been shown to exist, we may 
approximate to it by means of the simple polygon P of § 8 above. The 
area of the ring between the curve and polygon may, since the curve is 
known now to have zero plane content, be supposed less than e. When we 
divide up the plane into small rectangles of sides AvAy, the sum of 
those which contain the ring may then be taken to be less than e. But 
the integral of a continuous function f(z, y) over a simple polygon is. 
the unique limit of a double summation 


Xd f(x, y) Ax Ay 


over those rectangles Az Ay which contain points inside or on the polygon.. 
The same is true for the integral (usual double integral) over a simple 
curve, provided the double summations then have a unique limit. 

Since the polygon P and the curve C both lie in the ring, it follows 
that the small rectangles involved in the approximations to the two in- 
tegrals are the same, except for certain of them, which are among those 
containing the ring. Thus, if B denote the upper bound of | f(z, y) |,. 
the two double summations differ by less than Be. 

Since this is true, however small the sides of P may be, the second of 
these double summations differs from the integral of f(z, y) over C, as 
defined by me, by at most Be. Since e is as small as we please, the in- 
tegral over C, defined in the old-fashioned way, exists and is equal to that 
defined in my manner. 

This proves the statement made at the beginning of the present. 
article. 

At the same time, using the multiplicity function m(z, y), which is. 
now 1 or —1 inside the curve, according to its sense, and zero outside, 
we have, as for a general polygon, the expression 


GaGa. 
\| FO  — | | F(a, y) m(a, y) dx dy, 
C a Jb 


when the semi-rectifiable curve C is devoid of multiple points, and, as in 
S$ 6, we may extend this to the case when the curve has a finite number: 
of multiple points. 
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Part Il].—The Integration of Non-Continuous Bounded Functions over 
the Area of a Curve. 


10. In the preceding articles we have assumed the integrand to be a | 


continuous function, and we appear to have obtained an absolutely satis- 
factory definition of the integral of such a function over a directed area. 
The question at once arises how far the reasoning employed depended on 
this hypothesis and how far it can be extended. 

We see at once that we can do so, if the curve is a polygon, simple or 
not, the integrand being any bounded measurable function. ; 

Indeed, the existence of the integral over every triangle and the validity 
of the contour integral formula having been supposed established,* the 


same follows over every polygon, since we only add a finite number of 


integrals over triangles, without any limiting process. 

The argument of § 7, however, by which we pass from polygons to a 
curve, depends essentially on the integral F(z, y) = | f@, y) dx being a 
‘continuous function of (x, y), and, if this condition is satisfied, remains 
valid for every bounded function f(x, y), since the integral of such a 
function over a polygon has been satisfactorily defined. Thus we see at 
once that we may extend our results, uf f (x, y) is a bounded function, and 
its indefinite integral with respect to x is a continuous function of (x, y). 
The theorems will be precisely the same as if the functions were con- 
‘tinuous, and in particular the definition will agree with the usual one 
‘when the curve is simple. 


11. The above reasoning certainly fails, as it stands, for bounded fune- 
‘tions in general, and, @ fortiort for unbounded functions in general, even 
when they are of such a type as to possess an integral over every rectangle 
in the simple plane, ¢.e. to be summable. It will be seen, on the other 
hand, that the method of monotone sequences enables us to give an unex- 
ceptional definition of the integral of any bounded measurable function. 

The fact that the method of definition suggested in the preceding 
article has only a limited application, and that, as appears from the con- 
tour integral formula, it agrees with the definition by monotone sequences 
in all cases which come under it, is’a reason for adopting the latter defi- 
nition, and we shall do so in the remaining part of the paper. 


12. Let f, (x, y), fo(t, y), «+> fn(@, y), ... be any bounded monotone 


* By the method of monotone sequences, or otherwise. 
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sequence of functions for which the contour integral formula has been 
shown to hold, and let f(z, y) be the limiting function. Then, integrating 
term-by-term with respect to 2, and denoting the integrals by large letters, 
with appropriate indices when required, 


Tibia) ay Lat | SAGA == | Fie als aI 
uD Nn Fn Ja a 

(where a is an arbitrary continuous function of y); and, since f, (x, y) is 
a bounded function of (x, y, m), so is F(z, y), so that F,, {x (w), y (w)} 
describes a bounded sequence with F'{x(w), y(u)} as limit. We may 
therefore integrate term-by-term with respect to the function y (w) of 
bounded variation, and obtain 


n> ~ Uy 


U U 
Lt { F,, {x(u), y(u)} dy(u) = | F \x(u), y(u)} dy(u). 
But the integral on the left 1s equal to 


\\. Cui edi 


which has accordingly a unique limit, and this limit is 
U 
| F {x(u), y (a)| dy (a), 


which is our usual contour integral round the curve C. 

Moreover, as has been shown in the theory of integration by means 
of monotone sequences, the uniqueness of the limit, and the value of the 
integral which expresses its value, are independent of the particular 
sequence /, (x, y), fo(z, y), .--, and depend only on the function f(z, y) 
itself. 

Thus, defining the integral of the limiting function f(x, y) as the limit 
of the integral of the constituent fil, y) of the defining sequence, when 
n>, we obtain a faultless definition of the integral of any bounded /- 
or u-function, such a function being the limit of a sequence of continuous 
functions. Our definition leads moreover to the usual contour integral. 

Hence, taking the constituents to be /- and w-functions, the sequence 
leads to the integrals of bounded Jw- and wl-functions and their expression 
by the contour integral. 


13. Since the right- or left-hand upper derivate of a continuous fune- 
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tion is a duw-function, and the lower derivates are ul-functions, we see that 
we have the following theorem :— 


THrorem.—If €(x, y) be a continuous function of (x, y) and also an — 
integral with respect to x for each fixed value of y, and if C be a sem- 
rectifiable Jordan curve (not necessarily simple), defined by the equations 


e=a2(u), y=ylu), 


where x(u) ts continuous and y(u) continuous and of bounded variation 
with respect to u, then 


0& fos pen 
cs dxedy=) €&({2x(u), yu); dy), 
c O« Uo 


where the double integral is an integral over the directed area in accord- 
ance with our definition, and the single integral 1s a contour integral 
round the perimeter. 


14. Proceeding as in the last article but one, we might now establish 
the validity of the representation of our integral as a contour integral for 
any bounded function which can be obtained by monotone or other 
bounded sequences. We thus at the same time prove the existence of the 
integral of such a function over the area of any semi-rectifiable curve. 
We prefer, however, to pass at once from du- and wl-functions to any and 
every bounded’ summable function, by the argument I have already used 
in a like connection. 

It will be easily seen that, the integral being defined by monotone 
sequences, as in § 12, a function f(x, y) which lies between two bounded 
lu- or wl-funetions g(x, y) and h(x, y) having the same integral, will, if it 
belongs to a class of functions whose integrals are defined, have again the 
same integral. Without recurring to monotone sequences, except for the 
definitions in the case of I-, u-, lu-, and ul-functions, we may therefore 
define the integral of any bounded measurable function f(x, y) as equal to 
the common value of the integrals of a bounded ul-function g(x, y) and a 
bounded lu-function h(x, y), differing only at a set S of content zero, and 
having therefore the same Lebesgue double integral and the same integral 
over the area of our curve. That we have, in fact, such functions g and h, 


g(@,y) < f(a, y) She, y), 


and that their Lebesgue double integrals are the same, are known theorems 
in the theory of integration, but that their integrals over our directed area 
are also equal must now be proved. 
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he difference of these two auxiliary functions h(z, y)—g(z, y) 18 a 
bounded lJw-function whichis zero almost everywhere. Let (x,y) be 
such a function, then, by § 12, 


U 
||, o@ saedy =|" &{200, yew} dy 


Uo 


where P(x, y) = \ p(x, y)dx. 


Under the integration sign y is a constant, while the integrand is never 
negative and itis zero except at the points of the set S. But, since S is of 
zero plane content, the section of S by the line y = constant is of content 
zero, except for a set of values of y of content zero, which we may call 
the set H,. Thus, if y does not belong to the set H,, P(x, y) is zero for 
all values of (a, y). 

Let H, be the set on the w-line whose image in the y-line is the set 
E,, of content zero. Then ® {x (uw), y(u)} ts zero for all values of u, pro- 
vided u does not belong to the set Hy. 

Now, by hypothesis, y (wz) is a function of wv of bounded variation, but, 
without loss of generality, we may assume that y(w) is an integral. For, 
if it is not, we only have to replace the variable w by an auxiliary variable 
oc, defined as the are of the rectifiable curve 


Y = y(u), 
Eom irs 


We shall therefore assume y(u) to be an integral. Then, by a known 
theorem,* the set Hy, whose corresponding set EH, is of zero content, con- 


sists of a sub-set of zero content and a sub-set at every point of which 
dy/du ts zero. | 


Thus ®{x(u), y(w)|} dy/du is zero almost everywhere, and therefore,. 
since y is an integral, 3 


dL) 


U U 
ns |  {x(w), y(w)} oY au = | & {x(u), y(u)| dy(u) = |) oe y)dx dy, 





* C. dela Vallée Poussin, 1914, Cowrs d’Analyse, 3rd ed., Vol. 1, p. 281, § 268. For an 
analogous theorem, not included in de la Vallée Poussin’s, see my paper ‘‘On Functions cf 
Bounded Variation,’’ Quarterly Journal, Vol. 42 (1910), § 22, p. 80. The proof there given. 
requires but slight modification to prove a general theorem embracing both these. 
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This proves that the integral over our area of a bounded lu-function 
p(x, y), which is zero almost everywhere, ts zero. 


Hence, writing P(x, y) = h(x, y)—9 2, y), 


since \\. d(x, y)dxdy = \\. h(a, y)dxdy —|| g(z, y) dz dy, 


it follows that \\ h(x, y)dady = \\. g(x, y)dzdy, 
C “ 


as was stated at the beginning of the present article. This justifies the 
definition of the integral of f(x, y), where 


OD (@, Ul GLE, Ue), 


as equal to the integral of g(x, y) or h(a, y). 
Also, since the contour integral formula holds for h(«, y) and g(a, y), 


U U 
\ H jx(u), y(u)} dy) = | G {x(u), y(u)} dy(u). 


But since G(x, y), F(z, y), H(x, y) are the integrals of g(a, y), f(z, y), and 
h(x, y) with respect to xz, from a to a, 


Ge, YiscoD (2, pee td ae, ay), 
and therefore ) 


(i G {a(u), y(u)} dy(u) = |. Flew, y (w)} dy(u) = [Hew y (u)| dy (u), 


Uo 


since the extreme integrals have been already proved equal. Thus 


U 
|| fe, y) dxdy = | F {x(u), y (w)} dy (2). 
We have now defined the integral over the area of our curve C (not 
necessarily simple, but semi-rectifiable) when the integrand is any 
bounded function f(x) having a Lebesgue integral, and shown that it 
obeys the contour integral formula. 


15. We immediately obtain the fundamental result that two bounded 
functions which have the same Lebesgue double integral (that ts, which 
agree, except at a set of plane content zero), have the same integral over 
the area of our curve C. 

In fact, if the two functions f(z, y) agree, except at a set of content 
zero, so do the two pairs of functions g(x,y) and h(x, y) for which this 
result has been already proved. 
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We have also the theorem that a@ bounded function which ts zero 
except at a set of plane content zero, has the integral zero over the area 
of our curve C. 


16. In particular, if the function A(z, y) is unity at the points of a set 
S of plane content zero, its integral over the area of our curve C is zero. 
' That is, 


U | 
Of \ A {a(u), y(u)} dy(u) = {| re y) dx dy. (1) 


If the curve defines a multiplicity function m (x, y) as is the case if it is a 
polygon, a simple Jordan curve, or the sum of a finite number of such, we 
may, whether S has content zero or not, regard the integral 


e fd 
\\ A(x, y) dx dy =| | m(x, y) A(a, y)dzdy, (2) 
C aJb 


as the “content” of the part of the set inside the curve, the word “ con- 
tent ’’ being used in an extended sense, each point being counted with its 
proper multiplicity. Without interpreting the result (1) in the general 
case, we may still use the expression “areal content”? with reference to 


the curve C for the integral \) A(x, y) dxdy, and state the theorem equi- 
Cc 


valent to the equation (1), that any set of points whose plane content is 
zero with respect to the simple plane has areal content zero with reference 
to our senn-rectifiable curve Cj. | 


Part [V.—The Integration of Unbounded Functions over the Area 
of a Curve. 


17. Now let f(x, y) denote any unbounded summable function of (x, y). 
First suppose ‘ Fry) 0. 
Let Fi, y) <i fale) y) ee. ay) 


be any monotone increasing sequence of bounded functions having /(z, y) 
as limit. Then, by § 15, 


U 
i), Jnl, y) dady =| F, {x(u), yw} dy(w), (1) 


U 


for all values of 7. 
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Also, by the theory of integration with respect to a function of 
bounded variation, ° | 


No Uo 


Lt i F {x(u), y(u)} dy (wu) = | F{eco, y(u)| dy(u), | (2) 


provided the latter integral exists.* 
But if one side of (1) has a unique limit, so has the other and this 
limit is independent of the particular sequence, /,, /;,... chosen. Thus 


U 
the existence of | F {x(u), y(u)} dy(u) entails that of \) f(a, y)dxady and 
Uo C 


vice versa. Moreover these two integrals are then equal, as follows from 
(1) when we proceed to the limit. Thus we have proved that the formula 
of transformation : 


\\ F(@, ydxdy = | \F {x(u), y(u)} dy (w) (3) 


C os 


holds, unless both the integrals involved are non-existent. 
Next let f(x, y) be any summable function, and write 


I (, y) = file, Y)—faa, y); 


where /,(x, y) = 0, when f(x,y) <0, and f,(z, y) = 0, when f(z, y) > 0. 

Then the preceding case covers /f;(x, y) and f,(z, y). Therefore if 
these functions can be integrated over the curve, so can f(z, y), and we 
again get the formula of transformation (8). 

Conversely, if the existence of the integral of f(x, y) over the area of 
C be only recognised, if the integral continues to exist when we change at 
any points we please the value of f(x, y) to zero, the existence of this 
integral will necessitate the existence of the integrals of f,(z, y) and 
fo (a, y), and therefore the validity of the transformation formula. 

On the other hand, the existence of the contour integrals for /, and f, 
necessitates that of the contour integral of f, and this will be then an 
absolutely convergent integral. | 

Conversely, the existence of this latter absolutely convergent integral 
ensures the existence of the two former contour integrals, and the conse- 
quent validity of the formula of transformation. | 

Summing up, we may say that, if f(z, y) is a summable function, the 





* This involves the existence of the integral with respect to the total variation of y (wu). 
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transformation formula 


fy hh | 
\) fe, idedy =| F(a, y) dy (u) (3) 


_ holds, unless both these integrals fail to exist, the second as an absolutely 
convergent integral, and the first as an wmtegral over the area of the curve, 
this being defined as in the present paper, with the stipulation that f(x, y) 
vs such that any function got from f(x,y) by matntauwng its value at 
some points and at the others changing the value to zero, can be integrated 
over the area of the curve. 


18. It is now easily proved that the properties of integrals which hold 
in the case of bounded integrands, still hold for absolutely convergent in- 
tegrals. In particular a function which is zero except at a set of content 
zero, has an absolutely convergent integral over the area of our curve, 
and this integral is zero, and two functions which agree except at a set 
of content zero either have equal absolutely convergent integrals over the 
area of the curve or else neither function possesses such an integral. 


Part IV.—Transformation of the Variables in a Two-Dimensional 
Integral. 


19. Now let us consider a continuous correspondence 


iy ome = £(u, v), yo=ylu, v), 


and let the curve C be the image a a ecantic R in the (w, v)- plane, the 
sides of F being parallel to the axes of wu and v. 


The assumptions we make as to the correspondence are as follows :— 


(i) The formula for an area holds, viz., 


aa mete CGr, y) 
C= || dedy = {I TORN ek 


not only for the particular rectangle R, but for every such rectangle; and 





(ii) when the fundamental rectangle R is divided up into sub-rectangles 
S, by means of parallels to the axes of wu and v, and these sub-rectangles 
are halved by means of their diagonals sloping down from left to right, 
the triangles A' in the (a, y)-plane, which I have called the “ related” 
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triangles of the semi-rectangles* A, should be such that 2|A’| is less 
than a fixed quantity, however the semi-rectangles be constructed. 


We shall now show that, wnder these two conditions, the integral of a 
function f(a, y) over the area of C, tf rt exists, may be expressed by the 
usual rule for change of the variables in a multiple integral, namely 





| 1 | 0 (x, y) 
\\. f(a, y)dzdy = axe v), y(u, v)} Gis) dudv. - 


20. First let f(x, y) be a continuous function of (a, y). 


To prove the theorem we perform the division of the (w, v)-rectangle 
in two stages :— 


Stace 1.—Divide up the fundamental rectangle R into sub-rectangles 
S, so small that each of the continuous functions x (wu, v), y(u, v) and 
f {x (u, v), y (u, v)} has an oscillation less than e in each sub-rectangle S. 
Let there be M such rectangles. 


Srace 2.—Determine the gauge necessary in order that, if we sub- 
divide the S’s by any network of parallels to the axes with this or any 
finer gauge, the area of each curve-image I of a sub-rectangle S, and the 
integral of f(x, y) over I’, differ by less than 7/M from the area of the 
polygon II, and the integral over II respectively, where II is the polygon 
inscribed in I’, and determined by the points marked on the periphery of 
the corresponding sub-rectangle S. 

The sub-sub-rectangles thus obtained are then to be divided into semi- 
rectangles A by the diagonals sloping down from left to right. Let A’ 
denote the ‘‘ related” triangles in the (z, y)-plane. Then the triangles A’, 
positive and negative, group themselves into polygons II, and these 
further, without being themselves simple polygons, constitute the polygon 
P inscribed in the curve C, the vertices of P being the images of all the 
points on the perimeter of & marked at both stages by our sub-divisions. 


Now, by (i), 
a — |{ &a@, y) 
li \\, dxdy = \\. Ate dudv. 





Therefore, denoting by 6 with or without subscript or dashes a quantity 


* Namely, those whose vertices are the three-point images of the vertices of the semi- 
rectangles. 
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- numerically < 1, 


ae a ph dGay) 5 6.7 
1 e— \), dxdy = \\. doe ® dudvu = ——. 








M 
But, since the oscillation of f{x(u, v), y(u, v)}| in Sis <e, 


a(x, y) | d(x, y) ’ \\ 
|| fe, y) = ORES dudv = f(€, n) | TORE) dudv+O.e : 


where (€, 7) is any point inside S or on its perimeter. Therefore, by the 
last two equations, denoting by B the upper bound of | f(z, y) |, 


ACID Ey ee 











d(x, eet 





\\. fate nT th au dv = f(&, n) \\, dvdy+ Ba 140 | 





dudv. 








Now, if A’ be any one of the related triangles in II, and (z, y) one of its ver- 
tices, |s—£| and |y—»| are, by our construction, each less than e, and there- 
fore the same is true when (zx, y) denotes any point inside or on the peri- 
meter of A’, since the z, or the y, of such a point lies between the greatest 
and the least of the z’s, or the y’s, of the vertices. We may therefore re- 


place the term 
fé,n\\ dedy = fen ®\\ deay 


by = || fe, i)diedy +8 || |dedy| = || fee ydedy+OneE| A'|, 
NY At Ie 


the summation being over all the A’’s constituting II. 
Summing for all the M sub-rectangles S, we get 


= || fee y) dx dy +0c«=| A’ | + 0”Byn+6'e \\. cork y) | dudv. 

But, by (ii), = |A’| is bounded, the summation being all over the funda- 

mental rectangle, however the division and sub-division be performed, and 

by (i) the Jacobian is absolutely integrable. Thus the three last terms in 
our last equation are as small as we please, say less than e. 

Proceeding to the limit, by reducing the gauge of the sub-divisions 


indefinitely, we see that any limit of \\ f(x, y)dady differs from the in- 
P : 


tegral on the left by less than e. Thus all the limits must coincide with 
that integral, since e is as small as we please. 
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But, by definition, this unique limit is \| f (x, y) du dy, if this integral 
C 


exists. Thus we have the usual formula for. the transformation of the | 
variables in a multiple integral | 


|| fe vd dedy = | fle, y FEM dude 
, 2 Pw, 0) 


with our extended meaning of integration, the integral on the left 
beng the integral of the continuous function f(x,y) over the curve 
C, which need not be simple* and is the image of the perimeter of the 
fundamental rectangle R. The integral on the right is a Lebesgue double 
mtegral. The only conditions imposed on the correspondence 





Dime (U0), ee (u, v) 


are the conditions (i) and (i) of the preceding article. 


21. We have dealt in § 20 only with continuous integrands. Next 
let f(x, y) denote any bounded function which is the limit of a monotone 
sequence of continuous functions, or other functions for which the theorem 
has been proved true, 


(ee KOE ee en 
Then, by definition, . 


\{ Til Ye ay) — ae \\ Sols lean. 
CO nN >~n C 


Again our monotone sequence remains a monotone sequence when we 

substitute x(u, v) and y(w, v) for c and y. We may therefore multiply by 

A(x, ¥) | 

d(u, v) 

fundamental (uw, v)-rectangle. 
But, by hypothesis, 


|) fale y) dx dy =i [foie v), y(u, v)} ae Dau dv. 





the summable function , and integrate term-by-term over the 


Therefore, proceeding to the limit, n > 0, 


c fd 
i) J, y) da dy — | \ f(x (U, v), y(u, v)} = D aude. 


WU, V) 














* When C is simple, the integral on the left is an ordinary integral. 
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This proves the result:of $ 18 for awy-bounded: /- or 22-function, and 
hence: for any bounded du- or wl-function and so on,.in'fact for any bounded 
function of monotone type.” We shall, ‘however, only employ this argu- 
ment for functions of the lowest types, as will be seen by the next: follow- 
ing articles. 


' Dipesemesee Be 


22. We now require the following theorem, given in my Royal Society 
paper, above quoted, under the conditions there laid coc ae but valid 
also under the conditions of the present. paper... ot bi 1M wa 


THEOREM. Sih the conditions of $19 hold ai “ihe correspondence be- 
tween the (x, y)- and (u, v)-planes, then every set of zero content in the (x, y)- 
plane is either the image of a set of zero. content in. the (wu, v)-plane, or 

A(x, qe D | | 
du t, v) 


else 1 as such that = 0 almost ig ea un the set. 

Every set of positive content 1s ie sum of a set of zero content and 
of an o-set,* and the content of an o-set is the limit’ of the content of the 
closed sets defining it. Moreover in a continuous correspondence, a 
closed set in the (w, v)-plane has for image a closed set in the (x, y)-plane. 
It is therefore sufficient te prove that, if a closed. set S,,,, of zero content 
in the (a, y)-plane is the image of a closed set S,, ,.in the (w, v)-plane, then 


dz, y) a’ 
d(u, v) a 





almost everywhere in this closed set. 
Let Q be the sub-set of this closed set at which 








A(x, Y) 
d(u, V)- 
Now oe a is the limit of a continuous function, and therefore is 


both a dw- and an wl-function. Therefore the points at which it is > 0 
form an o-set. The set Q is therefore also an o-set, and the set Q’ which 
is the image of Q is therefore also an o-set, since the closed sets generating 
Q correspond to closed sets generating @’. ‘Therefore the function, say 








* An o-set, or ordinary outer limiting set, is a set consisting of all the points of a 
succession G,, G, ... of closed sets, each G, contained in the set G,.,, following it. W. H. 
Young, ‘‘On Functions and:their Associated Sets of Points,’’ Proc. London Math. Soc., 
Ser, 2, Vol. 12 (1912), pp. 260-287. 
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d(x, y), Which is unity at every point of Q’ and zero elsewhere, and the 
transformed function, which is unity at every point of @ and zero else- 
where, are both du-functions. We may therefore apply the formula for — 
transformation of variables, which gives us 





c fd d 
|) oe y) dxdy = \\¢ {x(u, v), y(u, v)} oe D au aby 


But the left-hand side is the areal content of the set @’ with respect to 
the curve C, and is therefore zero, since Q’ has content zero, (§ 16). Thus 
the integral on the right is also zero. But ¢ {x (uw, v), y(u, v)} is zero, 
except at the points of the set Q where it is unity and the Jacobian is 
positive (> 0), this set @ must therefore have content zero. 

Similarly the points of our closed set at which the Jacobian is negative 
(<0) form a set of content zero. The closed set consists therefore of 
two sub-sets of content zero, and possibly other points at which the 
Jacobian is zero. 

This proves the theorem. 


23. Now let f(x, y) be any bounded function possessing a Lebesgue 
integral. Then we know it can.be enclosed, between an wl-function g(a, y) 
and a ldu-function h(x, y), differing only at a set of plane content zero. 
Therefore f{x(u,v), y(u,»)}, gi z(u,v), y(u,v)}, and h{x(u, v), y(u, v)} 
only differ at a set of points in. the (uw, v)-plane, such that almost every- 
where in it the Jacobian is zero, by § 21, Hence 


d(x, y) 
d(u, v) 





|) Flee v), yu, Vv) oe a ) a dv = \\9 {a(u,v), y(u,-v)| dudv, 


and by § 15, \\ F(x, ydx dy = \\. g(a, y) dx dy. 
Cc 
Since therefore the transformation formula holds for g it holds for f, that is 
c fd | : d(x y) : : 
, = {, peace ed ae 
||, fe y)dxdy = \ acc v), yu, v) ORES dudv, 
whatever bounded summable function f(z, y) may be. 


24, Finally, let f(x,y) be any unbounded measurable function which 
is fute almost everywhere, then, either neither of the two integrals in- 
volved in the formula of transformation exists, or both exist and the 
formula holds. 


~~ 
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_ Here the existence of the integral over the curve implies that it exists 
in the sense of § 17, and the existence of the double integral over the 


fundamental (uw, v)-rectangle implies that the integral is absolutely con- 


vergent. 
To prove this, consider first the case where 


f(x, y) > 9, 

O(x,y) . Sut) 
and Stare) of one sign, or ts zero, at all the points where f(x, y) is not 
zero. . 
Let us take any monotone ascending sequence of bounded functions 


with f(x, y) as limit, 


fila, Wi fa(e, Y) <n te —> f (2, Y/). 
Then, by § 28, 


[J fae naedy =] | flees o, yuo} S22 aud. 


Again, since, except where f(x, y) = 0, and therefore f, (x, y) <0, 
the Jacobian is always > 0, or always < 0, the integrand of the integral 
on the right-hand side traces out a monotone succession, whose limit is 


O(a, 
five, v), yu, v)} Se ) 





wherever this is definite. The points where it is indefinite, or infinite, 
consist of the points where the Jacobian is infinite, forming a set of con- 
tent zero, and the points where f {x (wu, v), y (w, v)} is infinite, which form 
such a set as was discussed in § 22, since it has for image the set of con- 
tent zero at which the function f(z, y) is infinite. Thus the Jacobian 
is zero almost everywhere in this set. If therefore we agree to inter- 
pret the product as meaning zero at all the points where the Jacobian 
iS Zero, 
, O(a, y) 

’ O(u, v)’ 





Lt f,{x(u,v), y(u, v)} oles») =f lx(u,v), y(u, v) 


Mn O (u, v) 


except at a set of content zero, where the values of the functions may be 
taken to be any we please. ) | 

OCR yiE Be 
' O(u, v) oo 


summable function of (uw, v), we may integrate our monotone sequence 





Thus if, with this understanding, f {x (wu, v), y (2, v) 
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term-by-term, and write 





éya itn Oi O 
Lt | lies (u,v), y(u, v)} me Dan dv 


non Ja Vv) 





off O(a, Ay 
= | \ x(U, v), y(t, 0)} ait p) dude. (2) 
In this case, therefore, He left-hand side of (1) has the right-hand 
side of (2) for unique limit. Since this is independent of the particular 
sequence f, (x, y), fo(z, y), ... chosen, our integral exists and we Have 
the ie aerate formula ; . 


\\ fe ydxdy = \ \ fi xtu, v), y(u, v)} 5 O(@, oD ay dv. (3) 


Again, if \\ f (x, y) dx dy exists, the left-hand side of (1) has the left- 
0G 


hand side of (3) for unique limit, and therefore, by (1) and (2), (3) again 
holds. 

Thus (8) holds, or else neither of the integrals in (8) exists. This 
proves our statement in this first case. 


(O(a, y) 
0 (u, v) 





25. The remaining case is when the signs of /(x, y) and 


have no particular connection with one another. We then write 
I(e, y) = fila, y)+fa(z, y) Satan, Y)—f(, Y)s 
0, and o@, y) 


where /f,(x, y) =f(x, y) wherever /(z, y) > 0, OA > 0, 
and file, y) = 90, elsewhere, 
| ‘ale, y) 
f3(x, y) = f(x, y) wherever f(x, y) >0, and Sal are: eth 


and f, and f, are got from these by interchanging the signs > and <. 
The functions f,, —/fo, fz, —f, all fall under Class 1. Thus our re- 

quired result is true for each of these functions separately, if the resulting 

formula has a sense. 

_. But if each of these functions has an integral over the curve, so has 

f(z, y), in the sense of § 17, and conversely, if f(x, y).has such an integral, 


so have fi, fo, fz, and f, Therefore, if \) (2; y) da dy exists in the 
4 - CG . . 


sense of § 17, the transformation formula holds. 
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Onithe other hand, if tore. 15.2.5, or 4, 


O(x, y) 
O(u, v)’ 





Fi (elu, r), Ye, v)} 


ig a summable function of (u, v), so is 





flolu, v), y (u,v) } O(a, ¥) 


Thus we see that unless both the integrals involved in the transformation. 

formula are non-existent, the one in the sense of § 17, and the other as an. 

absolutely convergent double integral, the formula transformation holds. | 
This proves the required result. 


26. Basing ourselves on Theorem VI of my pepe “Ona Wout, for- 
an Area,” we have now the following theorem. : 


THEoREM.—If (i) x(u, v) and y(u, v) are integrals with respect to u for 
each fixed value of v, and integrals with respect to v for each fixed value 


Ofcas 


(i ee oy (w, V) 





where u(V) and M(V) are summable functions of V, independent of u ;* 


Gui) The total variations of «(U, V) and y(U, V) with respect to U,. 
for constant V, are bounded functions of V, and therefore of (U, V); then 


\\. fle, ydxdy = | | fee y) oak Z f dudo, 
aJdb 


where C is the mage of the rectangle (a, b; ¢, d) in the correspondence 
CoC pean (ily) 

Indeed the conditions (i), (ii), and (iii) ensure not only the validity of. 
the Formula for an Area, by the theorem above quoted, but also the 
rectifiability of the curve C, since x and y on the curve are functions of 
one of the variables only at a time, and these functions are integrals. 
Thus the integral of f(z, y) over the area exists, by the results of the 
present paper. 


* This condition need only hold for a countable everywhere dense. set of values. of y. 
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Also 


J] A’] = 1{aeu+h, v)—alu, v)} {y(u, o+b—y(u, v)} 











uth | Ox(U, v) ie ce V) | 
<j) povienh awe): a 
uth o+k 
ath oo 2) au \" u(V) av. 








Hence, summing all over the fundamental rectangle, we have, since the 
first of the two integrals, just written down, is the total CELE of 
x(U, v) in (u,u+h), say X(u+h, v)—Xlu, v), 


o+k d 
al Al | (Xe, v)—X(a, v)} | u(V)av | <s BY a) adV, 
since, by (iii), there is a constant B> X(c,v) —X(a, v), for all values. of v. 


Thus =| A’| is bounded, and the conditions of § 19 are satisfied, which 
proves the theorem, 
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CURVATURE AND TORSION IN ELLIPTIC SPACE 
By M. J. Conran. 


| [Received May 21st, 1991.—Read June 9th, 1921.) 


Summary. 


(i) Analogues to Frenet’s formule are deduced in the form of eighteen 
equations between the line coordinates of the tangent, principal normal 
and binormal and their derivatives with respect to the arc. 


(i) By drawing from a given point quadrant lengths right parallel and 
left parallel to the tangents to a curve, we obtain two curves I’,, [, which 
may be termed the Right and Left Indicatrices of tangents. 

It is proved that all curves having two given plane curves I’; and I’, as 
Right and Left Indicatrices are geodesics on a certain surface, and that 
this surface is a parabolic surface of constant curvature,* so that its 
geodesic geometry is Euclidean. 


(iii) Extensions to Oat space theorems due to Bertrand and 
Mannheim. : 


(iv) Theorems on the curvature and torsion of curves whose tangents 
belong to a complex of any order. For example, it is proved that for all 
curves touching a singular line at the same point P (other than the 
singular point) the ratio of curvature to torsion at P is the same. 


1. The fundamental equations are 
to ty eyes lL, 
and ds* = dxi+dx?+dz2+dz2, 


where 2p, £1, Za, 23 are the sines of the perpendiculars from the point x to 
the faces of the quadrantal tétrahedron of reference, and the unit of 


* Cf. Whitehead, ‘‘ Geodesic Geometry of Surfaces in Non-Euclidean Space,’’ Proc. 
London Math. Soc., Ser. 1, Vol. xxrx (1898), p. 275, 
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length is so chosen that the length of the whole line is 7 units in the 
‘polar’ form or 27 units in the “antipodal”’ form of elliptic space. 

Denoting the vertices of this tetrahedron by Vo, Vi, Vo, V3, ib 18 con- 
venient to regard Vy as the origin and V,V,, V,V2, VoV3 as the positive 
senses of the edges through the origin. The positive senses of the re- 
maining edges will be V,V3, V,V;, and V,Vz. It is also supposed that 
the vertices are so taken that the positive .senses of translation and rota- 
tion follow the right-hand screw convention. 

We have to deal throughout with directed lines in space. If 2 and y 
are two points at a quadrant distance there is one direction in which, 
starting from x and proceeding a quadrant distance, we arrive at the point 
(Yor Y1> Yor Ys). If we proceed in the opposite direction a quadrant distance 
from x we arrive atthe point (—y), —y1, —Ya, — ys). The first mentioned 
direction will be termed the sense x: to y of the directed line zy. The co- 
ordinates of the line in this sense may be taken to be the six quantities 
Per» Pox Pos» Pas» Pair Pix, Where 


| - Donn = LmnYn tues 
We have then --— — py Pag +Po2 Pa t+Pos Piz = 0, 
and ) Dae = 1. | 


It is useful to note that the coordinates of the reciprocal line are 
Pog, P31 D121 Por Po2 Po3» Where the positive senses of the two lines are so 
related that they have a positive mutual moment. 

We have also to deal with the mutual angular or distance relations of 
two directed lines. If p and gq are two lines and 6 and 6, their common 
perpendiculars, we have the known formule 


Po V2 P02 931 + Pos W712 FP 23 Vo1 F Psat P2903 = sin 6 sin 0, 
and Poor + 02902 tPos Jos + P23 J23 + Pat dai t+ P12912 = COS 0 COS dj. (1) 


With regard to the signs of 6 and 4, it will be observed that 6, is the angle 
between the planes (p, 0) and (q, 6), and may be regarded as the angle of 
divergence of the lines in the vicinity of their common perpendicular 0. 
We may then, in the first instance, suppose that 6 is positive and less than 
a7; 0, will then be positive or negative according as the lines p and q have 
% positive or negative mutual moment. If 6,= 6, the lines are right- 
parallel; and if 6, = —4d, the lines are left-parallel. With this convention 
equations (1) will be universally true. | 


2. A more useful system of line coordinates for our purpose is to take 
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the six quantities p,, Do, P3, Pay Ps, Pg defined by the equations 


Pi =PutPes Pa = PeatPa Ps = PostPr, 
Ps = Por—P233 Ps = Por—Ps, Pe = Pos—Pi2 


-and satisfying the relations 
pPitptp;=1, pitpst+p; = 1. 
The coordinates of the reciprocal line will be 


Pi» P2, P3, ~P4s. Ps, —Pe- 


Equations (1) now become 


PiUtPrgetPs7s = cos(d—d,) and Pigs +P5IsTP6Ies = C08 (6+4)), 
or shortly pd =cos(6—<d,) and PY = cos (6+5)). (2) 


The lines joining the origin to the points (0, p,, Po, ps) and (0, p4, Ps, De) 
are respectively right and left parallel to the line p. Calling these the 
right and left representative points, and denoting them by R(p) and L(p), 
we have the geometry of lines in space associated with that of point pairs* 
in a plane and a class of theorems in plane geometry can be immediately 
translated into theorems on lines in space. 

If lines are right parallel their R points coincide and for left parallelism 
their LZ points coincide. If two lines intersect, the distance between the 
K points is equal to the distance between the Z points and equals the 
angle between the lines. Other general relations are easily established, 
but these are sufficient for our purpose. 


3. If a line is a tangent to a curve in space, the R and L points de- 
scribe curves which may be called the Right and Left Indicatrices of 
tangents. There are also Indicatrices of principal normals and of binor- 
mals. Denoting the tangent, principal normal and binormal by the letters 
t, n, 6 the points R(t), R(n), R(b) are the vertices of a quadrantal tri- 
_ angle. 

Since the tangent is at right angles to two consecutive binormals and 
the binormal to two consecutive tangents, the Indicatrices of tangents and 
binormals are reciprocal curves, and the line joining A(¢) and A(d) is a 
common normal to the two Indicatrices. The tangents at A(z) and f(d) 


* Cf. Coolidge, Non-Huclidéan Geometry, Oxford, 1909, pp. 124 and 227. 
SER. 2. vou. 21. No. 1420, O 
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consequently pass through R(n), and we have for a small displacement 
alee Nag: CENT aC le amen | fis 
and abi) = A041, —4d0sl No: 
Similarly from the consideration of the Left Indicatrices, we have 
dt,/n, = _dt,/n, = dte/ I, 


and db,j/n, = dbz/n, = db¢/ Ng. 


4. We now proceed to an exact determination of these ratios in terms 
of the curvature and torsion at the point. Let the coordinates of a point 
P on a curve be supposed functions of the are s, and let PT, PN, PB be 
quadrant lengths along the tangent, principal normal and binormal. We 
suppose PT’ in the direction of s increasing: There are two directions 
from P to the centre of curvature. For one of these the radius of curva- 
ture is less than a quadrant. We suppose PN drawn in this direction and 
that the curvature is then positive (this convention is only used for con- 
venience in the demonstration and may be dispensed with in the subse- 
quent use of the equations). The binormal PB is then taken in such a 
sense that the tetrahedron (PTNB) regarded as a rigid body can be moved 
into coincidence with the fundamental tetrahedron (V,V,V_V3) so that the 
points P, T, N, B coincide respectively with Vy, Vi, Vo, V3. The torsion 
will be supposed positive when the tetrahedron (PTNB) has a right-hand 
screw motion along PT. With these conventions we have the known 
Sy cotr =e = (Pte tat alt—D}, (3) 
and TK = —(en'ax"'2'"’), (4)* 


where 7 is the radius of curvature, «x the curvature, 7 the torsion, and 
the accents indicate differentiation with respect to the arc. 

Taking the tetrahedron (PTNB) as the system of reference and using 
equations (3) and (4) to determine the constants, the coordinates of a point 
on the curve in the vicinity of P have the values 


Lo = 1—4357+ A (1+x*)s*+... 
ty = s—2(1+x*)s°+... 


Lo = 4xs?+... 


(5) 
tg = irxs®+... 


* Cf. Whitehead, Universal Algebra, p. 480. 
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The coordinates of the tangent and principal normal are 
t r t 
toy — (29% —- 2 Xo), tog ae (1X3 —%gXo), &C., 
wad iy " " peer ey " " 
Ng, = Kyi — 2120). Mog = K* (Ng X3—Ae_Xo), &C, 


The binormal is the reciprocal of the line joining the points 2’ and 
«(2+2''). Its coordinates are therefore 


= " tt = } 
Ae '! 25(@3+23)—25(%g+29)}, bos = K 1! 29(@ +21) —23(r9+2x0)}, &e 


: ; dt, 
We have immediately qe KMe 


for Te tes alee tebe Wiclt ped ae 


Substituting the values in formula (5), we find 


Ny, = —KSH..., Nog = — 47K? +..., 
and b 01 = Arks® +.. One = Axs°+... e 
Hence a =—(7T+1)n, and os = —(rT— 1) 4. 
Also e+ni+ob} = 1. 
Therefore oh = = (r+1)b, —Kt,. 
ge: dng 
Similarly a = (r—1l) dy — Kt, 


Summing up these results we get the following eighteen equations 
analogous to Frenet’s formule 


at, 
Felt 


din, -| 
ds 


db, 
oP = (r-+F il) 1; 


and dr = EKit. a 





= (r+ 1) b.—x«t, (Tel 25) 
, - (6) 


ds 
dn, 





= (r—1) b,.— «xt, (7 == 43/5, ,6) 





— —1)n, 
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It is useful to note that these equations remain unaltered if the signs of 
x, n and 0 are simultaneously changed. 


5. Equations (6) of the preceding paragraph may also be obtained by 
considering the motion of the trihedron (¢, 2, b) as a solid body with one 
degree of freedom. 

Let X be a point referred to a fixed quadrantal tetrahedron A, and 2 
the same point referred to a moving tetrahedron A’, the coordinates of 
whose vertices a, 0, c, d are functions of ¢. Then 


p05 = An Ly bimn%1 Cmte + dns (m = 0, Lie, 2, 3). 
For a small displacement we have 


A AX 2 AE (2 Ain Lo) dt 
Hence 


AydXy+a,dX,+a,dX,+a,dXg = ALy—( 93 Xp 91 Lo Myg%q) dt 


boyd Xt 9 = dx —(— W3 Lot 3 Lq— Wg L3) At 7) 

o)dX)+ , = dits—(— wg, 2) 09, %3— yg t,t | | 

dd X + 09 = AX, —(— M2 Ly+ &y9 1 — 9, 1) at 
where @y = Codpterd, +erd, +¢3ds, 


yaa na dies Ge 
Wog = OoCgt bic, +b2¢g + b3¢s, 
Wg = Abby az b, +a2b, +43 bs, 
Wg, = AjCo +41 Cy +3 Cg +4503, 
W19 = Ady tard, + ard,+ a3ds3. 


Hence the displacements of the point w referred to the instantaneous 
position of A’ are given by the right-hand sides of equations (7). That is. 
if (€)€,&2€3) are the coordinates of the point referred to the undisturbed 
position of A’, we have 


AE) = AXy—( 3%, +05, 2g +0275) dt, 
AE, = AX; —(— Wag Xo wg %g— Wy2%3) dt, 
dé, = Ay — (— Wg, Lo 1X3 — Wg X1) At, 


dE; = dkz—(— ag Xt WX — Wg La) At. 
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It is clear that the quantities wp), w 3, &c., are the angular velocities round 


the edges ab, cd, Xe. 


The point (Am, Om; Cm: Am), being a vertex of A, is fixed. Therefore 


da 





din 
dbin 


dt 
dG 
dt 


diy 
dt 





Wag Ge. sa W31 Cm = 19 Gan 
Wg Am F yg Cm — Wg Ein 
ea Oe oo eG) 


31 Ain F ® 91 din — &g Om 


12m ae Wo2 bn— Wo1 Cm 


_ Let the coordinates of the edges ab, ac, ad be respectively 


Any ie Yr (7 — Abe 2, 3, 4, D, 6). 


We can readily find da,/dt, &c., by means of equations (8). 
The resulting equations are 


dt 


da, 





dp, 
dt 





dt 
da, 
dt 


dG, 
dt 








dt 


where Wy = Wq1 + 93; 


W, = Wo1 — ©933 


= ea 
= 0 Yr— Wy (r = 1, 2, 8) 


ane = wd, —on8, | 


ae 5 Br— Ws Yr 


= Wy Yr— We Gy | (r = 4, 5, 6) 


ae = w5a;,— 048, | 








| 


J 
Wy, = My +w31, Wz = Wg oy, 


Ws = W231, We = W093 49: 


When the vertex a@ moves with unit speed along a curve and a, B, y 
are respectively the tangent, normal and binormal the values of the 
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angular velocities are 
@g = 1, oo = 0, ow, = 0, 
© = T, —%q. = 9, = Og = , 


and equations (9) reduce to the anologues given in the preceding para- 
graph. 


The Indicatrices I,, 1%. 


6. Denoting by x, s,, 7, the curvature, arc, and radius of curvature of 
the Right Indicatrix of tangents [,, we have 
ds? = d?+dtt+d = xds* 
from equations (6) or Osu aK ase (10) 


The tangent to I’, is reciprocal to the line joining the origin to the 
point A(d). Its coordinates are therefore (b,, bo, b3, —b,;, — bs, — Os). 

The normal to I’, is reciprocal to the line joining R(m) to the origin, 
and its coordinates are 


(—%, —M%q, —Ng, 4, Ne, 3). 


Therefore, from equations (6), 





LE 
Ustad See 
or ae TH Ny —= — Ky}. 
K 
il 
Therefore kK, = corr, — ae (11) 
R(n) 
Rid) 
C; 
R(t) 


Fre. 1. 
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Fig. 1 shows the relative ‘positions of the points R(t), R(n), R(b) and 
C, the centre of curvature of the Right Indicatrix when « and «x, are 
both positive. 


Denoting by xg, 8, 7, the corresponding elements of the Left Indi- 


eatrix [’,, we have 
ome est Sts 


and Kg = Cot 1% = (rT—1)/k. (12) 


7. Conversely two arbitrary plane curves I’, and IT, may be regarded 
as the Right and Left Indicatrices of a system of curves, and if we put 
8, —S, = a Or 8,+5, =a, to each value of a corresponds a pair of curves 
and as a varies two surfaces are generated. 

The properties of these surfaces may be investigated as follows. 

We have a congruence of lines given by the coordinates 


t1 (Sy), ty ($4), t3(S3), ty (Sa)s ts(So), tg (So), 


2 2 2 
where e?+i+2= 1, ) + (7) 4225) as 
flay roe be ees Ne ALLEN GT 
aratg=1 (Ge) +G2) +(e) = 


The line is a tangent to a curve, if 
yh eee 2 


Consider, in the first instance, the case s;—s,—=const. The principal 
normal is given by 


£1 (s1)5 to(s1), t3(S4); t4 (Sq), ts (So), te (Sa), 
and the binormal by 
RP ONT NC PRN St Ry A ae eh eC 


The coordinates of the point on the curve may be expressed in terms of 
s, and $3, but the expressions are unsymmetrical and unwieldy and are 
not required. It is however apparent that we may regard s, and s, as 
curvilinear coordinates for the surface. The curves s;—s, = constant are 
generating curves having I’, and I’, as Indicatrices. The curve s, = con- 
stant is clearly the locus of points on different generating curves, the tan- 
gents at which are right parallels and s,; = constant gives the locus for 
left parallelism. 
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It will now be proved that the surface has the following properties :— 


(a) The generating curves s,—s, = constant are geodesics on the 
surface. 


(b) The curves s; = constant and s, = constant are the asymptotic 
lines. 


(c) The Indicatrices of any geodesic on the surface are parallel curves 
TO: 


(dq) The geodesic geometry of the surface is Euclidean. 


8. One method of investigation is as follows. 

For given values of s; and s, the values of ¢, n, b are determined by 
means of the formule in the preceding paragraph. Consider then the 
curve s, = constant, and let 7, N, B denote the values of ¢, », 6 for a 
small increase in s,;. Also let 4,, and fe denote the common perpen- 
diculars of two lines p and g. Then 


COS (Ong—Onq) = PY; 
CO8 (Opg-+64q) = PY 
and 4 sin? 4 (Onq—Spq) = (Pi— 91)" + (Pa— 90)" + (P3— 9)" 
4 sin? $ (Opq+ Sq) = (py— qa)? + (P5— 95)" + (De— 40) 
We have therefore (O:r—6;7)? = 0 


and (Gir+oir)? = (2 +t+2,7) ds3, 
or Orr = 4589. (138) 
Similarly 463, = X(bidsy+...)? 
db, pds ual db, Res T—1 
and Asis RT yt Fe 
that is Opp = % Cob r2d55. (14) 
Also 46ty = DK? {(T— 1) Oy — Ket}? ds?, 
that is Onn = 4 COSEC 7'9ASq. (15) 
Again cos (6yr—6y7) = 0, 


gince fhe = ty (r — 1h 2, 3), 
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and cos (Cor +dir) = Dd, (ty + tds, +4tids? ...) 
: = $2 0,1, 08s. 


Hence yr is of the second order and the line } touches the surface. This 
proves that the generating curves are geodesics on the surface. 


Now cos (dy: —oy;) = O 
and cos (On: tom) = UVty(ny+nydsg+...) = — dszq, 
that is sin Oy; sin dy; = 4dsy. (16) 


Hence N and ¢ have a positive mutual moment when ds, is positive. 
Finally, cos (6y,»—déy) = 0 

and COS (Oyo + Ons) = DVhy(ry+nids, ...) = cot 1dsp. 

Hence sin dyp sin dy, = — 4 cot dsp, (17) 

that is N and b have a negative mutual moment if « is positive and 


rio. 


Equations (18), (14), (15), (16), (17) prove that when « is positive 
and +> 1, consecutive points P and P’ on the curve s, = constant are 
situated as shown in Fig. 2, and that the distance PP’ = 4 cosec 72d59. 
(The principal normal is in the direction from P towards the observer.) 





P 5 
Fic, 2. Fig. 3. 


It is found in a similar manner that consecutive points P and P” on 
the curve s, = constant are situated as shown in Fig. 8, and that 


PP" = 4 cosec 7,8}. 


’ 
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If Q is any point (s,+ds, s9+dsy) on the surface near P(s), 89) and du, 
dv the projections of PQ on ¢ and.b, we have 
du = 4 cot r,ds,—4 cot 12 ds8q, 
dv = 4ds,—4ds. 


These are perfect differentials, since 7, is a function of s, only and 7 a 
function of s, only. 
The element of length is then 


dS? = du?+dv’, 


and the geodesic geometry of the surface is Kuclidean. 
The simplest example of such a surface is a circular cylinder. 


9. Another way of obtaining an expression for the element of length 
on the surface is as follows :— 


Lemma.—‘ If ¢, n, 6 are three mutually rectangular lines intersecting 
ina point P, and 7, N, B three mutually rectangular lines intersecting 
in a point @, then 


8—4sin?PQ = ¢7.tl +tN.tN +tB.tB 
+nT nT +nN .nN+nB.nB 
+67. 60 +0N.0N +6B.B, 
where i= “2, +t,.T, +t, 73, 
and tT = tT, +t5Ts+tgT., &c.” 


Let d,, d,, d; be the perpendicular distance of @ from the lines ¢, n, 0} re- 
spectively. Then 


2 sin? PQ = sin? d,+sin? d,+sin? d3. 
Now a line through Q is given by the coordinates 
AT, + uN +vB, for 7 = 1, 2, 8, 4, 5, 6. 
This line will be right-parallel to ¢, if 
AT | +uNi+vB, =, AT>+uN,+vB, = t AT3+uN,g+vBs = ts. 
Hence A= iT, uw=tN, v=tB, 


and cos 2d, = #7.tT + tN.tN + ¢B. 1B. 
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Similarly cos 2d, = NT .nT+nN.nN+nB.nB, 
and cos 2d, = DT.bT+bN.bN + bB.0B, 


and the Lemma follows immediately. 
In the present instance, using equations (6), (10), (11), and (12) to 
effect the reductions, we have 


tT = Dt, (é,-+ tlds, +-4tids?-+...) tT = 1—ids?+..., 
= 1—3ds?-+.... ie 
Since Dita ote,” 3 
iN = Yt, (4 -+nids,+...) tN = —ds,+..., 
= — ds,+...,; 


CBI hod eb os tB = kcot ydsi+..., 


= dcotr,dsi+.... 


Since Yt, = —LDHdi = (r+ D)/«c; 
nT = rn, (t,+tids,+...) nT = ds,+..., 
SGV ees 


MN = =n, (m+nids,+4nids?+...) nN = 1—4 cosec’ rads}+..., 

= 1—3 cosec’ rdsi+... 
Since Dn nt = — «7D { (7 +10, — «et, }? ; 

nB = Dn, (b, +bt ds, +4bids?+...) mB = — Cot redsy+..., 
= — cotr,ds,+...3 

bT = Xd, (tt, ttids, +4 ds?+...) bT = $cot r,ds?+..., 
= dt cotr,dsi+...; 

ON = Xd, (ny +nhds,4+...) ON = cot rpds.+..., 
= cot 7, ds,-+...; 

bB = Xb, (b,+bids,+4b/ds?+...) bB= 1—3 cot* rgdsj+..., 


= 1— cot? r,ds?+.... 
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Substituting the above values in the formula of the Lemma, we get 
4 sin? PQ = (ds,—ds,)’? + (cot 7,ds,— cot 12459)" 
-+terms of the third and higher orders. 


Hence dS? = du?+dv’, 

where du = 4 cot 7, ds, —4 cot rds, 
and dv = 4ds,—4ds,, 

as in § 8. 


10. We have now to examine the nature of the curve s; = constant. 


Let the tangent, normal and binormal to this curve be denoted by T, 
N, and B. 


We have T = teos7rg+b sins, 
and dS = $ cosec 7, ds. 
ghee : . drs 
Now as = 2sin r,(—¢, sin 7+, cos 7) Ts 
CHA sn Veen a _\ arg in 7 (S4 sO, Ne 
ahaa 2s8in 7o(— t,8iIN7,+ 0,C08 79) ae +2 sin 7 ie cos EEN GRs sin rs) 
: , dry 
= 2 sin 7,(—t, SiN 72+ 0, C08 72) =—, 
ds, 
OU) a Sab; 
since cot 7, = (tr —1)/x =: die 


Hence N is the line (—¢sin7r,+0cos7,) and lies in the tangent plane. 
The curves s; = constant are consequently one system of asymptotic lines. 
The curvature is 2 sin 72. dr,/ds,, and can easily be expressed in terms of 
x, T and their derivatives. The torsion 1s equal to —1, since B is the 
normal to the surface and moves righi-parallel to itself along the curve 
Ss; = constant. 

The curves s, = constant are the other system of asymptotic lines and 
have constant torsion equal to 1. 


11. The tangent to the geodesic making a constant angle 0 with the 
geodesics v = constant istcos@+0sin 0. The Right and Left Indicatrices 
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of this geodesic are therefore curves parallel to I’; and T, and at a normal 
distance 0 from these curves. 

There is a second surface corresponding to the relation s,-+s, = con- 
stant, and the two surfaces constitute the focal surface of the congruence 
of lines whose & and LZ points move on I, and IL, respectively. 


12. Equations (6) have the advantage over the Euclidean analogues in 
so far as they concern all six coordinates of a line and determine the line 
completely. It is not surprising then to find that they are particularly 
powerful in all investigations concerning curvature and torsion. 

A general method of procedure is as follows. The lines ¢, n, b and 
their reciprocals ¢’, »', 6’ form a quadrantal tetrahedron, and the coordi- 
nates of any other line can be expressed linearly in terms of ¢, n, }, 
t', n’, b'. Let the elements of an associated curve be 7, N, B and its 
curvature, torsion and are K, T, S respectively. If 7 be expressed in 
terms of ¢, , b, &c., the coordinates of N may be obtained by differentia- 
tion. B can then be found and further differentiations enable us to deter- 
mine K and T. 


18. Take, for example, the associated curve to be the edge of regression 
of the polar developable surface. 


Here T = beosr+# sinr, — 
that is, T, = b, cosr+i,sin 7, &e., 
and T, = b,cosr—é, sin 1. 
Therefore 
; dr ee an 
KN,dS/ds = {xsinr—(r+1) cos r} n,+¢, cos r ds — b, sin ia 
dr sh Oe 
= t, cos r 7 —b, sin 17. T COS 7. (18) 
svi dr CLT. 
Similarly AN,dS/ds = —t,cosr 7s —b,sinr Fg AT COS. (19) 


Consequently N is the line 


Peed Beety ts yet oh eh me 
i (¢ COs 7 bsin 7) NT COST). 
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The line B’ meets T and WN at right angles and is given by 
Os te 9 ; 
n — +?#'7 cos* r—br cosr sin’. 
ds 
Therefore B is the line 


dr : 
n 5 + tr cos? r—b'r cos 7’ sin 7. 


The angle between B and ¢ is R, the radius of spherical curvature. 


vt 
2 


A | 
Hence cos R = 7 cos? rf I (*) + 7? cos’ x : (20) 


Aa RUTH LGS alee We ay 
and sinh = 2/1 (2) + r*ecos*7T , 


where h is the distance of the centre of spherical curvature from the 
principal normal. The line B can now be expressed in the form 
B= tcos R—D' cosh sinr+mn' sin h. 
Differentiating we find 
—(t+1) N,dS/ds = t,{—sin R dR/ds—x« sin h| + &e., 
and —(t—1) N,dS/ds = t,{—sin RdR/ds+x« sin h} +&c. 


Comparing with (18) and (19), we obtain the relations 


(C+1)/K = (x sinh+sin R dR/ds)/cosr = 


(C—1)/K = (x sin h—sin R dR/ds)/cos r - 


Therefore K-* = sin R secr dR/dr, 
tj ; dr 

and Gh” = gin Aicosec 7 /.——. 
ds 


Equation (20) may be reduced to 


2 
tan? R = tan? r+ (+ £ tan r) ; (21) 
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The Reciprocal Curve. 
14. In this case we may write 
Tess tu, 
Therefore KN,dS =x«nds, and KN,dS = —cn,ds. 


Hence we may write INIStrt 
Consequently BD, 

From which (C+1)N,dS = (r+1) n, ds 
and (C—1)N,dS = (r7—1) ny, ds. 
Hence (C+))/K = (7 +1)/x, 
and (C—1)/K = —(t¥—Dfk. 
So that lC=skrrviand Gi "1/7; 


These values of K and T are otherwise immediately evident, except 
possibly as regards sign. 

The rectifying developable of a curve is the polar developable of the 
reciprocal curve. Consequently the edge of regression of the rectifying 
developable is the centre of a sphere which touches four consecutive oscu- 
lating planes. Suitably modifying equation (21) we find R, the radius of 
this sphere by the formula 


cot? Ry = 77/K?+ (< (7/k) 


Curves for which « and +t are Constant. 
15. Putting (7+1)/« =cot7, and (r—1)/x = cot 7, 
we infer from equations (6) that 
t@COd 71+-0n 810 7) — Cy. Oe — 1, 2, 8), 
and nae COG La+- Oni bill 1.1 C wae == 4, 9, 0) 
Evidently citete = 1 = 2+ce2+c?. 


Therefore (¢1, Co, Cg, C4) C5) Cg) are the coordinates of a fixed line c, 
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Also cn =O = cn, and therefore m meets c at right angles. 
Moreover c(tcosr,;+6sin7,) = 1, 


and c(tcos7,+6 sin 7) = 1. 


Hence the lines (¢cos7,+0sin7,) and (¢cos7,+6 sin 7,) are respectively 
right and left parallel to c,.and the length of the normal is equal to 
% (1, ~ 74). 

The curve is consequently a geodesic on a circular cylinder of which 
(t{cos7,+06sin7,) and (¢cos 7,+6 sin 73) are generators. 


Curves for which (r + 1)/k ts constant. 
16. If (7+1)/« is constant, we have 
tin COS Tyzt70m SDA, = Cae (t= 1,°2)73)- 


Hence the line (¢cos7,-+0 sin 7,) is right-parallel to a fixed line, and the 
curve is a geodesic on a ruled surface whose generators are right-parallels. 

The interpretation of (r—1)/« = constant is analogous. These sur- 
faces may be generated by the screw motion of a curve about a given axis, 
the pitch of the screw being +1. 


Bertrand Curves. 


16. In this case n=N. 
d — — oo 
Now qa tf = «nT + S'KIN = 0, 
d ; 
and qs ff = cnl+ SKIN =0, 


where ite hey iP 


Therefore cos (é6—6,) and cos(6+6,) are constant, where 6 and 6, are the 
perpendicular distances of ¢ and T. 
Hence corresponding points on the two curves are at a constant distance 
apart and the osculating planes are inclined at a constant angle. 
Supposing 6 to be the distance and 6, the angle, we find on differ- 
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- entiating tN, tN, bN, ON, the relations 
x = 8' {(C+1) sin(6,—6)+K cos(6,—38)}, 
xk = 8' {(C—1) sin(6,+6)+K cos(6,4+6)}, 
7+1 = S'{(C+1) cos(s,—6)—K sin(6,—4)}, 
7-1 = 9S’ [(c—1) cos(6,+0)—K sin(3,+6) }. | 
The following results are easily deduced : | 
. TT = sin’ 6, cosec? 6, 
showing that the torsions. have the same sign : 
(cot 6O—x)(cot 6-+ K) = cos* 6, cosec? 6, 


giving an anharmonic property for the two centres of curvature and the 
two points on the curves: 
k-+7 cot 6, = cot 6, 


which is the necessary relation between « and 7: 
R,=1+6—6, Ry =7%4—-6—4, 


where R,, 7, are the radii of curvatures of the Right Indicatrices of the 
two curves, and Ry, 7. those of the Left Indicatrices. Hence the Right 
Indicatrices are parallel curves at a normal distance d,—<¢, and the Left 
Indicatrices are parallel and at a normal distance 0,+0. 


Mannheim Curves. 


17. If the principal normal of the first curve is the binormal of the 


second curve, we have 
n= B. 


Let 6 be the distance between the points on the curves, and 0, the second 
common perpendicular to ¢ and T. | 


We have &. 67 = — (r¥4+1)nT4+S'K bN, 
and 


bT = — (r—1)nE+S'K ON. 


Now bf =cos (4— a —6) and ON = cos(d,—7—6). 


SER. 2. You, 21, wo. 1421. P 


210 M. J. Conran [June 9, 


Therefore “ (6,—<s) = — S'K, 
eee d , 
and similarly as (6, +0) = — S’K. 


Accordingly 6 is constant, and corresponding points on the two curves are 
at a constant distance apart. Also 


{B = 0 =x«nB—S'(c+DtIN = «—S'(t+1)cos (4-3 —6). 
Therefore kK = S'(c+1) sin(6,—9¢). 
Similarly x = §'(c—1) sin(6,+9). 


Differentiating bB and bB, we find 
t+1 = S'(c+1) cos (6; —9), 


and 7—1 = S'(T—1) cos (6,+8). 
Hence cot 7, = (r+1)/x = cot (6,—9), 
and cot 7, = (r—1)/x = cot (6,+-6). 
Therefore Ny—1, = 26 (mod 7), 


so that for a Mannheim curve the difference of the radii of curvature of the 
Right and Left Indicatrices is constant. 
The relation between « and 7 is 


(x—cot 26)?+7? = cosec? 26. 


If this relation is given, 6 is determined to a multiple of 7/2. This is ex- 
plained by the fact that a curve and its reciprocal have the same binormal. 


Curves of a Linear Complex. 
18. A linear complex may be defined by the equation 
Qy Pr T A Pot Ag P34 Pst As Pstag Ps = O, 
or shortly ap+ap = 0. 
If ¢ is a tangent at a point P to a curve of the complex, we have 


at+at = 0. 
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Differentiating with respect to the are, we get 
an-+-an == 1th 


Therefore n belongs to the complex, and the polar plane of P is the 
osculating plane. 


A second differentiation gives 
(r-+1)ab+(r—1) ab = 0. 


Hence the torsion depends only on b and is the same for all curves 
through P. 


Differentiating again, we get 
dr/ds (ab+ab) = 27(@i—an). 

Hence dr/ds is the same for all curves with the same tangent at P. We 
note also that for a maximum or minimum value of 7 the principal normal 
meets the axes of the complex at right angles. [It is evident that the 
lines (Aa,, @a9, 9a3, +¢a,, + $a;, +a) where 0-? = aj+az+az and 
o-? = aj +ai+az are the axes of the complex. | 

Two further differentiations enable us to eliminate at, at, &c., and we 
obtain the following differential equation* connecting the torsion and 


curvature and their derivatives with respect to the are of a curve of any 
linear complex 


Ar KT 3—2TT,(Q2rK, +97, 04) +1 Skt? + 67K, Co 
+4771 «(1+3877°+%)— 87°x,(77—1) = 0, 


the suffixes denoting differentiation with respect to s. 


Curves of a Line Complex of any Order. 


19. Let E'(p) = F (pr, Po, Ps. P4r Ps» Pe) = 9, 


be the equation of a general line complex. 
For a curve of the complex through an arbitrary point P, we have 


F(t) = 0, 
and differentiating, pi ge pment 





* Cf. Egan, ‘* The Linear Complex and a certain Class of Twisted Curves,’’ Proc. Royal 
Trish Acad., 1911, p. 61. 


py 
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where 1 eo Ar 


Substituting ¢-+An for ¢, we find that 
F(é+An) = 0 


is divisible by \?. Hence the osculating. plane touches the cone corre- 
sponding to the point P. 
A second differentiation gives. 
KU Ny Ns Frys (t+ 1) (6, Fy +b, Fo+ b3F'3) + (7 — 1) (6, F +6; F +06 F 5) = 0. 
(22) 


There is consequently a linear relation connecting the- curvature and 


torsion at a point of all curves of a complex which touch one another at 
the point. 


If P is a singular point and ¢ a singular line of the complex, we have 
the relation F4F4F = F474 Fe, 
and the coordinates of the conjugate line are 
F,, Fy, F3, —Fy, —F;, — Fs. 
Denoting this line by q, equation (22) becomes 
«Eryn, Feet bg-+ bg 7)! 


In the general case, when the singular line is a double line on the cone, 
we have the following theorems :— | 


For all curves of a complex which touch a singular line at the singular 
point, those which have the same osculating plane have the same curva- 
ture at the povnt. 


For curves which have the singular plane as osculating plane, the 
singular point 1s a point of inflexion. 

For curves which have for osculating plane either tangent plane 
through the double lune, the singular point is a cusp. 


By considering the reciprocal curve, we find the following theorems for 
curves of the complex which touch the singular line at points other than 
the singular point :— 


Curves which touch the singular line at points other than the singular 
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point have the singular plane as osculating plane, and the ratio x/t vs 
the same for all curves touching at the same point. 

There are two points on a singular line for which r= 0, viz. the 
points of contact with the complex curve in the singular plune. 


For a plane inclined at an angle @ to the singular plane the curvature 
is given by a relation of the form 


«(A cos? 0+2B cos 6 sin 0+ sin? 6) = D sin @. (23) 


In the particular case when the complex consists of the tangent lines 
to a surface, we find 4 = C = 0 and equation (28) reduces to Meusnier’s 
theorem. 
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A METHOD OF SOLVING CERTAIN LINEAR PARTIAL 
DIFFERENTIAL EQUATIONS 


By T. W. Cuavunpy. 


[Received March 3rd, 1921.—Read March 10th, 1921.] 


1. The method enables us, for certain types of linear partial differ- 
ential equation (of various orders and numbers of independent variables) 
to obtain a solution which has as many arbitrary elements as we ought to 
expect in the general solution, and which may be made to coincide with 
the general solution in those cases in which such solution has already been 
established. The method, however, is not powerful enough to determine 
whether such solutions are actually general solutions. 

The method arises out of the method of Frobenius for solving linear 
ordinary differential equations in series in the special case in which the 
differential equation can be thrown into the form 


P()y = ayr(d)y, 


where o is the differential operator zd/dx and ¢, ~ are any polynomial 
functions of their arguments. Such an equation has, we know, in 
general, a solution 


ee, vy (a) yt V(MW(a+)) ase 
ya eRe” T Sat) a+” Mest 


where the initial exponent a is a root of the “ indicial ’’ equation 
o(a) = 0. 
In application to partial differential equations we write similarly 


BG SA Bh rigs ok also R er 6 
C= En, oP aa or On “1 Oa? iS ee Chie Seirpcs 


The equations to which the method is appropriate are of the type 
DA Oa). Oa, ones) Zea eA AO TOR aE) 24 
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and in some cases 


NOt Oster aha uns 2s gla Ur (Ory Onsia sn) 2s 


The method is best expounded by applying it to one or two well-known 
equations. I take (i) the hyperbolic form ¢,, = z, and (ii) the parabolic 
form Z,, = 2, <A full discussion of these equations is to be found, for 
instance, in Goursat, Cours d’ Analyse, tome 3. 


The Equation Zry = 2z. 


2. Just as the exponential function is fundamental in the theory of 
the ordinary equation z, = 2, so in discussion of the equation 7,, = 2, we 
need the Bessel’s function 





E,(w) = ie (1) 


I adopt this notation, for presently it is convenient to write 


E,(w) => 


0 (n!)* 


(2) 





for any positive integer k. 
Write the equation 2,, = z in terms of 0’s as 


C0 Lae. 


The “‘indicial” equation for the initial indices is 66’= 0. Hence we 
start either with x“, free of y, or with y’, free of 2, where in either case 
the index is arbitrary. Moreover every solution in series of the type con- 
sidered will ascend by powers of xy. 

The solution led by x*, or better by 7%/a, is 


at rey ap ae 


a GE Alaa GSD (ace SINR fase 


a S (xy)" Il(a—1) 
o nm! I(a+n)’ 


1.€. 


where II (w) is the Gaussian equivalent of ['\(w-+1). 
Now with certain limitations as to a, b, we have 


| { (1—2) dt = IL (a) IL (b)/M(a@+o+D. (3) 
0 


216 pike TW. Coaunpy ~~ [March 10, 


Hence the solution is 


ps S @y Tea Ty 


= (70!)* (a+) a 


(with necessary assumptions as to convergence) 


— | woz, {ay(i—t | ua 
with the notation of (1). 

But @ remains arbitrary. ‘Thus, if we multiply (7t)* by an arbitrary 
constant as coefficient and sum for every possible a, we have the most 
general function of zt expansible in powers of its argument. Write in its 
place #(xt), where ¢ is an arbitrary functional symbol.* Then the initial 
term x" has given rise to the solution 


| d (xt) Hy {xy(1—d} oS 


0 


Similarly the initial term y’ will give rise to the solution 
; dt 
\ Wyt) Ey {xy—o} &. 
0 


Hence we have as solution 


ae te Ay PRU HE ? , at 
Z= \, plat) HL, (zy(l—d} rth ; W(yh) LE, {zy(1—t)} eri, 


Take xt instead of ¢ as new variable in the first integral, yt instead of ¢ in 
the second integral, and write ¢(t), W(t) respectively in place of ¢(¢)/t, 
W(t)/t, and we have 


z= \ b(t) H, ((x—dy} dt+| YOE, ia(y—t)} at. 
0 0 


But this solution reduces to 0 for z =O =y. We must therefore add a 
complementary term representing the part of z which is led by a term 
independent of x and of y. It is found to be CH,(xy), where C is some 


* But » must satisfy the restrictions necessary to secure the convergence of the integral 
in which it occurs. A like assumption is tobe made in respect of all the arbitrary functions 
subsequently introduced. 
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constant. Thus the complete solution is now 
— OB so) +\, p(t) Hy {(2—y} a+| W(t) Hy |x(y—t)} dt. (4) 


But how complete is it ? 
_. From the manner in which it was obtained it is clear that, if (0), 
v(t) represent all functions expansible in positive powers of ¢, then the 
expression (4) represents all solutions of z,, =z expansible in positive 
powers of z, y. By a natural leap of the imagination it would therefore 
seem reasonable to suppose that, 1f d(t), Y-(@) represent all functions of ¢, 
then the expression (4) represents a// solutions of the differential equa- 
tion. 

Actually the expression (4) is the solution obtained by Riemann’s 
method as the general solution.* Hence in this example our belief as to 
the generality of the solution is justified. This form of solution is cer- 


Ne+ 7 
O é 


tainly not unique, since if z is a solution, so also is aa Oy For greater 


variety introduce the more general Bessel’s functiont 


is) 1 


Fk, w) => bd 


9 nm! W(A+n)’ (5) 


for any & not a negative integer. 
The solution of z,, = 2 which was led by x“/a, namely, 


x < (xy)” II(a—1) 
> mn! W(atn) ’ 


may be written, save for a constant factor, as 


yy 2) Litk--n) Wia—k—}) 
n! W(k+n) — TTa+n) 


(¢e) 
eee, 
¢ 


) 


1 s (xy)" 
— (7 — fyktn pa-k-1 rh aso ee 
= \ e (lo) t - ml W(k-+n) “ 


a dt 


3 
=| (ct) F \k, cya—d} ( a 
Hy Kenley ane 





* Cf. Goursat, Cours d’ Analyse (edition 1913), t. 3, Ch. xxvi, § 499, pp. 152 et seq. 
{ The notation is Schlafli’s, Annali di Mat, (2), Vol. 1 (1868). 
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This leads to the solution 


2 = CEg(ay)+\ gl) F{k, dy} es) s 
dt 
f 


+ w()F{k, ely—t)} (ey) 


(The complementary term CE,(ry) remains, since F(k, xy) itself is 
not, in general, a solution.) 

If now we write 4(x +iy) instead of z, y, we must write also 0;-+.0; 
instead of 0,0, and x?+y? instead of 4zy. This gives a solution of 


Loz Zyy = 4, 
namely, 
Pen G j heel 1—t\*dt 
z= OH, {4(e?+y)} + Pat byt F ik, 4 (ae? + y*)(1—2)} SS = 


In particular it is known that 


sinh 2/w 
Q/20 


Hence two particular solutions of Z:.+2y, = 2 are 


IT (4) F(4, w) = and II(—4) F(—#4, w) = cosh 2/w. 


: ; dt 
z= CH, |4+@7+y)} +| d(attiyt) cosh {(7?+y’)(1—d)} Tro) (6) 
0 j 
and 
Madd dt 
z= CH, {4(@"°+y")} +) pattiyo sinh »/ {(@*+y")(1—#) } Viet+y) 81 
(7) 
There is a solution of the equation z,, = z of the same general form 
=| eo fle, x, Oat 
which is well-known, namely, 
oo \ b(t) elt dt, (8) 
Y 


where y is a simple contour surrounding the origin. 

It can be obtained by adding particular solutions e“*"/", each with its 
own coefficient ¢(f)dt. Only a single arbitrary function so arises, and 
this second type of solution appears therefore to be of a character quite 
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‘distinct from the type (4). Both types occur in connection with the 
various equations to be discussed here, and it will be convenient to dis- 
tinguish them by terming the type represented by (8) the “ restricted ”’ 
solution, without prejudice to the question of its comparative generality. 
It is the type of solution obtained by Whittaker,* and more generall¥ by 
‘Bateman,+ for a large class of equations. I shall state the corresponding 
solution of this type for all the equations which I discuss, not as novel, 
therefore, but for purposes of comparison. 


As 
OnZ 
The equations ~—>~—3- = 2, ce. 
0202, 0X5 


3. We may extend the methods of the foregoing paragraph to a similar 
equation in & variables. It will be enough to give the analysis for the 
case k = 8. In terms of d’s the equation is 


Or 0g0n ee Ny hates 


The indicial equation, 6,6,6; = 0, gives 6, or 6d, or 6; = 9, so that the 
initial term must lack one variable. Suppose it «$3. 


The solution it introduces is 


2 (#1 %9H3)" I (a—1) I(6—1) 
nm! I(a+n) W(o+n) © 


8 
rma 
8 
woo 
oMs 


(#1 223)" W(a—1) (nm) I(6—1) I(x) 


(1)? Il(a+n) Il(6+n) 


lI 
& 
woe 
8 
wom 
oMs 





seared bs n fl 4 
— ona de) aa (1—f#)” fa-1 at | (1—u)" wna du 
ote ts) é ; 
iia r ’ 
F in (2 t)" (wgui)! By {a1 2923(1—2)(1—w)} = —, 
aaah 
where E;(w) = . eae 


We may now multiply (xqt)* (3w)” by any constant as coefficient and sum 
for every aand b. We are led to the arbitrary function of two arguments 





* Math. Ann., Vol. 57 (1903), p. 333. 
Tt Proceedings, Ser. 2, Vol. 1, p. 451. 
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p(xtyt, x3), and we have ultimately the solution 


|, \ oe uw) Bs |r, (t—t)(v,—u); dtdu 

0 Jo 

ae \ |. W(t, u) Hs ! (24—U) Lo (t3—t) } dt du 
0 Jo 


+ iF (xe u) Hs {(a,—t)(t_—u) £3} dtdu. (9) 


But if we put z,=0=2,, the expression (9) vanishes, and thus the 
solution led by z{ has not been included, nor, consequently, those led by 
x3, x; and by a term independent of the variables. For the complete 
solution, then, we must add to (9) the expression 


fr A(t) Es 1 (2, ani t) LyX} a+\" u(t) 3 {21 (%.—b) x5} dt 


+|°> (t) By | tq (%g—t) | dt-+ CEH, (x, 2225), (10) 


0 


where A, u, v are arbitrary functions. 


The form of solution for the general equation in & variables 
0,0)... 0,4 = 2 is now sufficiently evident. The principal terms, corre- 
sponding to (9), consist of & arbitrary functions, each of —1 arguments, 
and each integrated k—1 times. To this we add the secondary terms 
composed of k(A—1)/2! arbitrary functions, each of k—2 arguments and 
each integrated k—2 times, and so forth, ending with the single term 
CH pltrta ween) = 

It is not difficult to see that for any linear partial equation of order p 
and in & independent variables the general solution, or at any rate its 
principal terms, should consist of p arbitrary functions each of k—1 
arguments. These will in general be represented by p distinct solutions 
in series, corresponding to the p roots of the indicial equation which is of 
order p. 

When & = 1, these p arbitrary functions reduce to the p arbitrary 
constants that characterize the general solution of an ordinary differential 
equation of order p. Hach of these arbitrary functions will be subject, at 
most, to k—1 integrations. For we may take the /—1 arguments of the 
arbitrary function as k—1 variables of integration; and further quadra- 
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tures do not affect the arbitrary function and serve therefore only to de- 
fine the specific* function under the integral sign. 


Oz 


The equation $4 = © 
ve equation ~3 = a 


4. Writing this as 6(6—1)z = x’y~'d’z, we see that the solution pro- 
ceeds by ascendingt powers of a/y. The two leading terms are y", my as 
they lead the two series 


2 (— 27)" y*—” TI (n—a—1) oe (—)t ht) y—™ TT (n—b—1) 
. (Qn)! IL(—a—1) ous » (Qn+1)! Il(—b—1) 


If we differentiate the first series for « and write a= 6+1, we ob- 
tain the second, The first series gives the general solution 


| (y(—d) (aoe 











- CRIES ES cr Roe ae | Sete q ) 
0 ? ( t ) ie OR aE (11 
icra) nN i 
where EF). = » an 
Tf we differentiate for x, and write 
o(w) = — ww), 
we have for the other solution 
i \ 2 
oe ee Lt 
o\ vy i ? j oF y 7 dt, (EQ) 
io) n—1 ! 
where IF" (w) =D oe i 
: eh 


We may also write the series led by y’, save for a constant multiplier, in 


as cas) (gg oe ae Goo ep 
dy) 4 (Qn)! I(n—3) 


0 


This leads to the solution 


1 
jo | ear je a tr/(1—t)° (13) 


If we take the argument of ¢ as the new variable of integration, this solu- 





* IT mean such a function as H.{x(y—t)}, which may of course be defined by quadratures. 
+ This is necessary for convergence. 
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tion becomes dt 


Sy +t)’ 





+0 
{ v(t) eV lA td) (14) 
0 ‘ 


where + © has the sign of y. | 

We may obtain the better known solution involving the exponential 
function, if we let the definite integral enter by way of the I’-function, 
rather than of the B-function. In the series led by y* I write, then, 


Lar \ ent dt. 
0 
and obtain the expression 


itty AID Veen Ae hn 
2 Qn)! y 6 Cmly ike 


If the infinite summation and the infinite integration may cross, we 
derive the general solution 


[# (A) omg) 


By differentiation we obtain the other solution 


J, (4) etsin (2 5) F 


More conveniently we may combine the two solutions as 


\ © p(t) enutevt dt, (15) 
0 


where the sign of +© is the sign of y. 
The “restricted ’’ solution is 


| ert" 4 (t) dt, (16) 


where y is a simple contour in the ¢-plane surrounding the origin. It 
will be noticed that this is of a form virtually equivalent to (15). 

We may extend the method to any “binomial” equation in variables 
Cee Dae on COL LORELOLED 


a ay, a a 
GME CRE mnt ON bok Toes 


The solutions will all proceed by powers of 
2 


a 


pn? op. tal m 
Dus a hy ene 
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and those will converge which proceed by positive powers, if 


ay... faz, > at... fan. 


I shall suppose this inequality to hold (excluding for the present the 
possibility a,+...- az == ay +... tan). 
But I shall include the hyperbolic case 


Ser oe Codec Ee 


which can be.derived from the more general case by omitting variables 
Ly +++, Lm, aNd supposing aj, ..., a» all zero. 
Now the ‘“‘indicial”’ equation gives 


Oy == 0, 1, e209 a,—l1, 69 — 0, ie or) Qo— 1, &C. 


There will thus be a set of a, solutions led respectively by 


ag an ay Zany ln tale Qin 
Lo eee of bees 9 LyXo eee Lin 9 Ceska Ly Le eee Ling 9 
a set of a, solutions led by 
a a3 ao, ay a3 ay a, a2g—-1 as a 
Ly Ls ese Wee, Ly Lots een Dies eee, Ly Xs Ls eee oe os 


and so forth. 

It will be sufficient to give the form of the general solution represented 
by the series led by x’... 2”; the other solutions may be derived from 
it by differentiation or by considerations of symmetry. This general 
solution is 


: mun op NU Neat er 
(ate (Magy Late ae zat, BOSD, Hall 


0 ty 





aed Sth aon 
xF {apap —ay...ama—as (—42) "... (—2) "fan 


CLE EEG VAS Se 


where F(w) = = eee (aany w 


With appropriate change of variable we may write this as 


a i z> dt, EO RE 
Q wes ay m Ret. th, ayes po 
\ ne \ ats ay tu \ paren sen 1k saa 


xF {am (Xg—ty)™ see (ry — tp) * (=p — 1p) tee (Lin — tn)? } (18) 








El mee PU MONE TO Teutint ce lk: _ [Mareh 10, 
The “ restricted ” solution is __ 


| P(t, «+, m) Xp (2,0 -- tots aes, Ga Ep... ant) Ute ... dt, 
y 


) (19) 
where T' is written for the product | 
bg ORG ROME, 
O72 Oe Oz Oz 


The equations din Oe, aa and. =—~— A TAD Hea TET 
2 Dae 


5. The case in which ated term of the Sapna is of the same order 
merits special consideration. The simplest example not amenable to 
elementary methods is the equation ; 


Oj Og 2:2 O22; 
which we may write 
61092 = (2129/22) 03(63—1) 2 
The leading terms are a¢x} and x{x}. 
The first leads the series 


ap & (1 €2/23)" (a) I(2n—1—08) 
mn! W(a+n) IW(—1—)) 


Hy Ks 


oM 


% (dar, &o/a3)” I (n—1—4b) I (n—4—40) W(a—h +4) 
2 n! II(a+n) : 


Pees BF Fe (3) 
save for a constant multiplier. This becomes 


; A ftst\t (a Wa a=)" 
J, deeaoe (GE) (1-2) 


indicating the solution 


Wao) 


ei rae ah | 


The other solution comes, of course, by interchange of x, and 2. 

Since the terms of the binomial are of equal order, we may also write 
the equation as 
2 63(63—1) 2 = (a5/#, aq) 61 592. 

The leading terms are x{z} and 2,2%x3. The second series will be the 
x3-derivative of the first. 
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The series led by xx} may be written in either of the three forms 
(save for constant multipliers) 


(A) ty? S @alderz)” Ta—a—1) Win—b—-) M9) 


nm! Ii(—a—1) IU (w— 4) ; 
an (ts/45 25)" thon 2a — 1) Tm—b—1) W(b-a—3) 
GBH ee: = (2n)! I1(—2a—1) Il(n—a—3#) 
etc (23/0, 25)" I1(2n—a—b—1) IL(n—a—1) I(n—b—1) 
(22s = (20)! Il(Qn—a—b—1) } 


Of these (A) gives the general solution 





\ ( aot — ui—) as 
Mee | at 


If we change the arguments of ¢ and take —t/(1—¢) as new variable of 
integration, this becomes 


0 poe 
Pat ei ) dt 21 
| o{me spe: dar, eat ene (21) 


The other solution is the x5-derivative of this. 

It is to be remarked that (20) and (21) differ only as to the limits of 
integration. 

The form (B) represents 


1 a 
ay (2a! Ni IFa—t ie dt 
tate) {a+ 5 y/ doit, 1) (L—t)a/t’ 
where we retain only even terms in the binomial expansion of { |}. 


The odd terms are supplied by the other solution, led by a¥a}a3. We 
have thus the pair of solutions 


1 
{ &gt L4x , 
\,¢ li? re t2y/(F fone Ge: an 


With —¢(1—?) a new variable of integration this becomes 




















2 dt 
| hu b {tgt, x3 + Q/[x,e,(1—2) ]} Via (23) 
So from the form (C) we derive the pair of solutions 
L1XLo | dt 24) 
| Sa 3 ell [pCa By et 


SER, 2. vou. 21. wo. 1422. Q 
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The restricted solution is 
| r (t, x, t+ = +25) dt. (25) . 
X 


For the equation 0,0,2 = 030,2, which ig written as 
G1 0g 2 Sa (0; Pot PAE) On O42; 


we have a leading term «%x}a{ and its corresponding series 





att pe ey tayo lc 1) tne Lao) 
BE (23) nm! Il(—e—1) Il (v1 +a) 


This indicates the general solution 


\ ‘ |ea(1—0 x%3(1—t?) Lf Li Lot | dt 
3 t ? 
0 


Peg ee 
or, adjusting the arguments of 4, 
1 ( \ 
|  \a(1—2), a5 (1—=}, ee eee (1— =) S. (26) 
0 . 


The other part of the solution comes by interchange of x, and x. Inter- 
change of 2, @, with 3, x, gives a series ascending by powers 2%5%,/2,2o. 
It merely changes the limits of integration in (26), namely from 0, 1 to 
it pieen! 


t) 


The restricted solution is 


| ~ (t 2, t +25, 2 +2,) dt. 
i" 
For the more general equation 

G, 0; eee One = Onn1 Ones eee Oon2, 


we have similarly as a typical term of the general solution 


1 1 1 1 
| “a | p | tal — ty), BAe A@ Ra FON eae (1— —), Bay ipy (1— =), 
0 2 


J 


i, LN OU LA ares 
LyX ... a(1l—t)... 1 — th) +41 yy ee ee Oy (1— =) eee (1—=) sal 


(27) 
The corresponding “‘ restricted ’’ solution is 


5 x XH 
| p ‘fi eeeg bi, vy to eee tr +2x41, a + 2x42, eeeg Zt dt, e@oe ath. (28) 
y . 
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The foregoing methods can be applied to the general homogeneous 
binomial equation. It is, perhaps, worthy of notice that, unlike the non- 
homogeneous equation discussed in § 4, it needs for its solution no specific 
functional type more advanced than the surd. 

I may mention that the symmetrical equation 

Of0s2 = = Of 082 
has a+ terms in its general solution of which 6 are of the form 


\ ? | 2,(1—2), 3 (1- =), Lo [ud—-O) pow, a (1— aia e 


(29) 
where iva mm 


Laplace’s Equation, cc. 


6. It is, however, perhaps of greater interest to make a somewhat 
different generalisation of the results of the preceding section. 
If in the equation 0,0,2 = 032 we make the substitutions 


92, = xi tte, 2x, = — 2 +12, 
and drop accents, we have the following solutions of Laplace’s equation 


(of + 03+02) 2 = 03. 





1h ei slecenek Sur Miah Lg nC 
from (20), hohe eto y ee per (80) 
women, fo (SM ney EA) eta 
; LV” . @y+iz,)t ete hawk 
rome ail eateries: 1— tag) (1— y Metis EES oe 


The “ restricted’ solution (25) now becomes 
w(t, a(t) tie (t+ +) +225} 
ies t t 


If we take y to be unit circle with centre at ¢ = 0, then ¢ = e”, and the 


dt 
HE 


¢ 10, ix, sin 0+ix, cos 0+} dd, (33) 


solution is ih 
ie 


which is Whittaker well known form. 
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In like fashion, if in the equation 0,0,z = 030,42, we write 
9x, = ating, - . Ate . atin, 
92, = X11 tir, Qr, = —a3t+irs, 
and drop accents, we obtain Laplace’s equation in four variables (or the 


“& wave”? equation) (07 +03+02+07)z —i() 


and a general solution 


: 1 
\ p (tiny, (3+ 124) (1— =), 
9 0 1) ae 
@i+e)(1—)—(aita9(1-+)} S. ea 
We may extend these results to the general Laplacian equation of the 
second order in & variables. We need as lemma the well-known result 
that, if U is homogeneous of degree 7 in these & variables and is annihi- 


lated by 0?+-0;+...+0%, then 
(i+... +0p) (ai +.. +23)* U = 2a(Qa-+ 2n-+k —2) (a+... +23)" U. 
Consider then the equation in five variables of the form 
0,032 = (0? +02+02)z 
1.€. 64052 == &4%5(0? + 03+ 03) 2. 


A leading term is x7 a3agx7. But I am looking for a solution proceeding 
by ascending powers of 2x,x;/(zj-+23+23), and I shall take as leading 
term (r7+23+23)* 27 V, where 

=a Mesa Data 
t/) /{ti—d}* 
This contains as many arbitrary exponents as does a*axasxi, and is, 


therefore, probably of equal generality. With this as first term, the 
second term is obtained in the usual way as 


1 
V= \ { (tg+ixs)(1—2t)}” (+a) 0-23 (1- 


Se Ott ab bette 


But V, in virtue of (30), is a solution of the Laplacian equation in 2, 29, 3, 
and it is homogeneous of degree 2(b-+c) in the 2’s. 
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Therefore, by the lemma, this second term is 


EET (ci +azs+a2)** V.2a(Qa+4b+4ce+1). 


Proceeding in this fashion we develop (save for a constant factor) the 
series 


At, 5) (1+ #2+ 23) 5" In—a—1) 
(ai + a3+23) ee es 


ye Wat 26+ 2e+d+3) II(n—a—2b— 2¢—3) 
Il(d+n) 


If we substitute for V and proceed as in earlier examples, we have the 
expression 


rf | (2 -+-92+-22) (1— =) $42,0,(1—9)} (at tg) (1 —8) (1— —) 


x {@tt+2)a—9—2? (1— +)}"— 4)" 


i) 5 
ds dt 
Dey te Wee ee Sia ah os Le 
Ba UNte ol aeaae alia a/ deaths 
Write 2x7, = v,+ia;, 22; == —gi,+ix;, and drop accents. 


We have as a general solution of 


+ELELE+e)z = 0, 


the expression 


(fe [2G 4)-etrpa-a](a- 2); etiwno(0- 2), 


(0? -a?-+22) (1- =| —(#2+22)(1—s), (e+ie,)(1 —»} 


«(bay ayes 00 


We may proceed in this way for any odd number of variables. 
Thus for the equation 


(i+e, +o; +o, +0;+o5+ 0) 2 = 0, 
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there is the solution 


meals 1 ives (eC 2 ds dr 
f eS pee Bey a cava te adil 
ian i) ( : s : is : Cts Oh 


where {¢} is an arbitrary function of the six arguments 


La (1+) - @+en(1—} 622) (oh ' 


Y 


sera yelaa (1— —) (1 =), 





2 
| @ibej-ba} (1— =) —(e3-+2(1—9)} (1 =) didl 
(2, +245)(1—s) (1— =), 
2 2, 2 2 2 1 2 2 
@ital-+al-+ei+e)(1— —) —@2+2)(—n, 
(x, + 12,)(1—7). J 


These results are the generalisations of (80); I have not found analogous 
generalisations of (81) and (82). 


For an even number of independent variables we commence with the 
equation 


(24+ 82462462) z = 05052, 


and take as our leading term, in view of (84), 


; i) 2b 


Xx (e+e) = >) —(x3+2%) as} {(es+ix,(1—2)} al 


Proceeding much as for an even number of variables we are led to a 
solution of the equation 


(2402+ 02+ 02-+624-02) 2 = 0, 


1 
in the form | 


Idd oh Geea) ee 
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where {¢} is any function of the five arguments 


catty (1— =) (1— =) ; 


§ 


{tap (1-4) -et+spa—0} (.- 2) 


(w3+ix,)(1—#) (1 ws aa , (36) 


witaltaite)(1— +) —(+ep70—-9) 





(w, = U2_)(1—s) ) 

If two more variables x,, x, enter, we multiply the foregoing argu- 
ments of {¢| by 1—1/r and (1—1/r) alternately, suppress the double 
sign in w; +722, and add two new arguments 

A oie aed se at 1 5 | ; 

(citajtert+ao?+ai+2?) (1— =) —(xi+as)(l—r), (e+ t%,)(1—7). 
The integrand is multiplied by (1/r—1)? dr/r. 
In hke manner we may generalise the “ telegraph ’’ equation 
Leet Syy a, 


(Of +03+0;) 2 = 2 


so that, for example, 

has a general solution 
il frit 

[)[cosh v/{(et-brd-bad) 0) 
0 J0 


x ¢ |i) 1? | @i+<)0—8 —2! (1— +) |} en a 


(37) 
Again, the parabolic form, e.g. 


(LALA) e = Oye, 
is solved similarly. This particular equation has the solution 


| \ ape Came hal at ey) 





| AX, ) 
2 2 1 ; hi 
Xp - @+ie)(1—) en erty ya (1- =) |e tt | 
5 dt dt et 


Mee Glee) ALL 
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There is another method, somewhat different in character, of deriving a 
““oeneral”’ solution of the generalised Laplacian equation 


(2+... +02) z = 0, 


which is a little suggestive of Green’s theorem. 
I commence with the equation in three variables and write it as 


8:(6:—1) = — a2 az? (8,—L)—22 27265 (S,—). 


A leading term is zx}. It is followed in its series by the two terms 








ere 
wae, G 
iE ar = a(a— 1}. 


Each of these in turn is followed by two terms: together the four terms 
constitute 


Ao Iain LS aac ry Cae ee ea aia, IW(8— b) | 
a SU Naa TT ye i) Ai Gal Sal ea ee eee 


Proceeding in this way we develop the double series 


(mb nye yee eo ee Om a ee ly 
m! n} (Qm+2n)! Il(—a—1) I(—b—1) 





xe SD 
Se 10) 
Now, by Dirichlet’s formula, 


I (p) L(q)/I(p+q+2) = || #stdtds, 
where the double integral is taken over that part of the positive quadrant 
in the (s, ¢)-plane which is cut off by the line s+t¢= 1. 
Hence we may write our solution as 


(m+n)! (a)t ar ae aise IL(Qm-+ 2n—a—b) 
m!n! (Q2m+2n)! II(—a—1) I(—b—1) 





0 0 
4 \\ eioberiss ch Waa At, dts 
ve \\ ey (2), s (1x3)?" +?" TT (Qn+2n—a—b) 
Ne tz/ m+n-0 (2m+2n)! I(—a—1) I(—b—1) 


xX (a > +e ed yt aoe o dts 
ty 


ts” 


Summing now for m-++n, we obtain the even terms of the binomial ex- 
pansion in 


Da Neate N° + COpba CLD 
| (2) (=2) {1 tay J (az? tas) OF 2 8, 
ty ty ty ts 
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The odd terms in the expansion are supplied by the double series led 
by x,x$a3. Hence the general solution is 








[foley (489, Sein y 429} (2) 2%. 9 


The integration is effected for every positive ¢, and ¢t; for which ¢,+¢; < 1. 
We may more conveniently change the variables of integration and write 


(lkimV Gr) LemVW(bt+h)) digdt, 
P oO : os | 
the integration extending over every ¢,, t3 for which #gf,, #3t, are positive 
and their sum less than unity. 

Similarly with & variables the solution of 





(40) 


(Co+.. .+07)z = 0 
re (Theta te (at | 
ig {|e ce i pore II yal (41) 


where 7+ = 2, 8,...,k, and there is a corresponding definition of the 
region of integration. 
We may also extend our method to the Laplacian equation of the p-th 


d ap , 
order (ord +...) = 0. 


Its solution is composed of p terms of the type: 


P/ 7 4P p 
|---| ¢ ee Hee SE ALE eal (42) 


WHELCNTA 8a On ery he eat ois alyerootrol @!—— 1, 


Conclusion. 


7. I here conclude this somewhat summary catalogue of results 
obtainable by the method. I have restricted myself to equations in which 
the independent variables do not enter explicitly, as likely to be of greater 
interest. The method covers a variety of equations with explicit inde- 
pendent variables, but is evidently limited to equations having solutions 
of a generalised hypergeometric type. 

The limits of integration, perpetually inserted, are conventional. The 
procedure has consisted essentially in finding, in respect of a given equa- 
tion, an appropriate integrand, say ¢(¢)/f(z, y, t), involving an arbitrary 
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function, and such that after the operation which represents the differ- 
ential equation it becomes a perfect t-derivative 0/0t{F (a, y, t)}. The 
path of integration may therefore be any path joining two zeroes of F' or a 
contour enclosing poles of F. Presumably, in general, the path will 
depend on the form of ¢. ie 

Certain questions are raised by these results which seem of interest, 
but which I cannot answer. Are the various solutions actually “general,” 
z.e. can they be shown to include every solution, or every solution of some 
definite type? Or at least can the several ‘“‘ general”’ solutions obtained 
for the same equation be reconciled? Jn particular, can the ‘ restricted ”’ 
solution, which is derived by a different process and possesses ordinarily 
but one arbitrary function, embrace the “ general” solutions which in- 
volve several arbitrary functions? If the several “ general’”’ solutions are 
equivalent, can formule of transformation be determined for the variables 
of integration and for the arguments of the arbitrary function which will 
actually transform one ‘‘ general” solution into the other? Finally, is 
there a ‘‘ general” “ general solution,” ¢.e. a form of general solution of 
which all the others are particular cases ? | 
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PROOFS OF SOME FORMULAL ENUNCIATED BY RAMANUJAN 
By B. M. Witson. 


: [Received October, 1921.—Read November 17th, 1921.] 


In a short note* Ramanujan enunciated, as found “incidentally in the 
course of other investigations,’ a number of curious and interesting 
formule in the analytic theory of numbers. The following paper contains 
proofs either of Ramanujan’s formule or of the improved formule to 
which the recent work of Hardy and Littlewoodt on the Riemann ¢- 
function naturally leads. Neither the ideas involved nor the methods 
used are new, and, for this reason, in several places little more than an 
outline of the proof is given. 

For convenience we refer to the numbered formule of Ramanujan’s 
note by prefixing the letter R.; thus (R. 1) denotes the first formula of 
Ramanujan’s paper. 


1. Proofs of the formule 


G(s) ¢(s—a) ¢(s—) (s~a—d) _ 
¢(2s —a— 6) a am 


[s=o+it; c>1,¢>14R(), ¢ > 142(d), ¢o > 14+R(a4+0)I, 


(R. 15) 


1° ao (2) oy (2) 





(R. 1) a a 2 Peay owe"), 

(R83) ES P(x) = Aa(log #)*+ Ber(log 2)?+ Cx log 2+ De + O(e**9). 
We write 

aon gw = Rto=ate—Dgo—a—d) 








* Messenger of Mathematics, Vol. 45 (1915), pp. 81-84. 

+ I take this opportunity of expressing my grateful thanks to Prof. Hardy first for calling 
my attention to Ramanujan’s note, and then for putting at my disposal his advice and com- 
munications from as yet unpublished researches of himself and Mr. Littlewood. 
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and assume, in the first place, that 

(1 . 02) 1h Ree AN MS LO! foo ek UG me a 

Then, if 

(1.038) o>1, o>14+R@, o>14R8(0), ¢ > 1+38(a+0D), 


we have 
| (1—p2*? p-*8) 
HAE We a Ue pce rch ama aed 2) aa doi 
(s) ; | (l—p7s)(1 Uoey saree Gil pp *\(1 ymady eae 
— {I { Aina A Tan S po Ce yp Ty pad?) : 


(1 —p\(1—p”) time 


by expressing in partial fractions and expanding each fraction in powers 
Ole tinge. 
(1 “£0) Z\s) — Pr its, 
n=1 

where, if x when expressed as the product of distinct prime faetors has 
the form a 

M = po py... pe, 
(1 — pi» +1)a) (1 — pier hata 


Ly a SLAIN Se Solace Sy eG 
(1. 15) Soll gaara Ee pa Tee Ta(M) o0(N), 


and, as usual,* Gal es ie 

The extension of this result to the cases excluded under (1. 02) follows 
at once by considerations of continuity; and formula (R. 15) is thus 
established for all values of a and 0. 

Formula (R. 1) is, of course, the particular case of (R. 15) obtained 
whenia— >=); ; 

Formula (R. 3) was probably deduced by Ramanujan somewhat as 
follows. If we write (R. 1) in the form 


{1 . 20) a MT BACON ptm y nda(n) = n-*5 n(n), 
= R=1 


where d,(7) denotes the number of decompositions of » into four factors, 
we see, by the rule of Dirichlet multiplication, that 


GROAN G Qu) a DAO) Da Oo), © 


d\n 








* Following Landau, we write d|n for ‘‘d isadivisor of n.’’ Thus = is a sum extended 
OMe: 67 |) 
over all square divisors of 7. ; 
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so that 


(1.22) =F am= = wlaa(GZ)= =F ula) 2B  a,(8). 


n< ose ac Vx B= o/s 


The sum with regard to 6 may be approximated to by using the 
. formula, due to Landau,* 


(1.24) 2 din) = agy (log y+ ary (log yt aay log y-Hagy + OY**) 
n<y 
= &(y)+0(y'"*4), 


where &(y) denotes the residue of the function y*s~'{€(s)\* at its pole 
s=1. In this manner one obtains, after simple calculations, a formula. 
of the type 


(1.25) > Pn) = 2x{A(log «+ Bilog 2)?+C logx+D! 


NX 
Fi ofa) O i (afa’)?**} +-0 { 4/a (log x)? } 


= x | A (log x)? + Bilog x)?+C log z+D}+O0(e'*, 


since Yu(a)a* is convergent. The values of the constants A, B, C, D 
would, of course, be obtained in terms of the known constants do, a1, Ag, As. 
It is all the more unnecessary to follow out the details in this attempted 
reconstruction of Ramanujan’s proof because, as will be shown immediately, 
it is now possible, by using concepts introduced and results obtained by 
Hardy and Littlewood in their more recent joint researches, to improve 
upon formula (R. 3) to the extent of replacing therein the error-term 
O(a***), by the lesser error O(x?**), and thus to prove, without uaproved 
assumptions, what, without Hardy and Littlewood’s researches, could only 
be proved on the assumption of the Riemann hypothesis. + 


Order on the average. 


Let f(s) be a function of the complex variable s, defined on the line 
o =a, and ¢(f) a positive, even function of the real variable ¢, monotone 
for positive values of ¢. We shall say that f(s) is, on the line c =a, of 





* “Uber die Anzahl der Gitterpunkte in gewissen Bereichen,’’ Gittinger Nachrichten,. 
1912, p. 723. 
+ See the first footnote of Ramanujan’s paper. 
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order (t) on the average, if a constant K exists such that 

(1. 80) [Mati |dt< KT gD 

for all (or for all sufficiently large) values of 7. And, to represent this fact 
symbolically, we introduce the notation 


(1. 35) iA ict Oia oe 


It is at once obvious that, in all ordinary cases, the idea of order “on 
the average’’ is wider than and includes the ordinary idea of “ order.” 
If, for example, f(s) = O{¢()}, where ¢(é) is, for positive values of ¢, a 
steadily increasing function, so that | /f(s)| << K¢(t) for t >t, ort<— 4, 
then 


ap 
ty 


r : 
ie | f(a+ct)| dt< ie | f(a+it) | dt+2X | p(t) dt 


T to 
CaN EG \ f(t) a+|" | f(a+20)| dt 
ay aT ch 1S (ee) 


for sufficiently large values of 7’, since the second integral is fixed and 
finite, as J’ increases. That is to say f(s) = O, {dO}. 
It follows at once from the definition of order, that if 


J) = OPO}, gg) =O}, 
then f(99() = O1oOV(O}. 


The analogous theorem does not remain true when orders on the 
average are taken into account. The restricted result embodied in the 
following two Lemmas is, however, amply sufficient for our purposes. 


Lemma 1.—If f(s) = f(atit) = 0,{¢(H} and g(s) = O(1), then 
f(s) g(s) = O11 oO}. 


The proof is obvious. 


Lemma 2.— With the same notation as in Lemma 1, 


fs" =Oigoer} @>—-); 49 =0,{ oo 8+}. 


T 
For let \ | f(a+ct)| dt = F(T), 


0 
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so that F(t) vanishes when ¢ = ¢, and 
F(t) < Kto@ 


for (as we may suppose) all values of ¢ which exceed &. ‘Then, by an in- 
tegration by parts and by use of the Second Theorem of the Mean ((é) 
being monotone), we obtain 
wh {fe 
\ [flatit) | dt < KT'*" 6(T)+K | tpljdt << KT'*" 4(T)* (7>—1); 
ty to 
<KlogT¢(T) qy4¥=—1); 
giving the result enunciated. 
We should also state explicitly the theorems :— 


If a1, Gg, dy, ... are an unlimited sequence of numbers such that 


(1. 40) |an| = O(n?) (8B > O), 
and if we write 

(1. 41) Zs) = = Ann *,t 

and } 

(1. 42) f(@) = ee Un; 


where the dash over the sign of summation indicates that, if zis an integer, 


(1.43) A ay tence eet 1s Car, 
then 


(145) fe 


we 


atio 
: | = Z(s) ds 


Ort 





ls (a> B, wo > 0), 


a—iw 


where K is independent both of x and of w.} 


Finally, we make use of the result recently established by Hardy and 
Littlewood, that 


(1 . 50) iSG-+it)}* = O,(@). 





* The K’s which occur denote, of course, different constants. 

+ So that 7(s) is absolutely convergent if o > g. 

t This Lemma, although not explicitly enunciated in Landau’s Handbuch, follows at 
once by combining equation (1) on p. 826 with Hilfssatz 1 of pp. 806-808; and is, of course, 
well known. 
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Proof of (&. 3). 
From formule (R. 1) and (1.45) we have, taking » = /z, 





14+64+iva 8 
(1. 60) San coe | fo eta GIS) ey geo 


The integral on the right-hand side of (1 . 60) is evaluated by applying 
Cauchy’s theorem to the rectangle of vertices 1+6+2,/2, gaW/2, allow- 
ing of course for the fourfold pole at s= 1. The integrals along the 
sides t = +./z are easily seen to be both O(x?*), since 


[<@|=Oe@-#) E<o<D. 
Along « = 4 we have, by (1.50) and Lemma 1, 


(1. 68) ot = = 0,(¢). 


From (1.63) and Lemma 2 it follows that 


Z+iVu xt Es) s) 
Sel oa). 


Calculating the residue of the integrand at s =1, and collating the 
above results, we have then . 


(1.70) > @(n)=2 {A (log z)?+B (log «)?+C loga+D} +0(x**), 


NX 





FN fe 
1 Eire 





(1 . 65) \ Osi 0 (a! lo ge ) = 0 {a2(4/x)'} = O(wi*). 


where 


(leer) Mees B= elt dk 


T 7 





oe (2), 


Equation (1.70) is the desired improved form of (R. 8). 


2. (R. 5). The Dirichlet Series > n. *a’(n), 
PY exer 
We have 


(2.01) y ntan) =U {1+ 3 ott), 


n=1 


where both members of this equation are absolutely convergent if o > 1. 
Hence, if o > 1, 


8 


2.02) |Z man)! {6} = {A —p-" perp tarp 4...) 
n Pp 


= I j1+a,p-*+a;3 p-*®+...}, 
p 
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Qn (2"—1) 


| 2. 


where X is independent of v. Hence 


where [a,| = | v+1)"— 2" + ——_ (0 — 1)"—...| < KY’, 


(2. 08) > | a,|p-"8 tee pe SS (v-+2)" pit < Kp-** y (v-+-2)" 9 -¥s 
v=2 v=0 v= 0 
< Hep 
where K’ is independent of p. 


But if ¢ > 4, = p-* is absolutely convergent, and so therefore is also 
Pp 


(2.04) go) =H jit 3 ap}. 
Doves v=2 
Hence we obtain equation (R. 5) that 
(2. 10) ES nm den) = {€(s)}?" 46s), 
1 


where $(s) is absolutely convergent if > > 4. It follows at once that 


Nee V+Ee—w 


@.1) 2 am=sh] "= te" goasto (=). 


The consideration of the integral gives rise to two distinct eases, 
according as 2” is, or is not, an integer. 
(R. 8). 2’ as an integer. 


If 2” is an integer we apply Cauchy’s theorem to the rectangle whose 
vertices are 1te+2/z, $+e+%/x, within which the function 


paneer 
is analytic, except for its pole at s = 1, where it has a residue of the form 
(2. 20) R@) = x { Aj (log a)” 1+ Ag(log x)? —?-+... + Akl, 


where Abie = [r= ay 





SER. 2. Vou. 21. No. 1423. R 
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Thus meh he | 
1 (ate-iva dtetiva 
(27521) x a(n) = R(x) +— | | 
N<® Mig ARPS te—iva 
ltetiva% as , : . 
| — = {&()}?"6(s)ds + 0(a*9). 
d+etiva § ) 


On the assumption of the truth of the Riemann hypothesis 
(2 . 22) | ¢(s) | = O79), 


for ¢ >4-++e, so that the first and third integrals on the right-hand side 
of (2. 21) are obviously O(z?**). The middle integral also is ~ 





V% pete A ‘ 
0 | ; di OND ox/g) —- 0 (727. )) 
1 


Hence we have the formula required, that 


Owo5 an = d'(n) = R(z)+O(az?*), 
Nn<t 
where A(z) is of the form given in (2.20). Formula (2.25) is proved on 
the assumption of the truth of the Riemann hypothesis. 
The most that can be proved, without the Riemann hypothesis, is that 


27-1 


: +e 
(2, . 28) : > a(n) = R(e)+0@™ ), 


wed 





for 7 >.2. 


(R. 9). 2" ts not an integer. 


If 2" is not an integer, the above proof becomes invalid, since the 
integrand is not a uniform analytic function in the rectangle. The method 
to be used in this case was first used by Landau in a well known ‘paper,* 
and will here (particularly as the calculations involved are a trifle long) be 
merely briefly described. 

From the known equations 


1 2+40 y* 
(2. 30) | iq AS=— Oe Yar Yer ah) 


Wr 2—-iw § 


= 0 O<y<bJb), 








* ‘Uber die Einteilung der positiven ganzen Zahlen us.w.,’’ Archiv der Math. und 
Physik (Grunert’s Archiv), Vol. 13 (1908), pp. 305-312, 
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we easily deduce by term-by-term integration that 


(2.31) Sd (nlog = = {hey ids GO), 


N<k iv Qt 2-ixe § 
where we have written 
(2. 82) hoe = nd" (n) = {€(s)}® o(s), 


and (s) is absolutely convergent if o > 4. 
It is known (independently of the Riemann hypothesis) that positive 
constants c and £ exist such that 


0 < | ¢(s)|< K log |¢) (|e|> 8, zl al 


The integral on the right-hand side of (2.32) is approximated to by 
applying Cauchy’s theorem to the contour dBCDEFEGHA, where* B 


© __4iz2. CD is the curve 


ae a 
is the point 2-++72°, C is the point 1 Tae 


C é , C ct ad C 
a= Toa loint, D is the point 1— fog FE is the point 1588 = Si, 
say, where 4 <9 <1, F is the point s=1, and the lower half of the 
contour is obtained from the upper part by reflection in the real axis. 


The function a f(s) is uniform and without singularity inside and on 


this contour ; and the known upper bounds of | ¢(s)| on the various recti- 
linear and curvilinear parts of the contour lead us, after some calculation, 
to deduce from (2. 81) the relation 


x d’(n) log a caidas i = f(s)ds+-O(we~ V8), 


(2. 88 
| ) nee 270 
where, in describing the path HFE, the point s goes round the point 1 in 
the positive sense. _ 

In the integral along EFE we now replace f(s)/s° by its approximate 
expression there 


(2.34) i) (Gee twee htt OsS hae t OS —2) 7%" "5, 





* A figure is given in the paper of Landau quoted, p. 310. 
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- and so we deduce without diffi- 


a)? 


where we have written p in place of 2” 


culty that 
(2.385) & ad”(n) log = wae: 
Nee 
oe eum > a . x(s—1)7°t’ ds +O Gone) (dp 1) 
Qt =o Jere (log a) she a) 2) : ; 
provided that oS thom 


Let now C be a contour of the form used by Hankel,* 7.e. a contour 
starting at infinity on the positive real axis, encircling the origin in the 
positive direction, and then returning to the starting point; let » denote 
that part of C which lies to the left of o =1—9%, and I the part to the 
left of o = (1—9) log x. 

Then, for all values of nu, 


® 


| x'(s—1)" ds 
EFE 


oa —2| x *(—s/' ds = — Tey |. e~7(—2z)" dz 
= aoe) ee msi e a { =e d == 07 } 
= (log pet} |e ( a de+O\ peg oda | 


: pit "od 
=— Tages | 28 sin (um) D(u+1)+ 0074-98" (log ae t? { =| 


supposing that x is so large that (1—$) logr > u+2. 
Hence, a fortiort, 


ely ve _ _ sin@ur) Tul) i 
(056) 5 | 2 (s—1)*ds = FR ET (log 2)" RET Fae A oat 


From equations (2.35) and (2. 86), 


(2). 87). a(n) log — 


Nt 


ja ain (ei) neal), & pie x x 
= ale Bika DOS ey poe HO |) 


f Ms 


yb 
USB ae pth +0 Cre =a) : 


* Hankel’s fr contour. See, e.g. Whittaker and Watson’s Modern Analysis (2nd edition), 
p. 239. 
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The desired asymptotic formula for 2 d”(n) is now deduced from 
M< & 


(2.37) in the standard manner ; 2.e. take 0, a nee function of x, tend- 
ing to zero as & tends to infinity, but otherwise quite arbitrary and to be 
determined later. By writing «+z in place of « in (2. 37), subtracting 
the first equation from the second, and using the obvious relation 

x d"(n).~ Aza (log x)??, 


neu 
we obtain, after division by 6, 


(2. 38) a a”(n) 


Ne 
Bats . Ay —1 —1 v—2 
=i Jog 2) sri t O {6x (log x)P-1} +0 {#67 * (log x)P7’-*} , 
where Ay = Do: Ay = by + (p—A) by-1 (X => 1). 


Finally, choosing 
O == oe) erllog 2) Ther», 


we obtain Ramanujan’s result that, if 2” is not an integer, 


rie Ses 1 \ 
Cane bah er oN x) {2 0 Tog TEER ra 7) és 


where the A’s are constants. 


3. (R. 6) and (R. 7). Caseof r=—1. 


As a particular case of the above, we may take ry = —1, we thus have 
ao 1 ° 
(3 .O1) I (s) — 2 n a(n) aa / 1&(s)} $(s), 


where ¢$(s) is absolutely convergent if o >4. But, clearly, 


v2) 


9.02) > a= I (1443p "+4 +... SP +...) 








and hence 


(8 . 03) p(s) = ui | evia—p~) log (===) | . 
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If now we write 





(2.84 brs) i) = sor 2. = a (s—1)* (about s = 1), 
Fs . x x 
(2.87 brs) ie: a” (n) log — ae by (log ay) *1 gyre tt art We 2)" =n): 
r ic hae a Abels Sade 
(3 . 06) ee d™(n) = 2 Cr ( og gyre tl 0 ie a): 


we easily show, by algebraical gett eee that c, is derived from 
a+a,-1 in the same way as b, is from a.* Thus, as we should expect, i 
when once the validity of formula (2.39) has been established, the coefficients 
on the right-hand side are most conveniently calculated from the residue at 
s = 1 not of the function z‘f(s)s~” but of the function a‘f(s)s~*. Further, 
if we write 


1 
iis) = GH TAS > OS) 


we find at once, since 


LAS) ES) 
s — 1+(s—D)’ 





Prenat Gaeitinn GL Wala, beeen be: 
¢, = (—1)* Sinton) TA—p+1) {a,—agit...+(—1)* a}. 
Applying these considerations to the case » = —1, where 
£8) = 9) V8) = Fay Loc) + 1g! (1I)-+3 ay SU seta u 


we find at once Dae in the formula 


LI STR 3) GEST an ere ee 
(3 . 10) ee d(n) — /(log x) | Cor log x oF ae (log apa (Ce Wr) 
the coefficients are sa by | | 
co = = $l) = FU { o/(p*—p) log ie -)} 


Cpe 7 \¢ (I+Gy—1) o(1)}, 


* The relation between b, and a, is shown in (2 . 37). 
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where 


i 
‘ C1i+s) = = bya nstys 


Ae (eld) tive) 2) eanG (aL S).0 Ona) 2 ed (100). 


nee 
By an induction from k to k+1, and by use of the identity 
atytl = (a+1)(y+))—ay, 
we easily prove the identity 
(4.01) (q3tyitD(agtyotl) ... (a2 ty:tD 
= (mt tV@tDOtD ... (et yetD 
: “iS ay ¥1 (4g + 1)(ya+ LD) (ag 1)(y3+1) ... (ae FD (yet D 


a Oy 1 42°¥2 (A371) (ys Lg) sec A CAPS oo 1) (yz+1) 
—...+(—1)’ ~ Gaya vores OnVi\Gr41) 2 Neo ©) 


+... (D1! ayy rag 72 +++ ees 


where the symbol 7 under the sign of summation indicates that there are 
»C, terms in the sum. 

Let then the two positive integers wu and v, when exhibited as the pro- 
duct of their prime factors, be 


U = PEP? DEG Ge 0 = pl ph... purr? ... im, 
the prime factors which are common to u and v all being represented by 
letters p. 
k l m 
Then d(uv) = I (uct Y¥n+1) i (8,+1) I (6,+1). 
kK> = h= 


On substituting for the first product from equation (4.01), we find 


As10y § due da) Ua d a d () ray 


libs Areal al overs aa 


U 


an tee ula ) ) d (+) i 
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From equation (4.10) it follows that, if we write 


(4.12) = DG =e Za) = 


NZ 
where v is any positive integer, then 
n 


Cla VERE Sa sna(2)a(2) = 2u@a(2 ) v, (=) 


MK a, dlv, |r §|v 


— > u(ane ( ) | loe.(> )+H@y— 1) +0(@! log 2) |” 


é\v 


= a(v) a(log#+2y—1)+B(v)a+ O(z log x), 





where a(v) = me a) d (=), 
7) 2 
so that 22) a(n)n~ = ee ae 
(0) v 
and  Bw= 0 og 6.d (+), 
x UNE) alse Ly 

so that 2 Bin)n = = tea 

ae ata ety 

We have 
(5.01) Ot ne er) SR ei fh 


n=O (22+ 1)° a qd de ge Of See 

where g takes all prime values of the form 4m-+1, and r all prime values 
of the form,4m-+38. Hence, as in the proof of formula (15) of Ramanujan’s 
paper, 


n(s) n(s— a) 4(s— 6) n(s—a—6) 
(L—Q-%ta+o ¢(2s—a—b) 


= Caan 
— Tad 9g ag agg 
ml (b= 9°) eile ee Gia) 
L— 7 2state 





* Using the best known approximation (Voronoi’s, 1903) for Dj (x)= = d(n). 
n<k 
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1 1 a b a ad) 
ai) lease (=a q Revie d. q )] 
qg (q*—1)(q°—1) —q-° jae cae 1—q’ at fg ae 


1 il re yr? pee 
- (r*—1)(7°?—1) r ! yas 1 ys } pos 1 pat o—s 


Qn 
re a 
where, if Mom be Oferta curr gy 1,7, 13 (mod 4)], 
1 a(a,+1)_ 4) (go, +D__4) -m (B41) 7) (7? B41) 
ie (qx i (dn Tt (—1)2. rr Dn 1) 
A=1 (eed) (Qe 1) p=) (nie) ea 1) 


erst Cag | =m (—1)Pt Bet... +Bm Fa (10) oy(2). 


The index is even or odd according as 2 is congruent to 1 or to 3 (mod 4); 
thus we have Ramanujan’s equation (16), that 


n(s) n(s—a) n(s—b) n(s—a—b) _ & (—1)" a(n) oo (n) 
(L—2749+?) C(Qs—a—b). nao | (2m 1)° 


6. An approximate formula (R. 10) for I din). 


N=X 
We consider the Dirichlet series 
(6, 01) 7s) =) line logs a(n): 
. n=1 


f(s) is clearly absolutely convergent if o >1, for d(n)=O(n'‘). HI 


n= p™ ps... p*, a product of 7 distinct prime factors, then 


(6.05) loggd(n) = 2, logs(a,-+ 1) 








aa = 1+log, ‘ca *) +loge (— -) +... + logs $ 
=> {143-43+4...+=+log (1+ =) —-= 


at eet: ail 
+logs (1 5) “5 +... Hog +44 
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Now, if o >1, 
v—1 


(6.10) log €(s) = —Zlog(l—p™) = 2 2 
p 


that branch of the logarithm being taken which is real when s is real and 
greater than 1. Thus 





ie) 1 wo 
(6. 12) ¢(s) log ¢(s) = a ie hace = Die 
= v,p ag: 
where N= py py --- Pos 
and 
r 1 
(6. 18) a = > (1+3+3+...+—). 
Desi} V 
Also if we write 
£ 1a Lee peel 
(6.15) os) E | logs (1+=)-=}> ’ 
v=2 p V V 
then 
(6 : 16) €(s) $(s) — a, Dntlans 
where 
6.1 ea 1 ~) EL (1+—)- — 
( ° 7) n Wes ogy ( +- a, Teed a, 08> ial eel eee 


+ logs (1+3)—3 1. 


From equations (6.01), (6.05), (6.12), (6.18), (6.16), and (OmeL1): 
it follows that ? 


(6 . 20) F(s) = &(s) log &(s) +E (s) P(s) (6 > 1). 


But ¢(s) is absolutely convergent, if « > 4; for 





log, (14 +)—+| <x 0 >2); 


and therefore 
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_ Hence 


» 
pv 





log, (1+ =) — 4 | jamie < K ra act 


which is convergent if « > 4. 
Thus we have at once 


(6.25) = log, d(n) 


Net 


he 1 fitette as 1 eerie x gite 
=| = $(s) log ¢ (8) ds an | =e p(s) ds+O (—). 


272, 1+e—tw 


The integrand of the second integral is analytic in the rectangle with 


vertices 
l-eFiw, ¢+e+ wm, 


and has inside this rectangle only a simple pole at s = 1, with residue 


(6.26) Gaye SS | logs (1+ =) — =) po. 


v=2 »p V 


An application of Cauchy’s theorem to this rectangle therefore gives 
at once 


1 ltet+iw rs | 
(6 . 28) =a as) p(s) )ds = £¢(1)+0O (e— —) + O(a wh, 


For the other part of the integral we must use the contour and method 
ate Palen ee 


If we write 
(6 . 29) E(s) log €(s) = 5 d(n) n-4 
n=1 
we thus obtain 
1 
(6. 80) sot 6(n) log — so en Si loon = 7 ~ E(s) ae ¢(s) ds-+O (igs ara 


however large N may be, and hence, since in the neighbourhood of s = 1, 
fg) los (= 5) +e6—b, 


where #,(s—1) denotes a power-series in (s—1), vanishing when s = 1, 


* See pp. 242-245. 
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we have 
it 1 
(6.81) malls. =. €(s) log ¢(s) ds = eal S é(s) log (- 3) ds 
1 





> is | x'(s—1)- ‘og (= 
EFE 


SF a on 0 


:). ds+ o\" 2°(1—o)" log (ee io, 


where, near s = l, 


(6 C 32) so = Bey 2 ky(s—1). 


Proceeding as in the former case, we have (with the same notation) 
nee s(s—1)" ] (= =) a= Boh hl a-*(—s)*] 4 
hea} EFE seh Mel —I ea) q ay 5) ; 
1 ty shy lo 
las SRA ABST wea log z 
7 Dare (log aie * \, ey ewe) tbe (ss Ae ease Ne 
And hence, by Hankel’s formula 


af a A ee) 
Tq) aoe \,(-a Ceres, 


and the derived formula 





we have 


1 hes 1 
a |, fe x°(s— 1) log (— 5) as 


= z log log -+yz+0O (ror 5) (1"(1) = —y), 


(6. 84) 


and if w« > 0, 


: ; aij 
(6 . 35) Onk ie x Bite log (es) ds 





Neue th) x 
(log z)**? {T(—p) Lata (ge a 


aa ieee’ (ae -). 


y f 
“6 


/ } 
~y 
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Hence we have 


(6.86) > 6 (n) log — 


N<@ 


p-l 
= k(x log log x+yx)+ & Fava 1) x! ——yj +0 -—— 


pipe a noee eink 


The transition from > d(n) log = to & d(n) is now performed in 
N<e N<L 


just the same way as before, as also is the transformation of the co- 
efficients in the expansion, so that we obtain 


(6 . 87) x logs d(n) 


N<t 





x 
= (x log log +yx)+(y—1) ee 


FU ty) gat! Gat uty—D gp t+ 


Toe x 


+ (r—1)! (eft yet tery ) ae x (1) 


cee aay 
5G wae 

where €(i+s) = =. a eet G RINE ES Rome 
and hence, we have the formula (R. 10), 


(6 ‘ 40) IL a(n) = 9x (log foge hE) ts). 


n<u 


s 1 
where C= y+9(l)= y+ 5 {log (1+ —)——} sue 





We Bet wal ViNogreu)t 
and Ye) =2 3 Ta 


Qnarbyrt... ty ty —D-+0\ qn). 


7. Other formule. 


Formula (R. 15) leads, of course, to an asymptotic formula for the 
general sum 2 o,(n)o,(m). Ramanujan gives the formule for the two 
nN <u 


cases a = 0, 6 = 1,* and a= bd = 1, ignoring the case a = b = 0, given 


* The x occurring in this formula should be corrected to read 1‘, 
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in (R. 8). The discussion of the formule for general values of a and b 
falls naturally into four cases: a=b=0;a=0, b>0;a=d>0; 
a>b>0.* Without attempting to give this exhaustive discussion we . 
think it worth while just to state a few of the formule which are ° obtained 
in the second (and second simplest) case. 


Iter > 2, 
aires ee Sa (71) E(r-+2) ” {log &-- 26} + O@"* log 2), 
where Cr = Y¥— 1 sa shan SAG) (r+ 1) ee ie 2) 





2r+1) " E+) S42)" 
If <4, the error-term on the ,right-hand side of (7.10) can be 
shown to be both 


VEE aw ar+3 
O(x 8(r+1) ) and O(x 4r+5 log 2), 


the latter being a better approximation than the former if 


Such formule are obviously not “ best possible,” so that there would 
be no interest in setting down more of them. 
Ramanujan’s formule (R. 21) and (R. 22) for Xn-s7?(n) and LD 77 (n) 


Nee 
are too similar to the analogous formule involving d?(n), and proved in too 
similar a way to be worthy of special discussion. We prove, in addition, 
without difficulty, the further equality, analogous to (2.10): 


(7.20) m-Prk(n) = AHA —B-9 1 {E68) nf)” G0, 


where n(s) = 1-*§—38-°§+-5S—T7-F+-..., 


~  * The cases of negative values of a or 0 are easily reduced to be above by using the equa- 


ae G.+(n) =n? o;{N). 


Thus, if we write Sy= 2 ga(n) a(n), 
Ney 


we obtain, by Abel’s formula of partial summation, 


B  oma(n) ee (0) = [e]" Sq Su {nr (n= 1)~"}. 


NZX NZ u— 


) 
/ 
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and ¢(s) is absolutely convergent for o > 4; & denotes a positive integer. 
Proof of the equation 


{§($+2t) n (+72) }? = O,(¢) 


_ would, of course, enable us to replace 


(Rio?) Dar its (log 2+ C)+ O(a°**) 

by the better approximation with error-term O(xz?*‘), with corresponding 
improvement in the asymptotic formula arising from (7.20) for values of 
kK greater than 2. 
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ON LINES OF ELECTRIC INDUCTION AND THE CONFORMAL 
TRANSFORMATIONS OF A SPACE OF FOUR DIMENSIONS 


By H. Bareman. 


[Received November 1920.—Read November 11th, 1920.— 
Received, in revised form, June 6th, 1921.] 


1. It is generally agreed that the equations of an electromagnetic 
field may be expressed in the form 


curl H-= = =< Cyrdivys D e=eo 


(1) 
curl E+ 2 =} divB =0 

where E is the electric field strength or intensity, H the magnetic field 
strength, B the magnetic induction, and D the electric displacement or 
induction. Since the time of Minkowski* there has been some difference 
of opinion as to the structure of gs and the precise definitions of H and 
D. It is clear, in fact, that if a part of § is of an appropriate form it may 
be brought over to the left-hand side of the first equation and included in 
the expression on the left by altering the definitions of Hand D. A part 
of p which is of an appropriate form may be treated in a similar way. 

On account of this lack of definiteness we shall call s the proper electric 
current density, p the proper density of electricity for a scheme in which 
the quantities D, H, B, and E are supposed to be already defined. We 
shall make no attempt to give names to the different parts of s, for we 
shall be interested here in the case when s=0, p =O. If, moreover, 
this condition can be secured by the artifice just mentioned and a change 
in the definition of the quantities D and H, we shall favour this change. 

A solution of the above equations may be built up from elementary 
solutions in many ways, but we are interested here only in the case when 


* Gott. Nach, (1908), Math. Ann., Vol. 68 (1910). 
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the elementary solutions* are either of type 


0 @ 
Davvexv9, d=7{%ys-Bye}, 
where a, 8, y are appropriate functions of x, y, z, t, or of type 
B=VcXQ7, chy = Vo— oon, (3) 


In these expressions we use the vector notation of Gibbs; Ya, as usual, 
denotes the vector with components a ss a The quantity c¢ 
represents the velocity of light in a vacuum, and is supposed to be 
constant. 

When the solution is of type (2) the moving curves represented by 
the equations « = constant, 8 = constant may be called lines of electric 
induction, and the analysis may be connected in a natural manner with 
Sir J. J. Thomson’s beautiful researches on moving lines of electric in- 
duction.t When the solution is of type (8) the moving curves represented 
by the equations « = constant, + = constant may be called lines of mag- 
netic induction. : 

In some cases when the constitutive relations between the vectors 
B, D, H and E are of a particularly simple character, e.g. B= H, D=E, 
an elementary solution may be of both types, and we may speak of lines 
of electric force as synonymous with lines of electric induction or lines of 
magnetic force as synonymous with lines of magnetic induction. 

In the simple case just mentioned the functions a, 6, y, 7, 7, are con- 
nected by a set of differential equations of type 


Oo, 7) _ _ y O(a, 8) 
Oy,2) ¢ O(a, t)’ 





(4) 


which imply that there is a differential relation of form} 
dx?+dy?+d2?—Cdt? = Adad?’+2CdadB+BdC?+Sdo?+2Rdcdr+T dr’, 
(da) 








* These are related to the elementary functions defined by Volterra, ‘ The Generalisation 
of Analytic Functions,’’ The Rice Institute Pamphlet, Vol. 4 (Jan. 1917) ; Rend. Lincet (4), 
Vol. 5 (1889), pp. 599, 6380. 

+ Phil. Mag., (5), Vol. 31 (1891), p. 149; Recent Researches (1893), Ch. 1. See also 
H. Bateman, Proc. London Math. Soc., Ser. 2, Vol. 18 (1919), p. 95. 

t H. Bateman, Messenger of Math., Vol. 46 (Jan. 1917). 
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where A, B, C, S, T, R are functions of a, 8, o and + connected by the 
lati 
Ae AB—C?++2(ST—R®) = 0. (50) 


The case in which y is constant is of special interest, because then p = 0, 
S = 0, and we have an elementary solution of the simple Maxwellian 
equations, which, prior to the advent of Hinstein’s ideas regarding gravi- 
tation, were regarded almost universally as the field equations for the 
ether. 

A simple example in which the functions a, 8, ¢ and t can be found 
(except for the solution of a Riccatian equation) is furnished by the field 
of an electric pole moving with a velocity less than c in an otherwise 
‘arbitrary manner. The case in which the motion is rectilinear is particu- 
larly simple, because then the Riccatian equation can be solved in terms of 
known functions and the solution expressed as follows. 

Let «= €(t), y = 0, z = O be the coordinates of the moving pole at 
time t, then 7, c, a and § are defined by the equations 


[w@—E(r) P+y? +2 = C(t—7), Bi tan-* 
("3 (6) 

le ee See Geer ae ae, 2—€&(r)—(t—T)v | 

"e [a—é)]o—@lt—) Ss [aw ED] v—(E— 7) 


where v = €'(7) and k = ec/4z7 is a constant proportional to the electric 
charge —e associated with the moving pole. As usual v<c and the 
quantity 7 is subject to the inequality 7 <¢. We easily find that 


Cdl —dx*—dy’—dz 


2 __ 72)3 27.27 42 : 
yi aS See eae + (ca? — k*) dB" + 2kede dn+Kar* | 


20? a€"(e—v") 


here) k= — 74 Se 
Ht mr c(e—v*)o—Caé"+vEe"k 


‘ 6vé" (c?—v") k? 
(ca? — kh?) [c(P?—v?) o— Ca" + vé"k | 


i cet (c?—v?) (c7a?— k’) 
[c (c?— v”) o—caé"+vE"|? 


4 2(2—v)? k [(vE"" LE) k— Pad" — QE") 
[o(P—v*) c— cae" + 08"k |” ; 


and a relation of type (50) is satisfied with y = 1. 


‘ 
> | 
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2. The transformations of coordinates (x, y, z, t) which can be used to 


pass from one electromagnetic field to another in a formal manner are of 


interest from both the philosophical and practical point of view. From a 
practical standpoint the aim is to obtain transformations which can be of 
service in solving the boundary problems of mathematical physics. In- 
version and conformal transformations in a plane have already been used 
in this manner with great success, but so far very little use has been made 
of transformations in four variables, the principal success having been ob- 
tained with the Lorentzian transformation. 

A transformation of coordinates from (x, y, 2, t) to (a’, y’, 2’, t’) can be 
applied to an elementary field specified by parameters a, 8, o, 7, when we 
can obtain two representations 


dx*® +dy? +d2 —edt 
= Ada® +2C dad 1s anger ep (7) 
dx’ + dy" +dz"—cdt” | 


= A'da?+2C'dad8+ B'dB?+ 8'do?+2R'dodr+T'dr* 
where AB—C?+S8ST—-FR?=0, A’'B'—C"?+S'T'—R” = 0, (8) 


SNC sARED Me C05.2) eine Aer iC el re pare AUDCHIONBLOL a, 9, a) 7. 

This representation may be possible in a number of ways, and so 
there may be a class of electromagnetic fields to which a given transfor- 
mation is applicable. When this class is very extensive the transformation 
is of particular interest, and it is, in fact, possible to classify electro- 
magnetic fields according to the transformations which they admit. Just 
how far such a classification can be useful in the solution of boundary 
problems is not known. Judging from particular examples, the tendency 
is for a transformation to lead to a classification of fields according to the 
nature of their singularities. Thus the fields with a single moving pole 
and the simple radiant fields with singular rays issuing from this pole 
with velocity c belong to one class. 

The transformations for which 


da!*+ dy? +dz"— dt? = | da?+dy?+d2?—cdt? | (9) 


can be applied to any type of electromagnetic field. These transforma- 
tions may be regarded as conformal transformations of a space of four 
dimensions in which z, y, z and zct are rectangular coordinates. For 
brevity we shall call this space S,. 
In endeavouring to find these and other transformations we may 
either use the analysis of quadratic differential forms or we may work 
s 2 
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directly with the six differential equations of type (4) in which y is a 
constant. In this paper we shall use chiefly the latter method, as it has 
the advantage of directness and it leads to the development of an inter- 


esting type of analysis. 


3. Let us first of all consider a simple case of equations (4) in which 
a=o, 0 =r. The pair of equations 




















O(a, 7) __ ee. O(a, 8) A, Gl, (a, 8) (10) 
ARAN (Wi Aes dee weeny Mma ua 
gives y* = —1, and the six equations reduce to three equations of type 
O(a, 3) me ) O(a, 6) 
Oly, 2 oO est)” (11) 


which have already been solved in a simple manner by taking 2, y, a and 
8 as new independent variables.* The result may be written in the form 


= (a, B)+8'8(a, £) } 
a’ O(a, {) are Wa, 8)—b’ 


where a’ =z—ct, B =a+tty, @ =ztet, 6 =x—ty, This may be 
regarded as the fundamental theorem of the present type of analysis. It 
may be noticed incidentally that if a is a real and 6 a complex quantity, 
we obtain an interesting type of solution of equations (4) in which 7 = a. 
The associated electromagnetic fields have been called simple radiant 
fields. 

Let us now apply a transformation of variables from (a, y, z, ¢) to 
(x', y', 2’, ') to the general equations (4). Expanding the Jacobians by 
means of formule of type 


of (12) 





























O(c, T) fas O(c, T) oly’, z') O(c, a) O(2', in) O(c, T) O(c", y') 
dty, 2) oly’, 2’) aly, 2)  O@’, wy) Oy, 2) ° Az’, y') Oly, 2) 
4. 9G, 3) T) O(a’ t’) O(c, T) Oty’, t’) 
O(a tt aGi CO eo) 
O(c, tT) O(2', t) 
ala eel One (18) 


* H, Bateman, Bull. Amer. Math. Soc., March 1915; Amer. Jour. Math., April 1915. 
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we obtain from equations (10) a pair of equations of type 


, o(y’, t’) 
” Oy, 2) 


o(z', t') 


,0(2',t') 
* a(y, 2) tes 


“Oly, 2) 








+c 











1 oly’ x8!) LO, at} , 0(z',y’) 
sat tars Z) aed O[y, 2) dips Oy, 2) TREE 

















, o(y’, oy pre: a) pO Diovesan Glaieb) 
ae Le see tag +O See Eta a 
, Oly’, t') , 0’, t’) 

mae O(a, t) cee (x, t) 














me + pr oe, Hauer Olas y') O(a’, t') 
oles PDO @eiae! OGh Dl tl Ola, o 


pyatide i) a O(a’, th) 
anne O(a, t) at O(z, al 








acy’, 2’) O(z', #’) O(a, y') pr O(a", 























te O(y, 2) te Oy, 2) wes O(y, 2) * O(y, 2) 
SOE) , a(z', t') 
at Oty, 2) * Oly, 2)” oo 
bt OG ar) we Gaicier) 
where 5, ae oy’, z')? CL, = O(a’, t') 
(a, 8) , ata. Bi a 
U a, hgrons oe oe a, 
LIB 2 Oly"; 2')’ CHa Y Oa’, t+) 


If the transformation is applicable to any electromagmetic field in a 
specified medium, the above equations should be satisfied identically in 
virtue of the structural relations connecting the vectors D’, EL’, B', H’. 
In the case when these relations are D'= +H’, B’ = +H’, the above 
equations are satisfied identically when the system of eighteen differ- 
ential equations 

















OUa2 een eCUE 4 Oo , Lyme oly’, z') 
Need te + O(a; t)’ "Oly, 2) ns oat) 
niin; : (16) 
OGin eae tt Cee) 2 Ad CMI Al olebad 0 beh 7g 
One ame OES 2)” oy,2 + 0@, 


are satisfied, either the upper or the lower sign being taken throughout. 
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These equations have already been solved* by a method which leads 
directly to a relation of type (9), and the general equations of a conformal 
transformation may then be deduced inthe usual manner. There is, how- 
ever, another method of solution which leads directly to a very convenient 
set of formule for a conformal transformation, and which belongs to the 
type of analysis at present under consideration. 

Taking the upper sign in each of the equations (16) and writing 


a=e2'+ct, B=2'+iy’, (17) 


we obtain three equations of type (11) and these lead to equations of type 
(12). We next notice that equations (16) may be written in the alterna- 
tive form 








(18) 





This may be seen most easily by writing’ 


Oye) oe, ean 1) 
Oy, 2) Wee@es; 20)” 





&e., 


Os Yes D 


and multiplying all the equations by the Jacobian RTE eae 


From equations (18) we may deduce that 
a= 8(a', B)+80(a’, BY ) 
aO(a', B’) = ¥(a', B)—b | 


where a= 2'—ct', b= xz'—1ty’, and O, ®, V are arbitrary functions of 
a’ and £3’. 

Since in general we can expect there to be only one relation between 
the four quantities a, 6, a’ and 6’, we must conclude that the two equations 


7 ae ae 
a = P(a', 8')+80(a’, 8’) 


are the same. ‘To determine the form of the single equation to which 
both are equivalent, we regard @ and ¢ as auxiliary variables and write 


a=F(, 4), B= GQ, 9), 


(19) 


(20) 


* H. Bateman, Proc. London Math. Soc., Ser. 2, Vol. 8 (1910), p. 223. 
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_ then since a’ = ¢+ 6, we must have the identity 


F(0, a’'—8'0) = (a, B)+G(0, a’ —B'O) O(a’, 8’). 


Putting 6=0 and eliminating ®, we obtain 


ir a’ — B'0)— F(0, a’) 


6(a', 8’) = G(0, a’ —B'6)— G0, a’)’ 





Since O is independent of 6, we may make @—O in the above expression 
and obtain expressions of type 


FP’, (a')—B' F(a’) 


O(a’, 8) = G,(a')—B'G,(a’)’ 


F, (a')-— 8' F(a’) 


P(a’, 6’) — F(0, aj—G(O, a’) G1 (a')— 8'G (a’)’ 
2 


provided that the partial derivatives of the functions # and G exist and 
are continuous at 0= 0, g= a’. 
The relation between a, @, a’, 8’ is now seen to be of the form 


[a—F(0, a’)]|G,(a")—8'G(a’)] = [B—GO, a’) [Fy (a)—8'F,(a')], 


and is of the first degree in each of the variables a, 8, 8’. In a similar 
way it may be shown to be of the first degree in each of the variables a’, 
8, B’ ; hence we conclude that it must be of the first degree in each of 
the four variables a, a’, 6, 6’, and must accordingly be of the form 


a’ (la+-mB-+-n) = pat gb+r+8' (wat+v8 +), (21) 


where J, m, 2, P, 7; 7, U, V, w are constants. 

If we interpret a, 6, a’, 8’ as the coordinates of a point in a space of 
four dimensions, the theorem that has just been proved tells us that if a 
variety possess ©” generators in planes a = const., 8 = const., and also 
oo” generators in planes a’ = const., 8’ = const., it is a quadric. 

The relation (7) may also be written in the form 


a(la’ —u' —p) = — na'+wP'+r+6(—ma'+v6'+4q), 
and the additional equations in relations (12) and (19) may now be written 
down as 


a! (uat+v8+w) = eat+fB+9—)' (lat+mB+n), 
and a(—ma'+v8'+q) = ha’ +j8' +k—b(la’ —uf' —p), 
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where e, f, g, h, j, & are new constants. Writing these equations in the 
forms 


a(wa’ +1b'’ —e) = — wa'—nb'+g—6(a'v+mb'—/f), 
a'(—ma+lb—h) = — gqatpb+k—B' (av—ub—y), 
we may associate with them a relation of type 
a(a'v-+mb'—f) = ja'—hb'+s+b)(ua'+lb'—e), 


where s is a new constant, this equation combined with either of the 
preceding equations forming a pair of equations of type (12) or (19). We 
now have four independent relations 
a(la’ —uB' —p) = — na’ +w'+r+68(—ma'+v6'+ q) 
a(ua’+lb'—e) = — wa'—nb'+g—B(va'+mb'—f) 
a(—ma'+vP'+q) = ha'+j0' +k—b(la’' —uB'—p) 
a(va'+mb!'—f) = ja’ —hb'+s+b(ua’+1b' —e) 


» (22) 


which enable us to express xz’, y’, 2’, t’ in terms of x, y, 2, ¢ or vice versa. 
These equations are simpler than the usual equations* for a conformal 
transformation in four variables, the latter being derivable from the above 
equations, by solving with respect to z’, y’, z’, t’. 

The derivation of equations (22) from the usual equations is not so 
simple. It has, no doubt, been known for some time that the equations 
of a conformal transformation can be expressed in this form, for the 
general theory of a transformation expressed by means of bilinear equa- 
tions is well known, at any rate for the case of three variables. 

The above equations indicate clearly that the transformation depends 
on fifteen arbitrary constants and is birational. The transformation 
represented by these equations has a positive Jacobian. To obtain a 
transformation with a negative Jacobian, we must take the lower sign in 
all of the equations (16). The solution for this case may be obtained by 
simply writing —?' in place of ¢’ in formule (22), 2.e. by interchanging a 
and a. 


* §. Lie, Gott. Nachr. (1871); Math. Ann., Vol. 5 (1872), p. 186; G. Darboux, Legons 
sur les systémes orthogonaux, Vol. 1 (1898); P. F. Smith, Trans. Amer. Math, Soc., Vol. 1 
(1900), p. 875. 
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It should be noticed incidentally that we may obtain a solution of 
equations (10) by writing 2’ =o, t! =7, y' =a, 2’ = £6, cy =1, where 
x’, y', z', ict’ are connected with 2, y, z, ite by a conformal transforma- 


tion. 
It is important to notice that the conformal transformation transforms 


an elementary field into an elementary field, dadG—d@da and dedr—drdco 
being invariants. The relations between the two sets of field vectors are 
given by equations (13) in conjunction with (2), (8) and (15). These rela- 
tions are identical with those used by Volterra in his work on the generali- 


zation of analytic functions.* 


4. We shall now study the effect of the general conformal transforma- 
tion on the simple type of radiant field specified by expressions of type 


fit O(ap, a 
G. <aaes A, +1H, pe F(a, By) ee =— a, Bo) en Bah (23) 


where a, and {, are solutions of the equations 


2—ct = $(dq, By) + (e@+ty) O(a, Bo) ; (2.4) 


(z-+ct) O(a; Po) — Ur (dos B.)—(@—ty) 
The formule of transformation for the components of the field vectors 
indicate that the field is transformed into another field of the same type, 


and that the quantities ay and 8, can be regarded as invariants. These 
quantities will, then, be solutions of equations of type 


act! = $! (ayy Bo) + (2! +iy") 8" (a, Bo) | 


a i ; (25) 
(2! +t") 6" (ag, By) = "(ay B,)— (a! —iy')} 


and our object now is to express the functions 0’, ¢', w’ in terms of 
0, b, Ww. | 
Writing the last pair of equations in the form 


a=¢'+08, Ga=W—b, 


me 





* V. Volterra, The Rice Institute Pamphlet, Vol. 4 (Jan. 1917), No. 1. 
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and substituting in (22) we obtain the relations 
¢'(—ma'+vf' +9) +6'B(—ma'+v8' +9) 
= ha'+jP'+k—b(la'—uf'—p), 
0" (—na! + wB' +r) +6'B(—ma’+v8' +4) | 
= W' (la’ —u8' —p) —b (la' —uB' —p), 
gp’ (va' +mb! —f)+0'B(va’ +mb'—f) 
= ja'—hb'+s+b(wa'+1b'—e), 
— 6" (wa' +nb'—g)—6'B(va' +mb'—f) 
= W' (ua! +1b'—e)—b(ua’ +1b’—e). 


Kliminating 6 and £, we obtain two relations which may be written in the 





f 
orm ?= p+68’, 6a' = w—d', 
where x9 = wb'!—v¢' +uw'+7 
= 70’ —q¢' +pW' +k 
XP Tia Nats aac (6) 
x = 96! —fp" +ey'—s | 
x = n0' —md¢'+hy'—h 


The quantities (6’, ¢’, W’) are thus connected with (0, ¢, vw) by the 
equations of a projective transformation in a space of three dimensions, 
and the above analysis gives a precise formal proof of the well known 
geometrical theorem that the conformal greup in a space of four dimen- 
sions is isomorphic with the projective group in a space of three dimen- 
slons. * 

In the particular case when 1=0, m=0, u=0, v =O, the con- 
formal transformation becomes a linear transformation and 6’ depends 
only on 8; we have, in fact, 

ys w0' +4 


OO he 





The fact that the transformation of an elementary field of type (23) is 
associated with one of the most important properties of a conformal trans- 


* F, Klein, Hihere Geometrie, Vol. 1, p. 487; S. Lie, Theorie der Transformationsgruppen, 
Vol. 3, Leipzig (1893), pp. 281, 357; J. H. Wright, Trans. Amer. Math. Soc. (1907), p. 391. 
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formation may be regarded as significant. It leads us to again emphasize 
the importance of the simple radiant fields of type (23). Jt is known that 
all the fields that have so far been found to be of importance in mathe- 
matical physics can be built up from fields of type (23) by superposition. 
Even though a field of type (28) generally possesses singular rays, it is 
possible to obtain a cancellation of singularities when certain fields are 
superposed.* In fact if we use the symbol 4 to denote the vector 
H”+iH® derived from the function f(a), 8), we can in some cases 
cancel the singularities in a field of type (23) by means of singularities in 
a field specified by an equation of type 





_ 2” 29 , 29 , ag 
ie Ox ts oy oar Ghaks 


The field of a moving electric pole can be derived from simple radiant 
fields in this manner in a variety of ways. This is an important result, 
since it leaves room for the introduction of the methods of statistical 
mechanics into electromagnetic theory, a thing that seems to be needed 
on account of the growing importance of the quantum theory of radiation. 
The result is also interesting from a philosophical point of view, because 
it suggests that in electromagnetism we are concerned not so much with 
an ether (in the ordinary sense) as the fundamental substance as with 
radiation of a semi-material nature, matter itself being associated 
with regions of space where this radiation.is transformed. The more 
familiar types of electromagnetic fields, such as electrostatic fields, are 
produced by the interference of simple radiant fields, and this results in 
a localisation of energy analogous, except in distribution, to that which 
occurs when waves of light interfere. 

5. It is known that constant values of 0, ¢ and wW specify a point 
which travels along a straight line with the velocity of light c. If we 
make 0, ¢ and vy functions of a single parameter 7, we obtain a series of 
‘* light-particles ’’ which generally lie on a moving curve. In some cases 
this curve may be a line of electric induction in an electromagnetic field, 
and it is then important to know the way in which 0, ¢ and W vary with 7. 

Let us consider the case of the field of a moving electric pole whose 
coordinates at time 7 are €(7), y(7), G(r). For each line of electric induc- 
tion one light-particle starts from the pole at each instant, and its para- 








* Proc. London Math. Soc., Ser. 2, Vol. 18 (1919), p. 95. 
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meters (0, d, y/) satisfy the Riccatian equations 
2(c?—v?) dé oid, prp"—_ pry" 
dr 


2(e—v*) (= — 2") = (E+ in) (6'Y'—'P", 


209 (ew) = Een eyo, 
tes AG &) He +8), 
wahoo (Ki), wa —o(B iM), 


,— d¢ dé dn Wiese as .dy 
vo (ht) i, wr Bhp OE 


b= (—Cr—vE in, wW = 0(€+er) +E—in. 


In the second.equation ®’, V’, 6” and YY” may be expressed as linear 
functions of ¢, while in the third equation they may be expressed as 
linear functions of W. : 

By means of the transformation (26) this set of Riccatian equations is 
transformed into another set of Riccatian equations of the same type. 
Since the general Riccatian equation is equivalent to the general linear 
differential equation of the second order, this result is of some interest in 
connection with the theory of linear differential equations, especially as 
our theorem enables us to associate various linear differential equations 
with a moving pole. 

From a physical point of view the chief value of this result is that 
the conformal transformations, and in particular the transformations of 
the theory of relativity, can be used to deduce the form of the lines of 
electric induction for various types of motion of an electric pole when the 
lines of induction are known for a particular type of motion. Thus from 
the known equations of the lines of induction for uniform motion in a 
circle,* we can deduce the equations of the lines of induction for uniform 
motion in a helix. From the known lines of force of a stationary electric 
pole we can, by applying the general conformal transformation, obtain 
the lines of force for an electric pole in “ hyperbolic motion,” 7.e. in a 











* F. D. Murnaghan, Amer. Jour. of Math. (April 1917). 
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type of motion represented in S, by a circle.* Since the lines of force of 


_ the stationary pole are represented in S, by planes through a line, the 


lines of force of the moving pole will be represented in S, by spheres 
through the circle. 


6. The Riccatian equations admit of certain other transformations of 
considerable interest which arise from a succession of local conformal 
transformations in S,, each transformation being applied only to a varietyt 
and not to the whole of the space, the variety being different for different 
transformations of the series. 

A transformation of coordinates 


ty = \ fase) lf’ Gide; ag) = \ Ly —n(s)] f'(s) ds | 
| Aik >t) 


ke \ [z—¢(s)] f'(s)ds, gis \ [t—s] f'(s) ds 


[a—€(7) |? +[y—a@) |? +[e-€@) 2? = C(t—-T” (7 <9, 


considered in a former paper,! gives 
£5 = \ fo £'(s) ds, To = [70 ds, 
0 = 4, 0 = So CT) —AEg tin), Wo = PCy +67) +£o—tm, 


where f(0) = 0. The velocities at corresponding points are the same, and 
the differential equation satisfied by 0) is the same as that satisfied by 0. 
The lines of induction for an electric pole moving alony a plane curve 
with constant speed can now be derived from the known equations for the 
lines of induction of an electric pole moving uniformly in a circle. Other 
examples in which the transformation can be used with advantage are 
easily devised. 

In this case the succession of conformal transformations is obtained by 
giving different constant values to 7, the varieties to which they apply 
being represented by t= constant. The transformation (27) can also be 
applied to all the simple radiant fields having singular rays issuing from 
the moving electric pole, and so there is quite an extensive class of fields 
to which the transformation is applicable. 


* This includes uniformly accelerated motion. The lines of force for this type of motion 
of an electric pole have been found by Leigh Page, Amer. Jour. Sci, (1914). 

+ Le. a 3-way. 

t Proc. London Math. Soc., Ser. 2. Vol. 10 (1911), p. 96. 
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This example suggests that transformations applicable to a class of 
electromagnetic fields may be constructed most easily by forming a one- 
parameter group of conformal transformations in S,, and applying each | 
transformation of the group toa single variety. The determination of the 
relation which must exist between the group of transformations and the 
system of varieties is an interesting problem which has not yet been 
solved in a general manner. Several examples of classes of fields asso- 
ciated with particular transformations are already known. 

There are some transformations applicable to our Riccatian equations 
which have not yet been associated with transformations of the coordinates 
x,y, 2, t. For instance, if we make the transformation ; 


p! 
imac. fy = §& lo = teP")5 OG = § To rts 


hy = So CT9— Mo(EAt), Wry = A (Go+ CT) + £o— tN, 


the differential equations satisfied by 0), do, W%o are of exactly the same 
form in the new coordinates as those satisfied by 0, 4, WY in the old. This 
transformation makes a moving electric pole correspond to its image in 
the mirror y = 0, but a line of electric induction corresponds to the 
image of the associated line of electric induction,* and not to its own 
image. 


7. The problem of determining classes of electromagnetic fields is 
associated with the following problem relating to quadratic differential 
forms :-— 


Given two quadratic differential forms of type (7) whose coefficients 
satisfy equations (8), the problem is to find a transformation of para- 
meters from a, 6, o, 7.60 ap, Bo, 7, To Which will transform the two 
quadratic differential forms into two other forms of the same type. 


In this general form the problem has a wider interest than would 
appear at first sight from the text, because it is not necessary to restrict 
the forms to be reducible to the forms on the left. We may, for instance, 
consider forms reducible to quadratic differential forms of the type oceurr- 
ing in Hinstein’s theory of gravitation and obtain a transformation theory 
for lines of induction in Hinsteinian electromagnetic fields. 





* For the definition of associated lines of electric induction, see F. D. Murnaghan, loc, 
cit., and H. Bateman, Proc. London Math. Soc., Ser. 2, Vol. 18 (1919), p. 95. 
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EXPANSIONS AND FUNCTIONS REDUCED TO ZERO BY THE 
OPERATOR sinh D—cD 


By A. C. Dixon. 
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1. Operators such as e?—e~’—2cD play an important part in the 


theory of elastic plates* bounded by circular ares or straight lines. 

In §§ 2-4 of the present paper the expansion is discussed of an arbi- 
trary function of « in the form ~Ae”, where e-—e~*—2cA = 0. The 
main result is (3.5) or a modification of it (4.51) which is slightly wider, 
and even more curious in form. 

In §§ 5, 6 the theory of functions that are reduced to zero by the 
operator is investigated by analogy with periodic functions. 

In §§ 7, 8 an extension analogous to the theory of doubly periodic 
functions is given. 

The special case c = 1 is considered in § 9. 

The points of convergency that arise are held over for discussion 
in § 10. 

2. Let c be a constant other than 1 or 0, and let (A) denote the cir- 
cumference of a circle about the origin of radius R, (©) being written 
instead of (#) when F is increased indefinitely according to some law. 

Then the following lemmas may be proved (see § 10 below) :— 


Lemma 1.—If g is real and between + 1, exclusive, then 


exp AgdA Aa | exp Agdr 
sy BINHIN CA (0) A(sinh A—cA) 


are both zero, and are still zero when each element of the integrals is: 
taken in absolute value. (mel) 


If g = +1, the first integral is infinite and the second is 2umq. (2.12) 





* Proc. London Math. Soc., Ser. 2, Vol. 19, pp. 873-386. See also J. Dougall (Trans. 
R. S. E.,° Vol. 41) on the theory of an infinite thick plate, and L. N. G. Filon (Proc. 
London Math. Soc., Ser. 2, Vol. 4, p. 422). 
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Lemma 2.—Let f(g) be a function which with its differential coefficients 
of all orders is limited and continuous throughout the range of integration, 
whatever it may be; then 


| i T(q) exp Aq dq dr aad { [ f(@ exp Aqdq dr 
(oy fey) sah A ON o) J-w A(sinh A—cA) 


are zero if w, v are between +1. The second of these is also zero if 1 is 
put for wu or v, and in all the cases the value is still zero if the elements 


are taken in absolute value. (Otis) 
If in the first integral of Lemma 2 we change the upper limit to 1, we 
add 7 
| | 42 exp Aqdqdnr 
(~) Jv sinh A—cA 
ee. | F(1) exp A—f(v) exp Av yeh [ f'(g) exp Aqdq dr 
~ Jwy  A(sinh A— ed) ») Jy A(sinhA—CA) ’ 
which is 2u7/(1), or more definitely 2:7f(1—0). ; (2. 14) 
ek —™ f(g) expAqdqdr __ Gs 
Similarly (eae ireter ates rane 2imf(—1-+0). (2.15) 


” f(q) Aexp Aq dq dr 
oa | ah sinh A—cAr 


= esp eee n—| \ f(g) exp Aqdq dA 
(2) 2 ) 


sinh A—cA ie sinhA—cA ” 
which is zero, u, v being still between +1. (2,.. 21) 
' fi@AexpAgdgdr _ : ie 
al ST yey Oe Da aT ree (1—0O), if f(l—0) exit (2.22) 
and 
og) A empagagan ys ; 3: . 
Lae Ear Kitna == — Qiaf'(—1+0); if f(—1+0) = 0. (2. 28) 


To extend the range of values for g, we have 


{ |" Aderprgda a 
(0) J1 sinh A—cA 


1+¥v asta, ay 
i) ba fo foe A(q—2)+2cdr exp A(g—1) 


ihe +2exprq—D | dgaa, 
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1+v 
and, since | | K(g exp A(q—1) dqdv = 0 
(R) J1 


for all values of f, this gives 


ie F(q+2) exp aM qar+2e | | Af(q+1) 3, AY FN 
(2) »)J0 


_y sinha— sinh A— 
which is 2cxf(1+0), if v <1, (2731) 
but Qe {f(1+0)—2cf'(2—0)!, if v = 1 and if f(2—0) = 0. (2 . 32) 


—> figvexpaAgdqdr — 
So also jie | a Saver th) ne aes 2Qiaf(—1—0), if v <a : (2 ‘ 33) 


= Qr {f(—1—0)+2cf’(—2+0)}, if v=1, and if f(—2+0)=0. (2. 34) 


3. Now let a be any real constant, and in the above put t—x+1 for gq, 
i(¢+2-+# 1) for f(g); suppose that the interval between a+1 can be divided 
into a finite number of sub-intervals in each of which f(z) and its differ- 
ential coefficients of all orders are limited and continuous; then, by com- 
bining the above results for the different sub-intervals, we have, if 
aoe d BRD 


q expo 2) id the 
from: (2 . 14), e \ Seana dtdr = Qeaf (x (3 lly 
© GTEC Fae Hl A) ie | 
from, (2131); | he | ET CEES ST dian == Din f{e-- OY, (Sil) 
at] 
from (2.18), | | exp Mime diay = 0: (8.18) 
ms abe sinh A— 


but if a<ta%<.a+l1, then 


‘ PMT DL ex DIN oa cil) 
tront:(2)..13), ie i Nga Ors atana=05 FA 
* {© exp A(¢—#— 1) aii at 
trom (29383), ee \ ei EEX UG Nee etre iim) 2) 
a+? F(t) exp A(t— iD) tie 
from (2 . 15), le \ aa Qeaf ( (c-+0), (3 ° 23) 


Sues 2s. VOU. 21.) NoOwle2o. Hi 
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and so, by addition, if a-—1<2*2<a-+l, 
$f (~-+-0)+4f(e—0) 


pael.A f(dexpr(t a | je expA(t—a—1) 
Aur | ih 1 sinhA—cr — ease Rote sinh A — at atan | 


(3.8) 
If « =a, this result follows from (2.14) and (2.15). 


When « = a—1, the value of the right-hand expression in (8. 8) is 
3f(a—1+0)—cf' (a—0)+4f(a+1—0) if f(a—0) = 0 by (2.32) and (2.14), 
(3.31) 
when z= a-+1, the value is, by (2.15) and (2. 84), 
$f(a—1+0)+4f(a+1—0)+cf'(a+0) if fia+0) = 0. (3 . 32) 
These values agree with the form (3.3) if we suppose that 
F@etD—f/@—))— 27a) = 0: (Set) 


this relation gives f(x) for all real values of «x if it is known for values 
between a1. 

In (3.38) the results of the integration with respect to ¢ are eacareticd 
functions of A, and therefore by applying Cauchy’s theorem to the contour 
integrals, we have the desired expansion of the arbitrary function f(x) um 
the form ZAe™ where sinhrA = cd, namely, 


fe) = er | ee ae a+ |” Heres at], 6 


Pau cosh A—c \ cosh A—c 





where it is assumed that f(@+0) have a common value f(x), and the sign 
of A has been changed. The swmmation extends over all the roots of the 
equation sinh A = cA. 


The expansion has been established under the following conditions :— 
(1) x lies between a+1, both limits being excluded. 


(2) f(z) is limited between a+1, and the range between a+1 can be © 
divided into a finite number of intervals in each of which f(#) has limited 
differential coeffiicients* of all orders. 


(3) c is not 1 or 0: the case c= 1 is discussed below (§ 9); when 


* The differential coefficients will be different on the two sides of any point which 
separates two intervals, but at other points they will be the same on both sides. 
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¢ = 0 the expansion is that of Fourier, and the proof does not apply in. 
all particulars. 


(4) If f(e+0) and f(2—0) are different, the sum of the series is their 
arithmetic mean; it will be seen in § 10 that this conclusion depends on 
the form of the A-path, and therefore holds when the terms in (8.5) are 
arranged so that the value of | | increases or does not decrease from each 
term to the next, but does not necessarily hold for other arrangements of 
the terms. 

With respect to values of x not between a+1 itis to be noted that 
the several terms of the expansion satisfy the functional equation (8. 4), 
and the sum of the series will therefore satisfy the same equation if term- 
by-term differentiation is legitimate. 

For the values a+1 themselves see (8 . 31) and (8. 32). 

The existence of limited differential coefficients of all orders has been 
assumed for simplicity, but clearly it goes far beyond what is necessary: 
in fact, in (2.18), (8.13), (8.21), it is sufficient that f(q) be limited; in 
(PPA elo), (An ALi Apt a Aeron) oil Ln(oe by, (8). 22), (O1s25); 
(3. 3), (8.5) it is sufficient that f have a limited and continuous differ- 
ential coefficient throughout each sub-interval ; in (2 . 22), (2.28), (2. 32), 
(2.34), (8.31), (8 . 32) it is sufficient that f have limited and continuous 
differential coefficients of the first and second orders throughout each sub- 
interval. The existence and continuity of the second differential coefficient 
are only necessary to the proof in the sub-interval containing a@+0 when 
2 =a+l1, and in that containing a—0O when «=a—1. In each case 
the existence of a continuous first differential coefficient in the sub- 
intervals containing a—1+0 and a+1—0 is also assumed. Otherwise 
the existence of a continuous first differential coefficient in the sub-interval 
or sub-intervals containing «+0 suffices, since by (2.13) the validity of 
the expansion in one sub-interval is not affected by the lack of a differential 
coefficient in another sub-interval so long as f is limited and integrable 
throughout, except as just stated when x = atl. 


4. If the given function f(x) is the sum of a finite number of terms 
such as B exp Az, in each of which sinh A = oA, its expansion should be 
valid for all real values of x between a+1, but not for these extreme 
values unless 2BexpAa=0. It is interesting to verify this by taking a 
single such term e”. 

The coefficient of expAz is now, when A+ p, 


a atl 
{\ expat =D) dt-+ | oxp(ut—dé-+n)dt | /2(cosh Ao), 


tT 2 
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or exp(ua—Aa) {exp(—A)—exp(—p)+ exp w—exp A} /2(u—A)(cosh A—), 
or c exp (ua—Aa)/(cosh A—c), 
since sinh \ == CAL sinbwi— cu: 
The coefficient of exp ux itself is 
cosh u/(cosh u—c). 


The expansion is therefore 


eXp uL-+C exp ua a(“4—a), ped al 
where o(zx) denotes x exp Az/(cosh A—c). 
In particular the expansion of lis 1-+cc(x—a). (4. 2) 


The expansion of exp «(a—a)—1 is expu(x—a)—1, and that of 2 Bexp Ax 
ut xB exp A\x-+co(x—a) 2B exp da. (413) 
This affords the desired verification, for o(z) may be written 


= | exp Axdr 
27 Jin) sinh A—cr’ 


and according to (2.11) is zero when x is between +1 but infinite when 
aeemt ae a 
The expansion of f(z) may be written* 


} {\" fOe@—t—-1 a+ |" FO o@—t+1)dt} ie oy aves 


It is formed by integrating the product of f(x) and a function o which is 
generally zero but occasionally infinite. 

The function o(x) is the difference between two expressions for another 
function, the two being valid in two different regions separated by the line 
on which the expansion theorem holds good. 

This other function is a multiple of w(x), which is discussed in the 
following paragraphs. 





* We may evade the condition f(a) = 0 by using the expansion 
Fa)+ay |” {FQ —/(a)} o (@—t-1)at-+ ["" {7()—Fa)} @ @—e+aar |, (4.5) 


a- 


provided that f (a+0) have a common value, 
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Another form of (4.5) is 


a a+l 
3 | _fOoe—t—nar+| f(t) o(a~--t+1) dt—2cf(a) o(2—a) | (4.51) 


which follows by substitution from (4. 2) for the expansion of a constant. 


The Function a(z). 


: *? sinh Az dv 
5. ") > 
The improper integral | Teeny? 


real, is. clearly convergent so long as —1< # <1, and in the strip so 
defined represents an analytical odd function of z: let this function be 


denoted by cht (5. 0) 


where z = z-+vy, and A is 


zw (z) may be continued over the wider strip —2 <2 < 2 by writing 
it in the form 
~ eA sinh AzdA 
9 sinh Afsinh A—cA)’ 





—4r7 tan bee—| (5.1) 


since the second part of this expression similarly converges, and repre- 
sents an analytical function, in the wider strip, while in the former strip 


it is known that © sinh rz 
{ TaN dA = 47 tan 472. (Daa) 
0 : 





Hence w(z) has a pole, with residue 1, at each of the points +1, and 
has no other singularity within the wider strip. 
In the strip 1< % < 2, we have 


~ sinh A(z—2) 


Figea e Beley 
a tandcrz = : 
a 2 | sinh A 


aD, (5. 12) 


and thus after reduction 


ee by NG ao eosb AG) 
ae sinh A—cA dn 
= ow (z—2)+2cm'(z—1). 
aia ow (2-+1)—a(2—1) —2ees" (2) = 0, Pay 


first in the strip 0 << «<1, and then universally by successive continua- 
tion from strip to strip: thus @ (z) is uniform in the whole plane, and has 
singularities at +1, +2, +3, ... only. 
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Other expressions for w(z) may be given, for 


~ sinh Azdr ~ sinh AzdA 
Wah | ey here eC Aue Lh AS 
PAA OF \ sinh A—CA 2 ie sinh A—CcA 2) 
BY aes exp Azdnr 
=-3\ ghxca 8D 


if in the last we take the average for the two paths, the one above and the 
other below the origin. 

Now when —1 <2 <1 and y is positive the last integral taken over 
the are of a semicircle of radius R about the origin in the fir st pie quad- 
rants tends to 0 when Ro. 


exp Azdr 7 


WE Ray = WED OXDIAC CA Mie (Tae 
Hence Te) ea lim | sinh A—cr 9 2(1—c)” 


(5. 4) 
where now the path of integration consists of the semicircular are and its 
diameter altered slightly so as to pass above the origin. When y is nega- 
tive we take the semicircle in the two lower quadrants, but still pass above 
the origin. 

By Cauchy’s theorem for contour integrals 





U7 exp AZ 
2(1—c) ae cosh A—c’ 


7 (z) = — (5 . 5) 
when —1 <2 <1 andy > 0, the summation applying to all values of A 
in the first two quadrants satisfying the equation sinh A = cA, but 


exp (—Az) 
cosh A—c’ 


2) Tere aya wa (5.51) 
when —1<2<1 and y< 0, the summation applying to the same 
values of A. 

When y =0 and —1 <2 <1, both expressions are good and their 
difference is ize (2). 

On account of (5.2), the expression (5.5) or (5.51) holds at internal 
points of the other strips: the restriction to internal points is unnecessary, 
since for a fixed value of y the convergence of (5.5) or (5.51) is uniform 
over any finite range of values of « ($10), so that these series represent 
a continuous function of zx. 3 


6. Other uniform functions having the property (8.4) and having 
assigned algebraic singularities can be formed by means of w(z) and its 
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derivatives in a way which is quite familiar. The following treatment 
gives some useful results, relating especially to the uniqueness of such 
functions. 


Let f(z), g(z) be two uniform functions with the property (8.4); take 
a rectangle* bounded by the lines x = +1, y=a, b (a> 5), and divided 


into two by the axis of y, and add | #2) g(¢—1)dz round the right half to 
| f@ g(z+1)dz round the left half: it is the same to take 


{ {f@)g@—-D+feE-2 9} dz, (6.1) 


round the right half. 

If within the whole rectangle f(z) has only simple poles at points a, 
with residues A ; and g(z) has only simple poles, at points 6, with resi- 
dues B, then the value of the integral is 


Mm {TAGglat1I+=UBBtV}, (6 . 2) 


the signs in a+1 and G+1 being so chosen that all these points fall 
within the rectangle. 
The contribution of the vertical sides is 


\" {fet)D g@+f4 ge+D—f 9¢—-D—fe—-D 9} dz, (6.11) 


that is, on account of the property (3 . 4), 
Qc { fea) g (ca) —f (eb) ged) | - (6.12) 


Hence Qur {EAg(a+1)+=UBf(B1)} = FO—FO, (6. 8) 
where 

1 
i= \,  flo-ey) gle-+iy—l+fle-+y—D getty} de—26fly) gly). 


If then all the singularities of f and g are outside the rectangle, (6) = F(a) 
and F'(y) is, in fact, constant for values of y from 6 to a inclusive. (6.31) 


If g(z) = w(e—Z), Z being within the rectangle, then 8+1 has the 
one value Z, and if all the singularities of f are outside, 


F(b)—F (a) = 27f(Z). (6. 4) 


Now on the side y = b, w(z—Z) can be expanded by the formula (6 . 51), 





* Or any parallelogram whose base is parallel to the axis of x and of length 2. 
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and on the side y = a by formula (5.5), so that writing z for Z we have 
the following expansion, which includes that of Laurent for a periodic 
function (c = 0) :— 


Fjahasye heen i { f(t ub) e~AE+ PDA FEL H— 1) e-AEHO? Ge 


cosh A—c LJo 
— 2¢f (vb) ay) (6 .5) 


the summation being over all values of A such that sinh X = ca. 


In the coefficient a may be written for b [see (6. 81)], and the expan- 
sion holds within the rectangle -—1<2<1, b<y<a, ifall the singu- 
larities of f are outside the rectangle. By the property (3.4) or by the 
use of a parallelogram with oblique instead of vertical sides, it can be 
extended to all finite values of z in the strip b<y<a. It agrees with 
(4.51) and shows when it is safe to extend (4.51) laterally from the real 
axis. 

If all the singularities lie below the line y = 0, then in (6.5) we may 
increase b to any extent in the positive direction, and if f(z-+vy) is limited 
when y>+o and —1 <2 <1, then for values of A below the real axis 
the coefficient of e’ in (6.5) can only be zero. For values of \ above the 
real axis, when y—>-+ 0, e” itself tends to zero. Hence, unless there are 
real values of A other than 0, f(z+ vy) 1s not only limited but tends to a 
definite limit independent of x when y—-+o. The same applies to 
negative values of y, if e~” is read for e™. 

If f(4:0) are both definite, then by putting 1 for g(z) in (6.8), we find 


Tie) F(a) 


ea LT 


Te eum of residues of f in the strip —l<a<l. (6.6) 


If in the strip f has no singularities and is lumeted, the expansion 
contains only the terms in which J is real: that is, f(z) 7s constant, unless 
there are real values of A other than 0. 

Again, wf two uniform functions with the property (38.4) have the 
same singularities, and are both limited towards infinity in the strip, 
they can only differ by a constant, unless there are real values of A other 
than 0, which happens when ¢ is real, positive and > 1. 

If there is a finite quantity k such that |f(w-+cy)| does not exceed eM 
when y is above a certain positive quantity, then since only a finite 
number of values of A lie in the strip —k <y<k, there will only be a 
finite number of terms in (6.5) with A on the lower side of the real axis, 
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the coefticients of the rest being zero, just as when f(-+.0) was limited. 
The same thing holds with the signs of y and A changed. 


The Function €(2). 


7. Just as functions with the property (8 . 4) include periodic functions 
in particular, so there are functions with two such properties including 
doubly periodic functions in particular. 

Let « be a complex or purely imaginary quantity, and to fix the ideas 
suppose it to fall above the real axis. Let y, as well asc, be a constant 
other than 1. 

Let ¢(z) denote 1 | iS ERS 


(sinh A—cA) (sinh eA—yeN) al 
qa) (sinh A—cA)(sinh cA —yka)’ ery 


where (1) indicates a path consisting of two branches of hyperbolic type 
crossing the lateral axis above and below the origin and leading in from 
infinity in the second and fourth quadrants out to infinity in the first and 
third respectively. The zeros of sinhxA—y«A are all to be between the 
two branches, those of sinh A—cA other than the origin in the other part 
of the plane. 


We may also put ¢(z) = 4 | PELs Cine 1k) 


a) (sinh A—cA)(sinh cA — yA)’ 
where (2) indicates the branch of (1) lying in the first two quadrants. 

So long as z lies within the parallelogram formed by +1-+k, these 
integrals converge absolutely and denote an analytical odd function of z. 
The same integrals along any are of a circle about the origin as centre 
tend discontinuously to zero when the radius increases indefinitely ; the 
discontinuous changes happen when the are passes over a zero of the 
denominator. 

Hence the path in (7 . 1) may also be taken as (8) the limit of a closed 
dumb-bell curve formed by (1) and two circular ares at a great distance 
crossing the real axis, this path being described in the negative sense 
(7.12), or (4) the limit of two separate closed curves formed by (1) and 
two circular ares at a great distance crossing the lateral axis (7.18). 

Taking the integral over (4) we have formally 


Fe ai, esl Ce 
Sa eee ag oe 2) als sinh eA—y«n’ 


which vanishes because (4) encloses no zeros of the denominator. Thus 
the expression (7.13) converges for z+1, if for +1 and z; the function 
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¢ exists in the strip bounded by the horizontal lines through +x, and is 
h that | 
phe cn a (+1) —(@—1)—2c¢' @) = 0. (7 . 2) 


Similarly within the strip between the other two sides of the parallelo- | 
gram ¢ exists, and 
C(2-+k) — C(z— 4) — 2yKl' (z) = | exp AzdA 


* J(g) sinh A—cA sae NI ANS: 


since (3) encloses the origin but no other zero of sinhA—cdA and is de- 
scribed negatively. 
To find the singularities of ¢(z) write it in the form 


sinh Az 


ICONS OTA a 7.4) 


where the summation covers all the roots of the equation sinh A = cr 
above the real axis. 

his series converges in the strip between the horizontal lines through 
+x. It may also be written 


—i7d fexpA(z+x)—exp A(«—z)} /(cosh A—C) 


EG eas exp A(z-+ 2x) — AyKd exp A(z+K«)— exp A(2Zxe—z) + ZykA exp altred 
(cosh A—c) (sinh xA—yxA) 


(7 ap) 


where the second part converges and represents a function without singu- 
larity in the wider strip between the horizontal lines through +2«, while 
the first part is a(¢+x)+a@(z—«) [(5.5) and (5. 51)]. 

Hence the only singularities of ¢ inside the wider strip are those of 

w(z+x)+a(z—x): 16 has then simple poles with unit residues at the 

points +1+« and no other singularity within the a el tate formed 
by these points or on its sides. 

Hence ¢ is a uniform function everywhere and has the properties 
(7.2) and (7.3) everywhere. 


8. Take any two uniform functions f(z), g(z) with such properties, say 


fe+)—fe—)—2¢f'@) =f, (8.11) 
fetn—fe—n—2ykfe) =a, (8 . 12) 
g(z+1)—g(z—1)—2cg'(@) = 91, (8. 13) 


g(@+xn)—g(e@—K) —2y«g'(z) = Io, (8. 14) 


1921. | THE opERATOR sinh D—cD. 283 


and evaluate 


[{f@ g@—1—) + fll) g@—) 4f—#) ge—D4fle—1—0) g (2)} az, 
(8. 2) 


round the parallelogram formed by 0, 1, 1+«, x, which is a quarter of the 
fundamental parallelogram formed by +1+k. 


The result is Qe7 {PAg(atkltn+Z2Bf(B+1+x)}, (8.21) 


if, within the fundamental parallelogram, f has only simple poles at points 
_a with residues A, and g has only simple poles at points 6 with residues 
B, and the ambiguous signs are so decided that atl+x, B41+4« all lie 
within the fundamental parallelogram. 

This quantity then is equal to 


1 
| (f@ 9g@—-1—n) +f (2-1) ge — 0) + f(e—®) 9 (2-1) + f(e-1—8) 9) 
—fetg(e—-1)—flete—lg@)—fl)g(e+«—1)—fle—Dg(e+«)} dz 
+| (FEFD ge—N +f ge+t1—o) +f(e+1—0) gD+fe—# g(z+1) 


—f(2)gz—1—n) —f(e—lg (2-0) —f(e —) 9 (2 —D —fe—-1—4) g (2) | dz, 


(8 . 22) 
which in virtue of (8.11), etc., reduces to 
A {| g@dz—2ye9(| +9. {| flerds—2y«f(0)| 
: ) itp ) 
—¥s {| g@)dz—2eg (O) j — 92 | | fe)de—26f he 
or, say, A: Got gi Fo—fo G1 — 90 F. (8 . 23) 


As one special case let g(z) = 1, then 
Oe ee Le CL ny) 
so that UrUd = Af, (1—y)—2f,(1—o). (8 . 3) 
If g(z) = 2, then 
Oe ent Fc (Le ee) (1), 
so that QirLA (at1l+x) = 2(1—c) Fy—22x(1—y) Fy. (8. 4) 
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Again, if g(z) = ¢(¢—Z), and Z is in the fundamental parallelogram, 
gate g,=0, 9=—e/A—oc), Stlat«=Z, B=1, 
so that Quaf(Z) + arTAC(akl+«—Z) =f, Gy—foG, tir F,/(1—o). 


a 


Bus OZ 


x f (eZ) da + 2e6"(Z) =0 by (7.2), 
—1 


OG, 


AWG 
and aT. = ib ag Sz — Z) det 2yne'(Z) — i /(1—c) by (7 . 3). 


Hence, writing z for Z, we have 
fe) = TAG fz—(akLtx)} +f,2/2(1—ce)+const., (8 . 5) 


just as in the theory of elliptic functions, where c = y = 0.* 


Them dserca— 1, 


9. Much of the above work still applies to the case c = 1, in spite of 
the triple root of the equation sinhA =A at the origin.. No change is 
needed in § 2 or § 8 before (8. 5), where the triple root gives rise to three 
terms in the expansion. 

The expansion of exp Aq/(sinh A—A) in ascending powers of A is 


3 
ety b= aa 


and thus the terms in a(x) are 8z°— 3,; in (8.5) or (4.4), 


a) f(t) {(@—t—1P—py} dt +3 \ “fO{@—t+1)—yo} dt 
a1 | 
and in (4.51), 
—3f(a) {(t«—a)’—75} . 
The last expression reduces to f(x) if f(z) = A+Bzr+Cz’, and to 0 if 


f(©) = exp ux, where sinhu =u. In this way the verification of § 4 is 
completed. 








* When c = y = 0, (7.1) is a compact expression for an elliptic function of the second kind, 
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At the opening of § 5 we take 


” { sinh Xz 6z 
la -| Ca Tey. <a LIN 


and make the same change in (5.1). There is no change in (5.2) or 
. (5.381), but in (5. 4), (5. 5), (6.51), we must write 


31 (z?— 4) for 4:7/(1—o) 


in the constant terms. 

The only change in § 6 is in (6. 5) which is still the same as (4.51) 
with .b written for a. 

In $$ 7, 8 the supposition y= 1 would not affect the work unless we 
took c = 1 also, but if c= 1 the right side of (7.3) must be changed to 
— 87 (z7—4,). In (8 . 5), 


f(ia—ZAG{z—(akltx«} =a cubic in z, 


and f; cannot vanish unless YA does so by (8.8), but f, is arbitrary. 
If c=y=1, we have by (8. 3) and (8. 4), 


pail eet i eo Da Niel anya OP 


so that a function with the properties (8.11) and (8.12) must have at 
least three poles, distinct or not. For instance, ¢"(z—a) is a function 
with these properties, having one triple pole in the fundamental parallelo- 
eram. Other such functions are 


CU aie Ol tae) Gi (2a), 
with a double pole at a+1+« and a single one at B4+1+k, and 
(8—8) ¢(@—a) + 0—a) ((2—B)+ (a—B) F(z—9), 


with three simple poles. 


Appendix on Convergency. 


10. In the foregoing it has been assumed that certain improper in- 
tegrals and infinite series converge. In the proof of this the main point 
is to establish inferior limits for the absolute value of sinh AX—cA when A 
is great. We have to avoid the zeros of this function which all lie in a 
region that stretches to infinity along the lateral axis both ways 
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Writing €+.1 for A, we exclude from consideration all values of A 
within the parabolas €? = +», except those for which y is an odd multiple 
of 47. i. 
Outside or upon the parabolas, \ being great, € must be great, and 
thus sinh A—cA is of the same order of magnitude as exp |€|. 

Inside the parabolas X = +(n+4)i7+6, n being a positive integer, 
and, if c= ¢,+uc,, 


sinh A—cA = +:2(—1)” cosh €— (e,+:2c,) { + (n+4) er +E} 
= {+(n+)egr—c,€ | 4c {(—1)" cosh €—(n +B) 0, 7 FE t. 
Now €? <(n+4)z, and thus if n > 4c3/ac} and is odd or even as ¢, is 
positive or negative, the real part may be ignored, and 


| sinh A—cA| > cosh €+4nz | ¢,|. 


Hence both within, upon, and without the parabolas 


* 


exp (+A) 
sinh A—cA 


Av 
sinh A—cA 











and 





are limited, say < K, for the great values of > considered: the same is 
true even when c, = 0, for then within the parabolas the real part is of 
the order of m and the lateral part of the order of cosh € (if € is great). 
Thus we have excluded all the distant zeros of sinh A—cA, since they he 
within the parabolas, but we have left bridges by which to cross the strip 
in which the zeros lie. 

Where a circular path has been prescribed for A, as for instance in 
§ 2, the radius of the circle will be taken as 


B= {+3 P+(n+4) 733, 


n being a positive integer, odd, if c, is positive, even, if c, is negative, so 
that the circle has two of the bridges as chords, and these chords will be 
taken in as parts of the path instead of their minor arcs. 

Now in the first integral of (2.11), which is the limit of 


| exp Aq dr 
(rn, sinh A—cD’ 


| exp Aq| = exp éq,’_ | sinh A—cA| > exp|é| + K, 


* This part of the statement is not true when c= 0, so that the conditions are less 
favourable in the Fourier case than in general. 
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and also |sinhA—cA|>|A| + AK>|n| + K. 

On the path outside the parabolas in the first and fourth quadrants 

| E> V/(nr+4n), 


and thus the subject of integration is less in absolute value than 
K exp €(q—1) < K exp (q—1)/n, 


where g—1 is negative ; the length of path is less than 7R which is of 
the order of m. Thus the contribution of this part of the path tends to 
zero when Ff is increased if q <1. 

On the chords or bridges 


dv=dé&, |n[=™t+hr, [él <n]: 


we separate the parts of the path on which | €|> log|7| from the rest. 
Thus in the first or fourth quadrant the contribution is less in absolute 
value than 


K 7| 


(RA co eda | 


ral Ne rates 


v| 
log | 
PO ae a ait 


be ay Me Hig 





and therefore than ee 


This quantity tends to zero when fF is increased indefinitely if ¢ <1, 
and therefore the whole contribution of the first and fourth quadrants 
also tends to zero. 

The second and third quadrants give expressions which differ from 
those for the first and fourth only in the sign of g, so that their contribu- 
tion tends to zero if g > —1, and the whole tends to zero if —l<q <1 
as stated. ‘The second part of (2.11) follows at once. 

If g = 1, as in (2.12), the contribution of the second and third quad- 
rants has been proved to vanish. In the first and fourth write 


exp Aq = exp A ae Pigo* Diea ite ACA 
A(sinhA—cA) A(sinhA—cA) A A(sinh A—cA) * 


The contribution of the second part tends to zero as before, and the 
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first part taken through the two quadrants gives 2u7,* which is therefore 
the value of the second integral in (2.11) when g =1. Similarly when 
gq = —1, the value is —2:7.* The first integral does not converge. | 

The convergency in (2.11) is uniform so long as q lies in an interval 
internal to that between +1. Hence the first two parts of (2.18) follow 
by integration from (2.11). 


| | T(q) exprAqdqdnr 
() 


In dealing with » A(sinhA—cA) ’ 


suppose that | f(q)|<G, a constant. Then 
1 1 | 
| Lf@exp rg|da <@| exp éy ae. 


In the second and third quadrants, € being negative, this expression is less 
ae G(1—v) exp €v, 
and the contribution from these quadrants tends to zero if 1 >v >—1 as 
in the case of (2.11). 

In the first and fourth quadrants, where € is positive, it follows that 


1 
| | /(q) exp Aq | dq < G exp €/€ and also < G(1—v) exp €, 


the latter expression being required within the parabolas. Outside the 
parabolas the absolute value of the subject of the second integration, with 
respect to A, is less than 


Gexpé/€xX K/Rexpé or GK/ER or GK/RVn, 


while the length of path is less than 7R. 

Hence this part of the double integral is less than 7G K’/4/n, and tends 
to zero when 7 increases. 

The parts of the path inside the parabolas contribute less than 


Vv|n| 
2 | ; G(1—v) exp €. K/|A| exp €. dé 
0 





* If the path of integration crosses the lateral axis at unequal distances +R,, —R, from 
the origin, these values must be changed to +2:r+2log R,/R,. This affects (2.12) and the 
results depending on it ; for instance, on the left of (3.3) we must add 


{f (w—0) —f (w+ 0)} (lim log R,/R3) + Qx, 
but (3 , 5) is not affected. 


iy 
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Vv|n | 
or Ty alae 
| 7 | 0 
Por 2GK(1—v)//| ny], 


which also tends to zero. Hence all the statements in (2.18) are estab- 
lished: | 


In the contour-integral at (5.4) we know from (2.11) that 








expArdnr 
{i BIA UEN (i us 
and that |exp Ay | <1, 


when X is the first two quadrants and y positive. Hence 


| exp Az dz 
sinh A—cA’ 


over the arc of the semicircle, tends to zero. 

At the end of § 5 the question of uniform convergency arises for the 
series (5.5) and (5.51). Now, if ¢ changes, the number of roots of the 
equation sinh A = cA within any contour can only change when one of 
the roots falls on the contour: thus the number of roots in the area be- 
tween the curve 7 = €° and the two bridges 7 = (n+4)7 and » =(n+3)7 
cannot change when 7 is above a certain limit depending on the range of 
values of c. When c=0O, there are two such roots, er(n+1) and 
i7(n+2), Hence in general there are two roots such as 


im(n+3)+€+16, 


where 6 is between +7 and € is not of higher order than /n. 
In these two terms, the denominator coshA—c is of order n being 
equal to ./(1-++c7A*) —c; the absolute value of the numerator exp Az is 


exp {| —y7 (n+3)+2E—yG}. 


So then, if x is within any finite range and y exceeds a positive 
quantity b, ultimately the n-th term of the series is less than exp(—n7b’) 
where b’ is a positive quantity less than 6 and depending on 6, not on 
zor y. Thus the series (5.5) and similarly (5.51) are uniformly con- 
vergent, as assumed at the end of § 5 and also at (6. 5). 

In dealing with the integrals of $7 we may put z == X+«Y where 
X, Y are real, so that z lies in the parallelogram if X, Y are both between 
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tL ie hen 
exp AZ Vie eee exp KAY 
(sinh A—cA)(sinh eA—yxA) ~~ sinh A—cA* sinh rA— yA" 


We exclude from consideration the same points as before and also 
those inside a second pair of parabolas for the factor sinh eA—yx«A; this 
second region is also to be crossed by bridges. We have seen that on a 
bridge the corresponding fraction 

exp AX exp KAY 
sinhA—cA © sinhxA—y«r 


is limited, while the other fraction is exponentially small: outside the 
parabolas both factors are exponentially small. Hence the integral, and 
also its formal derivatives with respect to z, converge whichever of the 
paths (1), (2), (3), (4) is taken. ' 

In (7.4) and (7.5) we may write —4exp(—x«A) for sinhkA—-ykaA 
without affecting the convergency, and then the statements made follow 
from the discussion of (5.5) in this paragraph. 


i 
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RECIPROCAL CORRESPONDENCE OF DIFFERENCES AND SUMS 
By W. F. Suepparp. 


[Received August 22nd, 1921.—Read November 17th, 1921.] 


1. This paper deals with (1) the indefinite sums corresponding to 
jedivided or ‘ adjusted ”’ differences; (2) the definite set of sums (in an 
extended sense) corresponding to the differences, on any system, of a par- 
ticular set of quantities ; (3) the differences (in an extended sense) corre- 
sponding to symmetrical sums of a set of quantities. 


(1) Indefinite sums corresponding to divided or adjusted differences. 


2. In the ordinary theory of differences, summing is the inverse of 
differencing. In the advancing difference notation, for instance, if 


woe Uri) Ur, Urq, ... 18 @ set of quantities, taken in this order, Aw, means 
Ur+1—U,y, and Xu, is a function of 7 such that 
NO are 


If the extreme w’s are wu, and w, we can write wz, in either of the forms 


Duy == const.-- Up... Ura F Ure 


or Lu, = const. — Up— Up 41 — --. — Uy. 


Similarly in the central difference notation dw,,, means w#,,1—U,r, and the 
operator o is such that 


COU ntl 
so that Up» —\ CONSt»+- Uy +4, + «2. Une tr 
= CONSE. — Up 4.1 — Up g— --. — Uy. 
The successive sums D?u,, L®u,, ... OF oy, o°Ulpya, ... are formed on the 


same principle, a new arbitrary constant being introduced for each 
successive set of sums. We want to find what corresponds to these sums 
in the systems of divided and of adjusted differences. 

v 2 
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8. These systems are applicable when the tabulated quantities corre- 
spond to values of some variable taken at irregular intervals and not 
necessarily in order of magnitude. We will take divided differences first. 
Let the values of the variable be %, 71, %, ..., 2, and let the correspond- 
ing tabulated quantities be wp, wy, ws, ..., uw. Then the divided differences, 
of successive orders, are obtained successively in the same way as ad- 
vancing differences, with the exception that at each step the difference 
found in this way is divided by the difference of the x’s corresponding to 
the extreme w’s involved. If we denote the divided differeuces of orders 
Dy 2 etcs, Dy V tee Velie Vo, Vu, ..., ete., we have 


Vuly = (uy — U9) /(%,— 2p), | Vuly = (y—y)/(a@g—2)), «-- 
Vly = (Vu, —Vuy)/(%g—2Xp), V2u, = (Vuo—Vuy,)/(r7,—2}), --- [ (3.1) 
ete. 
The general relation is 
Vi ig = (VO tigi — Vg) | gap 20) (3.2) 
and it will be found that 


Vu, = PISS Maa RS Te PASE 9 SEMEL Sa Ce Ce ae 
“0 (2-2) (Ly — a - 3 (H gL) an (ep —irp tenes tp) her, Sr,) RF 
Uf 
EEA TINI aE ae 
(%p—Xo) (Lp—%,) ... (%p—aez_-1) ae 
Uy == Up (Ly—2q) VUgt (&q—LXp) (%g—2y) V2uy+... 
mpl Cah ment iy timed Mae eit uN AUP 7s (3.4) — 


It should be noticed that, though the particular w’s involved in Vw, are 
determined by the order of the w’s as a whole, the formula for V%, is 
independent of the order in which these particular w’s are taken; e.g. for 
Vu, the first three w’s might be uw, 21, 2%, OF Uy, Ua U,, etc. This is not 
the case in the ordinary systems. If, for instance, abcd are four w’s, the 
resulting third difference in the ordinary advancing difference system is 


d —3c-+3b—a if they are taken in the order abcd, but a—3d+8c—bd if 
they are taken in the order bcda. 


4, To find the sums corresponding to divided differences, we take X to 
be an operator inverse to V, 7.e. an operator such that 


VS =1. (4.1) 
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This is not the same thing as XV =1; but to give an interpretation to 
< we can try V=<7"!. Substituting for this in (8.2), we get 


CS bg = (SO 6 — KOI ey) | gp — 2) 3 
and therefore, replacing —/ by g, 


SO RE lag pg th) gg — as (4 2) 


which may be written 


oe la = Sg (Bg Lg ag) SN! Ug (4.3) 


5. In the advancing difference system the relation of differences and 
sums is as shown in the following diagram, in which each quantity is the 
difference (lower minws upper) of the two quantities adjacent to it on the 
left. 

DT Lttg—1 Auy-2 A® tgs 
ids ARG ae! A OITESES 

DIATE sats Lat, Auy-1 Mug—2 
bag Firs, Uy Au) -1 

pa yes Dibgad Au, APutg-1 
Dela Uy41 ig 

a a Ate Atlg41 Aru, 
Pa aie Wes Af tig +i 


The diagram implies that A°w, = S°«, =u, In the divided difference 
system, supposing the A’s and &’s in the above diagram to be replaced by 


V’s and X’s, we may take as typical relations, from (3.2) and (4. 2), 
Vi utg—1 = (Vg — Vteg—1)| (Lq42—Lq-1), 
Cg aoe (LP et g 42 — Rtg 41) | (Bq—1— Mg 1): 


These two formule correspond exactly; in each case the suffixes of the 
two «x’s in the denominator on the right-hand side of the formula are 
those of the w’s found by drawing lines in the diagram from the quantity 
on the left of the formula through the two quantities in the numerator 
on the right, these being the quantities which in the diagram are adjacent 
to it on its left. We therefore take this as the definition of the operation 
V, in place of the more limited definition given in § 3, and we then have, 
from (3.2) and (4. 2), | 


Vas NHR Sie aa Ws (> 2h) 


Ven Sa a (5 . 2) 
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We can therefore treat the values of <’*!u, which satisfy (4.2), for the 
various values of q, as the sums of order g-+1. 


6. When, however, we come to build up the <’s by means of (4. 3), 
which is the equivalent of (4.2), we find a difficulty. The process of 
constructing sums of orders 2, 8, ... from those of order 1 is simple 
enough, (4.38) giving 


2 pats Mere?! 
CGT ie mea yee Outi ny) OT 
3 i 3 ; 2 


ete. 


The difficulty arises when we want to construct the table of «Kw,; for, 
putting g = O in (4.3), we have 


as 0 


A 


= Ku,—0. Ry. (6 . 1) 


There are only two interpretations. The one is that Swi; = Su, which 
means that the w’s do not enter into the <’s at all, except in so far as we 
can introduce them successively as arbitrary constants: the other is that 
<°w, is infinite, so that it cannot be identical with w,. 


7. The explanation of this difficulty can be seen by taking the 2’s to 
be successive integers. We then have, from (3.2) and (3.3), 


WLI, ee (Vio tg 41 — Vi Ug) be 
V'ug = Mu/f!, 


so that the successive differences, beginning with Vw), are equal to 
Au, Au /2!, A®u,/8!, .... By analogy we should expect that the 
successive sums would be equal to Yu,/(—1)!, 2?w,/(—2)!, ..., de. would 
be zero. 


8. Let us see whether we can get rid of the difficulty by using ad- 
justed differences. The system of adjusted differences differs from that 
of divided differences in that, in forming the successive differences, the 
division by x,4s—%, 1s corrected by multiplication by /; 7.e. if the 
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successive adjusted differences of wy are Ou, O7u, ..., we have 

, Oy = (uy — us) / (4, —2,), Ou, = (Ug—UuU,)/(t_—2}), «.. 

Orly = 2(Ou,—Ouy)/(@y—2y), Ou, = 2(Oug—Ou,)/(ag—a,), ... +, (8. D 
etc. 


The formule (8. 2), (8. 8), (8.4) are replaced by 


tg = f(A Ug41— 9 Ug) | (@q4t— 2a), (8 . 2) 

ONE, AV Ua (8 . 3) 
Ug = Ut (Ly— Xp) Outo/1! + (%q—2q) (%qy—2) O7uy/2!+... 

+ (t%g— Xp) (%q—%) --- (Lg —#g-1) O%u,/¢! ; (8. 4) 


where, in (8.3), Yu, means the value given for this by (8.3). The 
system becomes equivalent to the advancing difference system when the 
2's are successive integers. 


9. If Z denotes the operator for adjusted differences which corresponds 
to < for divided differences, we must have 


Va, Fomet 1 (Sirah) 
Proceeding as before, we shall find that (4. 2) and (4.3) are replaced by 
Lope tL Ug A) | Lg Bay) (9 . 2) 
AE as ee AO Sa wl areata CO a Ak (9 . 3) 
and (5.1) and (5.2) by 
See Lye: tees (3) (9 . 4) 
SDA ip eemet VAEp es (9 . 5) 


If we put g = O in (9.38), we get 
Lg 41 = ZU 0/0. Buty. (9° 6) 


This is consistent with Z°u, being equal to w,, but it leaves Zug+1—ZUq 
indeterminate. For further elucidation we must consider the definite 
sums corresponding to adjusted differences (see § 19). 


(2) Definite sums corresponding to differences.* 








* This is based on part of a paper recently published in the Pil. Trans. (A. 221, at 
pp. 204-207). 
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10. The sums so far considered are indefinite sums ; 2.e..1n passing to 
the sums of each order from those of the preceding order we introduce. a 
new arbitrary constant. When we are dealing with a definite set of — 
quantities 2, Uy, Uo, ..., uw, the differences of which are constructed in a 
definite way, it is convenient to have definite values for the corresponding 
complete sums of the Ist, 2nd, ... order. 


11. A principle for obtaining such values is given by the theory of 
reciprocal relation, such as holds in the case of contragredient quantities. If 


- 


Up Ups Vase ta wlis Gin Se Gn reas 
by yom FER IDR 3 Day eh Ss, SH sa hie 


are four sets of variable quantities, each of the D’s being a linear function 
of the w’s, and each of the S’s a lnear function of the y’s, then the rela- 
tion of the w’s to the D’s is the reciprocal of the relation of the y’s to the 
S’s if the coefficients in the linear functions are such that these relations 
gre.of the torm (9 —.0, Lee ed) 


Up = a Apt D,, S35 ti Atp Yt » 
t t 
where > denotes summation for t= 0,1, 2,...,2; or, in the tensor 
t 
notation, if Mid Les ete 





The relation is as shown in the diagram in 
the margin, in which the crosses represent v 
coefficients of the D’s in the w’s and of the Tem tes: 
y’s in the S’s, or of the w’s in the D’s and of De 
the S’s in the y’s. We may describe the w’s Dy | x 
and the y’s, or the D’s and the S’s, as corre- | es 
sponding reciprocally to each other. : eee 

The important fact, for our purpose, is | me a Ma 
that, when the D’s are differences or lnear 
functions of differences of the w’s, the S’s are linear functions of sums of. 
the y’s; and conversely that we can obtain a set of D’s to be linear funce- 
tions of the w’s and to correspond in this way to a set of arbitrary linear- 
functions of the sums of the y’s. We can quite properly describe these 
9’s and D’s as, in an extended sense, sets of sums and differences. 

I will take first the simple case of the definite sums corresponding -to 
advancing differences, where. the w’s are treated as if they corresponded 
to successive integral values of some variable; then the definite sums 


oP cee Serta ee 





Se SS Sam 
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corresponding to divided or adjusted differences—central sums being a 
particular case of these; and then the differences corresponding to 
moments, which are particular linear functions of sums. In connection 
with the second of these, we can see what light is thrown on the meaning 
of indefinite sums for adjusted differences. 


12. When we have found two sets which correspond reciprocally, in 
the sense described above, we sometimes want to know how one is altered 
by making slight changes in the other. For our present purpose we only 
require the following simple cases.* 


a) Ifa term D, is altered to cD,, where c is a constant, then S, 
is altered to S,/c. 


(ii) If D, is altered to D,+cD,, then S; is altered to S,—cS,. 


Any replacement of the D’s by linear functions of the D’s is equivalent to 
a combination of processes of these two kinds. 


(a) Definite sums corresponding to advancing differences. 


13. In the ordinary theory the summation operator 2 is the inverse 
(with an arbitrary constant) of A, te. AXxu,=w,; and, except for 
arbitrary constants, the table of differences and sums of the w’s is the 
game as that which would be obtained from the set of differences or sums, 
of the w’s, of any order. The diagram in § 5, for instance, might be re- 
garded as giving part of a differenced table of ... 2°, L°wg4i, ..., or of a 
symimed table of ... A®uz 23, A®°u o>. . 


Taking the w’s to be ug, wy, vg, ..., W, the advancing differences 
Dean AU ato Ae) ues) Opa AL, 


are connected with them by the relations 


Ug = Do, 
Uy, = Wee tO. 
Ug = Dy +2D,+ Da, ; (lores) 


Us = Dp +8D,+3D,+Dsz, 


ete. 


7 





* The general theorem, expressed in the tensor notation, is that, if D, and S, corre- 


spond reciprocally, then so also do p,,D, and p*”S8,; where, if P is the determinant whose 
elements are p,,, and P,+ is the cofactor of p,z, then p"™ = P,1/P. 
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Entering the coefficients in the diagram of § 11, we find that 


So = Yotyit Yot Yast Yat. FY 
Shs Yt 2yet+ 38y3t+ 4yst... tly, 
ss yot By3+6ys+... + 41-1) yi, (18 . 2) 


Sys PAU, J) Ys 


where 2 means summation for ¢ = 0, 1, 2, ..., J: 
t 


These S’s cannot be obtained by any simple summation in the ordinary 


way ; for, if we took successive suMS Yo, Yo+Y%, YotYitYo, ---, the last 
of which is S,, the sums of the next order would be 


Yo: 2YytY1 B8Yot 241+ Ya; oes 
and the last but one of these would be 
lygt+ (d—1)y, + —2) yo... +1. yin. 


The coefficients in this latter expression are the same as the coefficients 
in 8,, but in the reverse order. Examining S3, Ss,... in the same way, 
however, it will be seen that the S’s can be obtained by successive summa- 
tions in the direction y, to yp). If we introduce an operator =” such that 


DOT = Up pee et eee di, 


Lf SY ptr be. FE, | (135) 

etc., 
so that Ad eas (138. 4) 
SA eel, (18 . 5) 


we shall have 


Lely, = yA GHI, 9) Yr Ft Gt+2 NYrset. + Gtl—7, Ny, (18.6) 


and ree aie (13. 7) 


14. By taking >” to be such that A>” = —1, we are breaking away 
from the continuity of the diagram in § 5. We can, however, preserve 
continuity by beginning our summations with —S), +45,, —So, +8sz, ..., 
instead of ending with +S,, +8,, +S, +S3,.... For six y’s, for in- 
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stance, we should have a diagram as follows, in which the crosses repre- 
sent intermediate sums. 


Ss x Y1 Ayo 
aa x x Ay; A*y 
Ss x x Yo Ay; AY 
x x x Aye Ay, Ayo 
0 x x Ys A*ys AN 
0 Xx x Ays A®yo 
0 x Ys A‘y’ 
0 Xx Ay, 
0 Ys 


0 


The values of the S’s are determined by the position of the 0’s, as shown. 


1b. Corresponding to the relations (18 . 2), we have — 
Yo = So—Si,+ Se— S3t Sy—...+(-1, DSi, 
y= 8, —28,+858,;—48,+ ..+(—2, /—1)&, 
S,—8S8,+6S,—...+(—3, /—2)8i, 
S3—4S,+...+(—4, /—38)S8i, 


Yo 
Y3 


(15: J) 


De 6 Py TEA 
g 


This last formula may seem to conflict with (138.7), which, taken with 
(18.4), looks as if it ought to give y, = (—)"A’*'S,. But what (18.4) 
gives is y, = (—)*7 At! d"+1y,, which is a different thing. 


(b) Defimte sums corresponding to divided or adjusted differences. 


16. (a) For divided differences we take D,, D,, Dg, ... to be 
Up, Vuo; Vu, .... The values of the w’s in terms of the D’s are then 
given by (8.4). Substituting in the diagram of § 11, we find that 


So = Yorywtyot-.- FY 


Sy = (41 — 2) YH (%o— 2p) Yot --. + (LI — Ap) Yi 
eae : (16.1) 


xX (8:—Zy) Yr, 
f=1 








ete. j 
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the general formula being 
So = 2 (a2) (44— 4q) ... (Lt — Hg_1) Yt. (16 . 2) 


Conversely, by (8.3), the y’s are given in terms of the S’s by 








Yo = Ba Ht he Hie eda | peace ap eeu 
ae eee Pay 
ete. (16. 8) 
(6) Similarly for adjusted differences we find that 
Se 3 (@,—a,)(a,—2,) ... (&%—2y-D J). (16 . 4) 


t=g 


We might have obtained (16 . 4) from (16.2) by means of (i) of § 12. 


17. As an example, take the case of central differences for an odd 
number of w’s. We will call these w_», wensi, ..., Un, but will take them 
in the order Up, U,, W-1, Ug, U2, -.-) Un» Un. For the D’s (divided differ- 
ences) we notice that, as has been pointed out in § 8, the value of V’u, is 
independent of the order in which the w’s in it are taken, so that, e.g., the 
fourth divided difference is the same as that of w_e, w_i, Up, Uy, Us, V-€. 18 
6*u,/4!. The S’s are obtained from (16. 2) by replacing 2p, 2, Xa, %g, Ty --- 
by 0,-1, —1, 2, —2,.... “Hence we find that the reciprocally corre- 
sponding sets are 

Uo, Otg/1!, d720/2!, d?e0y/B!, d*at)/ 4}, 


and Yy,, Ly, BMer—ly, Ure?—W)y,, Tr?—17)(r—2)y, 
From this, by means of § 12, it is easily deduced that, if the D’s are 


92 3 
Aye ALOU UO MeL ORCL, leks 
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then the S’s are given by 


Se, = > [TeUha (Sa 0S > (7, 2h—1] y;. 


This might have been obtained directly from the formula 


Up = Up H(7, 1] dug +l, 2) 6? +(7, 8] udPuy+ [7, 4) d*uyp+... - 


18. We have next to express the S’s, as found in § 16, in terms of 
sums, definite or indefinite, of the y’s. We will take adjusted differences. 
and begin with the definite sums corresponding to those introduced 
in § 18. 


(a) In the case of advancing differences we took 
eR a eee, tae eee Yip ke ee, 
and found that 1 


=1 


= (t—1 +9, 9 ys 


=} 


t 

mgt+i sod 
a ESET ee 
ii 
l 


Y ¢-rtg)(t—rtg—) ...(t—r + Dylg!, 


t 
t=f 


iS eh Ds (Be Fe = t(é—1)...é—g +1) y:/@!. 
(b) For adjusted differences we have, by (16. 4), 
S, i (2,9) (> — 2)». (Li — By_ YG! - 
This suggests that, with a corresponding notation, we should take 
a S (Lp—Bp—g) (Li — Brg tr)» (Lt —Br_-D el G! (18. 1) 
so that Sa Z Go ayy. (18 . 2) 
(c) This would give 
Be Ye pe oh Cf, igy i) (@p— 2g +2) 6 (Lp— Ly) Yi! 7! 


SS) Wptah Ea SAEZ (18 . 3) 
Z"F197,, = 0, (18 . 4) 
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so that 
La Yr a {pe oe Bed Yrt Opera r—g4 2 Yrs cee 
+ (@—2i-9)Z"" yi} /g. “A8- 5); 


This is for values of g exceeding 0. For g =0, (18.1) would still hold, 


and would give Ra 
L"Yy = UL Ta Pe sn om POE (18. 6) 
t=7 


We may take (18.6) and (18.5) as defining 4"**y, and as leading to 
(18.3), (18.4) and (18.1). The value of S, is then given by (18. 2). 


(d) We can write (18. 8) in the form 
VALE BTS, rte AL PASTE (18.7) 
so that OZ" =— 1. (18 . 8) « 


19. For indefinite sums, (18. 6) suggests that we should take 
ZY, = CONSt +- Yn Ya Yoatss ae (19.1) 
so that Lp ae i | (19. 2) 
This, taken with (9. 38), in the form 
Lo hye = Dy, + OH or IO (19553) 


enables us to build up the successive sums, introducing a new arbitrary 
constant into those of each order. The sums and differences will then 
form a system similar to that of § 5, each quantity in the diagram being 
the adjusted difference, as defined in §§ 5 and 8, of the two adjacent to it 
on its left. The principle of the diagram in § 14 will still hold: if the 
arbitrary constants are chosen so as to produce 0’s as shown in that 
diagram, the resulting sums —S, +8, —S,, +83, ... will be as shown, 
the S’s being the quantities which correspond reciprocally to the adjusted 
differences. 


(8) Differences corresponding to symmetrical sums. 


Pres 


20. We are accustomed to think of differences as being found suc- 
cessively, so that, if we start with wp), the first difference involves w) and 
u,, the second involves these and w,, and so on. ‘These differences are 


1921.] RecrprocaL CORRESPONDENCE OF DIFFERENCES AND SUMS. 303 


unsymmetrical, and so also are the corresponding sums. In the case of 
divided or adjusted differences, the asymmetry is mitigated by the fact 
that the expression for any difference is independent of the order in which 
the particular w’s which enter into it are arranged; but, even so, it is only 
the last difference that is completely symmetrical. On the other hand, 
we are familiar with moments, which are symmetrical sums, in the ex- 
tended sense in which we use this word. The question therefore arises 
whether we cannot find a set of quantities which shall correspond to a set 
of symmetrical sums, such as the moments. If we can, we may properly 
call these quantities differences; the case of central differences, in which 
the first difference may cover three w’s, or the second difference four w’s, 
supplies a precedent. 


21. Where the number of w’s is small, we could do this by means of 

the two theorems of $12. Suppose, for instance, that we have Wp, 2%, 2a, 
) corresponding to 2%, #, %. Then the differences are wy, Vito, V2, and 
the corresponding sums—denoting the ordinary moments of the y’s by 
M,, M,, M,—are 


So = Yotyitye = My, Sy = (%1— 2%) Yi + @_g— Xo) Yo = My—x My, 
Sq = .—2o) We 21) Ye — V— (2 +2) 1 +2,21M,; 
and hence we find that the quantities corresponding reciprocally to M,, M,, 
My, are 


Uy—LyVUyp HX L1V'Up, VUg— (yp L)V Uy, V7 UXo- 


Denoting these by Yo, Vi, V2, we find that 


’ 1X9 Lok Loy Ly 

il aa a a eee ee 
y (@y—24)(@y—Hq) © (1 — 4) ("1 — Hq) 7 © (_g—%y)(_—4y) 

io Ly+2o Ly + Xo LotX, 
Dh a i EY 

(Lp — Ly) (%q — Xo) (X1 — Xo) (4% — Xa) (Lg — Xp) (Xg— 2) 
1 1 if 

, 

Wy dis me y+ 


(wy— ay) (ay—a,) 9! (@,—a,)(@,—2,) 1! Gg—a,)(y—2,) 


This process, however, is tedious, and we require a general formula. 


22. (a) For convenience of printing, we take the z’s to be a, 6,y,..., 7, 9; 
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and we denote the moments of the y’s by My, My, My, .... Mi, so that 
A Yor Yin mace sete et oy: 
M, = ayo +By1 +yyo +---+ayinr + OY, 
Me of gt Oi yet: tr yi t Oy, 


Mm, = ayy t By, +y'Yo mre ot + y!yir +6'y;: 
Let the quantities which correspond reciprocally to the M’s be 
An Ai As, =e [ony A). 


Then, by substitution in the diagram of § 11, it will be seen that the A’s 
are given by the equations 


Uy = Age aAy4P a Asst! 2 a’ A; 
u, = Ay +8A,+67A,.+...+'A:, 
Wy = Apt yAity"Art...+y'An | mee 


Wi = Apt Arta Aah. + Ag 
u, = Ay +0A,+ OPA,+...+ OA). 


(6) The solution of these equations is 


S1- ca 
Sy a pA eg AT is ar PLD ND Oy ee ee | 
Tt = Ga BG aya la) 8B aaah oO 
Sixr,o 


4 Ul, (22 ° 2) 


(8—a)(@~£)...(@—n) 


where S,.. denotes the sum of the products, r at a time, of a, 6, y, ..., @, 
with the omission of e, no letter occurring more than once in any product ; 
So,- being 1. 

(c) If we write 


Ug Uy 


G=SlG=ya.(c—o  e-Be a)(B=8y) 2b) 


UZ 


DO eG 8) at 


then (—)' “A, = Si, . Vot Si-y, B V,+ eS + S;_; @ Ul. (22°. 3) 
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If S, denotes the sum of the products, as above, of all the +1 2’s, then 
S,,¢ = S,—eS,_1+e?S,_2—... + (—)" €” Sp. 
Hence, if we denote the moments of the v’s by Ny, Ni, No, ..-, Ni, so that 
NS Ge SCTE ea a a ae 
Ny = avot Boyt yoot... + nvi-it 0, 
Ng = ut Rv, Ay vot... br? 1+ Cr, 


N, er ay tButy vot... +m 1+ 0x, 
then A; = So Ni-p—S1 Ni-p-1 + SQ. Ni_p-ot+... +(—)'“S,_;Np. (22 4 4) 


SER 2) -VOL. 212 NO. 1427, 
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NEUER BEWEIS DES ALLGEMEINEN KRONECKERSCHEN 
APPROXIMATIONSSATZES 


Von Fritz LerrenMEyveER. 


Commumcated by G. H. Harpy. 


[Received December 23rd, 1921.—Read January 12th, 1922.] 


I. Handimensional. 


1. @ sel eine irrationale Zahl. A sei der Punkt 0, B der Punkt 1 einer 
X-Achse. Wir markieren auf der Hinheitsstrecke AB die Punkte P, mit 
den Koordinaten na—|[na],»—0, 1, 2, ..., und bezeichnen die unendliche 
Punktfolze P,—A, P,, P,, ... als entstanden “durch zirkulare Abtra- 
gung der Zahl a auf der Strecke 4B von A aus”. (Denn denken wir die 
Strecke AB zu einem Kreis zusammengebogen, sodass B an A geheftet 
ist, so entsteht diese Punktmenge durch bestandige und in gleichbleiben- 
dem Sinne vorgenommene Abtragung der Lange | a|von 4 aus auf der 
Peripherie.) 


2. Da a irrational ist, falli niemals ein Punkt der Menge auf einen 
schon vorhandenen ; ausser A fallen alle Punkte der Menge ins Innere 
der Strecke AB. 


3. Die Strecke Py Pri, (10,7 > 0) werde als Vektor aufgefasst. 
Setzt man diesen Vektor an irgend einen Punkt P,, der Menge oder an B 
im richtigen Sinne an (greift er iber A oder B hinaus, so ist das Rest- 
stuck an B baw. A anzusetzen), so gibt die Spitze des Vektors wieder einen 
Punkt der Menge an, namlich den Punkt P,,+.,. 


A ee Boren iat B 


|——_—____ 











Pra. i. 


i j 
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Beweis: Aus der Deutung auf dem Kreise ist klar, dass das 
Vorrucken, welches durch 7 Abtragungen bewirkt wird, unabhangig 
davon ist, bei welchem Punkt begonnen wurde. 


4. Jeder Punkt der Strecke AB ist Haufungspunkt der Menge. 


Beweis : 6 >0 vorgegeben. Nach 2. hat die Menge, weil beschrankt, 
mindestens einen Haufungspunkt; es gibt also einen Vektor P,Pys,, 
dessen Lange <d ist. Diesen Vektor setzen wir an A an, wenn er nach 
rechts, an B, wenn er nach links gerichtet ist, und sodann bestandig 
wieder an sich selbst, bis das ganze Intervall AB durchschritten ist. 
Dadurch ist 4B mit Punkten der Menge so belegt, dass in jedem Teil- 
intervall der Liinge 6 mindestens ein Punkt der Menge liegt. Da ¢ be- 
liebig klein genommen werden kann, kommt man auf diese Weise jedem 
Punkte des Intervalles 4B mit Punkten der Menge beliebig nahe. 


Il. Zwerdimensional. 


1. Die reellen Zahlen a@ und 0 seien linear unabhangig, d.h. es 
bestehe keine Beziehung der T’orm 


m,a+m,b-+-m;, = 0 


mit ganzen, nicht simtlich verschwindenden m4, 7, m3. In einem rechi- 
winkligen Koordinatensystem (X, Y) mit dem Anfangspunkt A tragen wir 
auf der Kinheitsstrecke 4 B, der X-Achse die Zahl a, aut der Hinheitsstrecke 
AB, der Y-Achse die Zahl 6 zirkular ab ((m Sinne von J, 1.) und markieren 
zugleich im Hinheitsquadrat AB, CB, die Punkte P,, deren Projektionen * 
die n-ten Punkte jener beiden Abtragungen sind (n = 0, 1, 2, ...). 


2. Nach I, 2. fallt niemals ein Punkt der Menge auf einen schon vor- 
handenen ; ausser P) = A fallen alle Punkte P, ins Innere des Hinheits- 
quadrates, 


3. Da fur die Projektionen der Punktmenge auf die beiden Achsen I, 3. 
gilt, folgt dieselbe Aussage ftir Vektoren in der Ebene, mit der Modifika- 
tion, dass Vektoren, die tiber den Rand des. Hinheitsquadrates hinaus- 

> ip. 
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greifen, von den gegentiberliegenden Seiten her so fortzusetzen sind, als 
ob AB, an B,C und AB, an B,C geheftet sei. 





Fre. 2. 


Zusatz : Speziell kann ein Vektor, der, an A angesetzt, nicht nach 
dem Inneren des Quadrates gehen wurde, an demjenigen der Punkte B,, 
C oder B, angesetzt werden, von welchem aus er nach innen geht. 


4. Jeder Punkt des Hinheitsquadrates ist Hiufungspunkt der Menge. 


Beweis: 6>0 vorgegeben. Nach II, 2. hat die Menge, weil be- 
schrankt, mindestens einen Hiufungspunkt ; also gibt es unendlich viele 
Vektoren P,, P,., von der Linge <0, wo ausserdem noch r beliebig gross 
genommen werden kann. 


1. Fall: Alle diese Vektoren sind parallel, sei es gleich- oder ungleich- 
sinnig. Wir tragen sie alle an P, an und haben dann eine Gerade 
durch P,, auf weleher Punkte der Menge mit beliebig hohem Index legen. 
P, und P, seien zwei von ihnen (x >1, y > 1). 


Anmerkung : Gur Vereinfachung der folgenden Formeln sei O<a<1 
und 0 << 6 <1 vorausgesetzt; dies ist keine Hinschrankung der Allge- 
meinheit, da die Zahlen a! = a—[a] und b’ = b—[b] dieselben Voraus- 
setzungen wie a und 0 erfullen und die identische Punktmenge erzeugen. 

Ferner sei 6 < Min. (a, 6, 1—a, 1—}), damit alle diese an P, ange- 
setzten Vektoren ungebrochen seien. 


lis folgt a b 1 | 
ra—|ral) «rb—[rb|] 1 | = 0 
ya—[ya] yb—[yb] 1) 
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oder a b 1 
fea) [wb|> ze—1.) = 0. 
Rigo eeu ey le 


Der Koeffizient von a@ muss nach II, 1. verschwinden : 


| [ah x— I 
ca at, 

phy nay 

oder \ [xb] a—1 
Lye] ‘Tw == 0. 

Ud | 

Hierin y—> @: | [eb] ~ #—1 | i 
b E  teanitins 


im Widerspruch mit der Ivrationalitat von 0. Der 1. Fall kann also nicht 
eintreten. 


2. Fall: Ws gibt zwei nicht parailele Vektoren von der Lange 
<0. Wir tragen beide an P, an und konstrwieren durch _bestindige 
Ansetzung nach II, 8. aus ihnen ein Parallelogrammnetz mit Seitenlangen 
<0, dessen Ecken Punkte der Menge sind und welches nach endlich 
vielen Ansetzungen das Quadrat ganz uberdeckt (vgl. hiezu die Erklarung 
in III, 4, 2. Fall). Da 6 beliebig klein genommen werden kann, kommt 
man auf diese Weise jedem Punkte des Kinheitsquadrates mit Punkten der 
Menge beliebig nahe. 


LE Chrdinensnnn 
Das Beweisverfahren von II lasst sich (ohne Induktion) auf mehr- 


dimensionale Raume ubertragen. 


1. Die reellen Zahlen a, ..., a) (p > 2) seien linear unabhangig ; 
d.h. es bestehe keine Beziehung der Form 


My 0, ee My An Met — O 


mit ganzen, nicht samtlich verschwindenden my, ..., mM 41. In einem 
rechtwinkligen Koordinatensystem(X,, ..., X,) des y-dimensionalen Raumes 
tragen wir auf der Hinheitsstrecke AB, der X,-Achse die Zahl a, zirkular 
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ab (im Sinne von I, 1.) fury = 1, ..., py, und markieren zugleich im EKin- 
heitswurfel 0 < X4, Xg, ..., X, << 1 die Punkte P,,, deren Projektionen die 
n-ten Punkte jener p Abtragungen sind (xn = 0, 1, 2, ...). 


2. Niemals fallt ein Punkt der Menge auf einen schon vorhandenen ; 
ausser P, = A fallen alle Punkte P,, ins Innere des Hinheitswurfels. 


3. Da fir die Projektionen der Punktmenge I, 8. gilt, folgt dieselbe 
Aussage fur Vektoren des p-dimensionalen Raumes mit sinngemasser 
Uebertragung der in II, 8. ausgesprochenen Modifikation. 


4. Jeder Punkt des p-dimensionalen Hinheitswiirfels ist Haufungs- 
punkt der Menge. 


Beweis: 6>0 vorgegeben. Nach III, 2. hat die Menge, weil be- 
schrankt, mindestens einen Hiufungspunkt; es gibt also unendlich viele 
Vektoren von der Linge <6; wir tragen sie alle an P, an. 


1. Fall: Sie liegen alle in einem (linearen) (»—1)-dimensionalen 
Raum durch P,. Wir setzen wie in II, 4. 0<a,<1 und 6 < Min. 
(a,, 1—a,) fur vy = 1, ..., p voraus. Dann besteht die Beziehung 








ay ib, Ay 1 
£0, —[%,0,] ... 21Ayp—[a ay] 1 be fy 
TpCi—{@pAi |.) Lp Qy— (ep ae) a1 
oder ha 6 AS, 1 
| os a, | eae Ly 1 ea 0 





| [apa]... tpt 


fur gewisse naturliche Zahlen 2,, ..., Zp, die alle beliebig gross genommen 
werden konnen. Der Koeffizient von a, muss nach III, 1. verschwinden: 


[x1 a, | eee 2,—1 | 


[LpAah ... Mp— 1 | 


Hierin dividieren wir die erste Zeile durch x,—1 und machen sodann den 
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Grenzitibergang x,—> © unter Festhaltung von 2, ..., 2); dies ergibt: 
| Qs aoe Xp 1 
[toaq] ... [aga] te—1 
| 0. 
[Zpae] .-. [@pap] %p—1 





Jetzt wird genau dasselbe Verfahren so oft wiederholt, bis dasteht : 





Ap i 
| 


[@pap] &p—1 | 


im Widerspruch zur Irrationalitat von a. Der 1. Fall kann also nicht 
eintreten. 


2. Fall: Es gibt unter den an P; angetragenen Vektoren der Lange 
<6 p solche, welche nicht in demselben (»—1)-dimensionalen Raume 
liegen . Ihre Verlangerungen zu Halbstrahlen bilden ein von P, ausge- 
hendes p-dimensionales p-Kant. Wir setzen diese Vektoren bestandig an 
sich selbst an in der Weise, dass an jeden so erhaltenen Punkt samtliche 
p Vektoren wieder angesetzt werden. Dadurch wird das ganze Innere des 
p-Kantes mit ecnem Netz von (p-dimensionalen) parallelogrammartigen 
Zellen iiberzogen, deren simtliche Kckpunkte Mengenpunkte sind (bzw. 
modulo 1 zu solechen kongruent, wenn die Ansetzungen aus dem Einheits- 
wirfel herausgefthrt haben) und deren samtliche Kantenlangen < 6 sind. 

Wo dieses Netz aus dem Hinheitswurfel austritt, soll es von der betr. 
Gegenseite her (d.h. modulo 1) wieder in ihn hinein fortgesetzt werden. 
Nach endlich vielen Ansetzungen ist der ganze Finheitswurfel mit diesem 
Netz tiberdeckt. Diese Tatsache ergibt sich aus foleender Ueberlegung : 

Es ist gleichgultig, ob (wie bisher) der Hinheitswurfel festgehalten 
wird und die Ansetzungen beim Heraustreten immer wieder an die Gegen- 
seite uberspringen, oder ob die Ansetzungen bestandig in dem Raume des 
wahren p-Kantes weiter vor sich gehen und statt des Hinheitswurfels der 
jeweils erreichte Gitterpunktswurtel betrachtet wird. Aus dem Begriff 
des p-Kantes ist aber klar, dass (von einer gewissen Mntfernung von P, an) 
ganze Gitterpunktswurfel in seinem Innern liegen. 

Da 6 beliebig klein genommen werden kann, kommt man auf diese 
Weise jedem Punkte des Hinheitswurfels mit Punkten der Menge beliebig 
nahe. 
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5. Mit der Aussage III, 4. ist der allgemeine Approximationssatz von 
Kronecker gewonnen, welcher bekanntlich so lautet : 

Die reellen Zahlen ay, dg, ..., @ (p 1) seien linear unabhingig ; 
d.h. es bestehe keine Beziehung der Form 


My Ay + Mg Ag . 2. My Ap My 41 = O 


mit ganzen, nicht samtlich verschwindenden mj, Mm, ..., Mp+1- 94, 09, .--5 Op 
seien reelle Zahlen; w und e positive Zahlen. Dann gibt es eine ganze 
Zahl é>w und ganze Zahlen 7, 25, ..., %» derart, dass folgende Ungleich- 
ungen erfullt sind : 

| ta; —b,—n, | < ¢, . 


| ta,—by»—Mp| < €. 


IV. Der Fall linearer Abhingigkeit. 


Es sei noch der im Vorhergehenden ausgeschlossene Fall erortert, dass 
die Zahlen a, ...,a@) nicht linear unabhangig sind. Damit ist jetzt 
zugelassen, dass einige oder alle von ihnen rational sind; denn Rational- 
sein von a, ist gleichbedeutend mit einer Beziebung der Form 


MA, +m, = 0, 


wo m, und m, ganz und nicht beide = O sind. 

Zur Abkurzung bezeichnen wir mit L, (-Menge) einen y-dimensionalen 
linearen Unterraum unseres p-dimensionalen Raumes (also mit L, letzteren 
selbst) ; als “‘ L,-Stuck des Einheitswirfels ”’ das Schnittgebilde desselben 
mit einer L,; mit L) eine Gesamtheit endlich vieler paralleler und aqui- 
distanter L,-Sticke des Einheitswirfels; als ‘‘geschlossene ZL,’ eine 
soleche L;, welche bei Fortsetzung modulo 1 im Hinheitswiurfel (vergl, 
III, 4.) keine neuen Stucke mehr liefert. (Beispiel mit p= 2, v= 1, 
s. Fig. 3.) 





Pies; 
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Dann gilt uber die Verteilung der Punktmenge P, im Hinheitswurfel 
der foleende allgemeine Satz : 


| Bestehen zwischen den reellen Zahlen ay, ..., 4, genau qO<qa <p) 
von ecnander unabhingige Beziehungen der Form 


MA Fs Ny Apt Mo == 0, 


jede mit ganzen, nicht sdimtlich verschwindenden m, ..., Mp+1, 80 legen 

die Punkte P, (n> 0) alle auf einer geschlossenen Ly, und zwar iiberall 
dicht auf thr. 

Der Fall g = 0 ist der Kroneckersche Satz. Das Rationalsein einiger 
a, beeinflusst den Charakter der Verteilung nicht, sondern hat lediglich* 
zur Folge, dass die L,-,-Stucke auf den betreffenden X,-Achsen senkrecht 
stehen. 

Im Fall g =p sind die a, ..., a alle rational und Lo ist eine end- 
liche Punktmenge. 


Bewets : 
NNEC ee (1) 


sel irgend eine der g linearen Beziehungen. Wir legen fur jedes n >0 
durch den Punkt P, die L,_1: 


M, | Xy— (na, —[na,|)} +... +m, |X,— (nadp—[nay])} = 0. 
Das konstante Glied dieser Gleichung ist fur alle  beschrankt, namlich 
i : 
peo < |m,|-+...+]| m, |, 


und wegen (1) eine ganze Zahl, kann also nur endlich viele Werte 
annehmen. Dies besagt: Alle P, liegen auf endlich vielen parallelen 
D,-1-Stucken. 

Dies gilt fur jede der g unabhangigen linearen Beziehungen, woraus 
folgt, dass alle P,, auf endlich vielen parallelen L,_,-Stucken liegen. 

Um zu zeigen, dass auf jedem dieser Stucke die Punkte P, uberall 
dicht liegen, genugt es darzutun, dass nicht alle an P, angetragenen 
Vektoren der Linge < 6d (dasselbe 6 wie in III) in einer einzigen L,=,-1 
durch P, hegen. Angenommen dies sei der Fall. Dann folgt durch Pro- 
jektion in den (X), ..., X,-,)-Raum (indem ohne Beschrankung der All- 
gemeinheit 0 < qd, ..., & < 1 angenommen ist), dass die Beziehung 


Ay eee An—q 1 


Hy dy | hy ay | see © Ayp—qg— [21 Ap—q| 1 ay 





|b BpmgG—[#p—gh] ++. Lp—q@p—qg—[#p—q%p-q] 1 | 
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fur gewisse natirliche Zahlen 2, ..., Zp», besteht, die alle beliebig gross 
genommen werden konnen. Daraus folgt mindestens eine lineare Bezie- 


hung (immer ist gemeint: mit ganzen, nicht samtlich verschwindenden - 


Koeffizienten) zwischen a, ...,@—,; denn bestinde keine solche, so 
waren @,, ..., @-—, sicher irrational und man kame durch das: Verfahren 
von III, 4, 1. Fall, zu einem Widerspruch. 

a,, komme in der Beziehung zwischen qd, ...,@)—-, wirklich vor. Dann 
erhalten wir ebenso durch Projektion in den (X4, ..., Xp-,+1 ohne X,,)- 
Raum eine lineare Beziehung zwischen qj, ..., @— +1 ohne a,,. In dieser 
komme a@,, wirklich vor. Dann erhalten wir durch Projektion in den 
(Xi, ..., Xp-qi2 ohne X,,, X,,,)-Raum eine lineare Beziehung zwischen 
Ay, 00, Apg4+2 Ohne a,, und d,,. 

Durch Fortsetzung dieses Verfahrens erhalten wir schliesslich q+1 
sicher von einander unabhangige lineare Beziehungen zwischen q, ..., a, 
was der Voraussetzung des Satzes widerspricht. Also liegen die Punkte 
P,, auf den endlich vielen parallelen Z,,_,-Stucken uberall dicht. 

Diese Stucke mussen aquidistant sein; denn sind P, und P; (r < s) 
zwel Punkte auf verschiedenen Stucken, so muss der Vektor P,P,, an 
welchen Punkt P,, man ihn auch ansetzt, stets wieder in eines der Stucke 
miunden. Also bilden die Stiicke eine Z;_,. Dieselbe muss notwendig 
geschlossen sein; denn wurde sie bei Fortsetzung modulo 1 ein neues 
Stuck lefern, so konnte man auch durch geeignete Vektorenansetzung in 
dieses Stuck hineingelangen, wihrend doch alle Punkte P, bereits auf den 
Stticken von L,_, liegen. 


Anmerkung zu I-IV. 


Mit derselben elementaren Methode lasst sich auch beweisen, dass die 
Punktmenge P, im Einheitswurfel (bzw. bet IV in der Lia) nicht nur 
uberall dicht, sondern sogar gleichmidssig (glecchverterlt) liegt. Fur den 
Fall der linearen Unabhangigkeit (I-III) ist dies von H. Weyl bewiesen 
worden [Math. Ann., Vol. 77 (1916), S. 319]. 
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ANOTHER PROOF OF KRONECKER’S THEOREM 


By H. Bour. 


[Received March 31st, 1922.—Read April 20th, 1922. ] 


Many different proofs of Kronecker’s Theorem have been given, among 
which the proof of Dr. Lettenmeyer, based on simple geometrical considera- 
tions, is a particularly beautiful one. In this note I giveone more. This, 
like Wevl’s proof of his extension of Kronecker’s Theorem”, is based on 
the use of the function e?””, the “invariant of the number x to modulus 1”’’; 
and bas a simple connection with the applications I have made of 
Kronecker’s Theorem to the theory of Dirichlet’s series. + 

Kronecker’s Theorem may be stated as follows. Suppose that A, ... Ay 
are N linearly independent real numbers, ¢,... dy are N arbitrary real 
numbers, and ¢ is positive. Then there exist N integers h,... hy and a 
real number ¢ such that 


| (An —Gn—Iin| <e (n= 1, 2,..., N), 


2.e. such that the N complex numbers 
Corea ah ed. (pees PALO RUIN) 


all differ by less than e, from e?=1. In other words, the upper limit Ly 
of the numerical value of the function 


F(t) — 1 e2tt ib) 4 e2mt Xo ba) ze 4. 27" (Ay— by) 


for all real values of ¢, is equal to the upper limit ZL, = N-+1 of the 
numerical value of the function 


GiGi, Fo, tse) os) SL ee eer en, 





* H. Weyl, ‘‘ Uber die Gleichverteilung von Zahlen mod. Hins’’, Math. Ann., Vol. 77 
(1916), pp. 313-352. 

+ See, for example, H. Bohr, ‘ Uber die Bedeutung der Potenzreihen unendlich vielex 
Variabeln in der Theorie der Dirichletschen Reihen Sa,7-*’’, Géttinger Nachrichten (1913), 
pp. 441-488. 
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where 21, 2, ..., Zy vary independently through the interval O<x< 1. 
Hvidently it is enough to prove that fr > Lg = N+1. 
We consider the power : 


(1) { F(t) \P — {1 ec? Oo) 4 el -|. 2m (Ay— Oy) | P 


where p is an arbitrary positive integer. In the polynomial development 
of (1) no two terms fall together, since—on account of the linear indepen- 
dence of the A’s—no two terms cuntains the same exponential e?"’, In 
other words, the development (1) contains the same number of terms as 
the polynomial development of 


(2) {G(@y, 6) @y) }? = {LT term+... terri? 
and these terms have the same numerical coefficients. Therefore, by a 
classical argument, the two mean values 
fa Oe val {Fw} |? de 
T—> a 27 —T 


and 


al! 1 
Ge =H | ak | [GE res MG See Polini ny dagen 
0 J0 


0 


are equal [their common value being the sum of the squares of the 
numerical coefficients in the development of (1) and (2) ]. 
Now evidently (for reasons of continuity) 


Gas ag N-+1), 


when po, since the function |G(a,, %, ..., £y)| really assumes its 


upper limit Z¢ in the point (0, 0, ..., 0) of the N-dimensional unit-cube 
O= 2, <1, ..., OS ey <1; and since. /, —'G,, swesave 
Hite ma Lig. 


But it is evident that F//*? < Lp for all p; and therefore 


Lr > Le, 
which proves the theorem. 

It would of course be possible to prove that FiP?>N-+1 more directly, 
by a calculation based on the actual values of the coefficients; but the 
argument above avoids all calculation and brings out the real point more 
clearly. 
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ON A CLASS OF SURFACES IN EUCLIDEAN SPACK WHICH 
GENERATE AN EXPRESSION FOR THE SPACHK TIME 
INTERVAL IN EINSTEIN’S GEOMETRY OF A PARTICULAR 
FORM 


By J. Ei. CamMpBeut. 


[Received December 12th, 1921.—Read January 12th, 1922] 


Introduction. 


In an address, which I had the honour of giving to the London 
Mathematical Society, on ‘“Hinstein’s Theory of Gravitation as an 
Hypothesis in Differential Geometry,’ I showed that in the fourfold 
continuum of time space, which I regarded as a four-way space, there 
were at every point four curves going out from the point. These curves 
have the property of being invariant for any transformation which leaves 

Aix, Ax; AX, 
invariant. 

I made the hypothesis that these curves are the intersections of a 
quadruply infinite system of higher surfaces—three-way loci. I then 
considered Hinstein’s Law of Gravitation, and combined it with my hy- 
pothesis, and showed that the space time interval could then be taken as 


aox + b025+ 70x2+ d0z%, 


where a, 6, c, d are functions of the variables 2, x2, 73, x, which satisfy 
the differential equations 


h a C ad d, b 

log = Ap e +a; es Ay, = dg hag 7 Aggy = Cah +a 35 
C a 4 Z : 

Oa Ogee Oi by, = 6, alee e Hie Naa et 


Ag b, 1 
C19 — C1 Cova Cog — Co FZ Cig s: Cy, — Ch Cr = 
12 ea haa 24 aie cb Care 41 We riares ? 


b. 
dog = dy 3 t4s z ds, = deere dee dy, = 


| 
S 

| 
ie 
o 
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bs +(2) + ft pat 
3 2 








nea ts mary, © 








a bee Ae D 1 a,b 

facratnng 1A we Goh Zz ae ‘ 
lo d 

adKy,t+ (St) + () +20 | a 3 28 ns 
b d Dy aye one 

bd Ko,+ (=!) + (3) + ral “33 = Q), 


The suffixes denote differentiation when applied to the quantities a, b,c, d, 
but not when applied to kK. The six curvatures in Riemann’s sense are 


Kog = Ky, Ka, = Koy, Ky = Koy, 
and Koo Ka thie =). 


Whether the hypothesis J have made has any physical background I do 
not know, but the form given for the gravitation field due to a particle at 
rest is a very particular solution of my system of differential equations. 
In this paper I give the particular solution of the system of differential 
equations obtained by assuming that a, b, c, d depend only on the 
variables x, and 2p. 

This solution, though only a particular one as’ regards the general 
problem, is yet much more general than the solution known as that of the 
gravitation field due to a particle at rest, and it includes that solution. 

It is worthy of remark that the solution here given depends on a 
linear differential of the second order which occurs in the theory of sound, 
and that it is deduced from the differential geometry of a surface in 
ordinary Euclidean space. 

Consider the equation 


2 (w+) Bre tB, +P. = 0, 


which occurs in the theory of the propagation of sound. The solution 
was obtained by Riemann in a form suitable for physical application, and 
it is/diseussed by Darboux (Vol. 2, Chapters 8 and 4). 
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The equation may be written 


(B,(u-+e) ot (Bout) )1 = 0, 
go that, when we know any integral 6, we can by quadrature find a to 
aang FS Hart tay | ee acy ayy: 
We can therefore find, again by quadrature, @ so that 
(a+ (u-+0) )? = 1—26, (w+), 
(a—6 w+») }? = 1—26,(u+v). 
Consider now the surface on which the element of length is given by 
dpe did, 
Let y be defined by the consistent equations 
| Qy, =alutv) +8, y= a(u+v)'—B, 


and x by 4 log (u-+v). 
Let the measure of curvature on the surface be denoted by e: then 


Pmsemi a 0 te 

Remembering that on any surface when the element of length is thrown 
into the form gh Oa ila, 

we have, whatever be the functions ¢ and wv, 

A) =o Ar Mek) <<) 2 Dy bo, 
Vip, W) = h(i Wot go). 
We find that on the surface we are considering 
A,@)+2A(%) = 0, Agy)+2V(zy) = 0, 


Vy, Ax) +N (2, y) (AY) +8A(@) ) =O), 
(1) 


V(e, Av)+3(A())?+2(V@, y) )?—AY)A@) =, 
A(y)—A(a)—e? = 0. 
On this surface draw the system of curves 


y = constant, 2+ p = constant, 


and take, as parametric curves, the curves bisecting the angles between 
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tl 8 
SEC sES Oe y = constant, 2+p = constant. 


The equation of the bisectors of any systems of curves 
@ = constant, w= constant, 


on any surface are given by 


A(g) Ay)” 


The square of the element of length on our surface may now be taken 


ds? = Vdw?+bdv’, 








and from the property of the bisectors we see that 


M+Py=TYy, Xt Pp, = —FYa 
where a’ A(y) = A(t p). 
From A,(4) + 2A (xz) = 0, 
we see that A,e* = 0, 


so that e” is a potential function of the surface, and the lines x = con- 
stant are the isotherms. 

The function y is defined by the equations (1), which are of course 
invariant for any system of coordinates. 

Let, as usual, 








Remembering that 





a iy 
we see that (A(Z)), = 2 VA nae 22 al, 12 
OK. 2Zo 
(AZ), = —> oe Fe o2Z 5 


—— 
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~ and therefore from 
Vly, Az) +V(@, y) (A(Y)+8A(2)) = 


V(x, Ar)+3(A(z))?+2 (Via, y) )?—Aq) Ay" 0s 


we obtain 


n1:(A@)),  ye(A@) 


oy SB te, v(s@+ BA(x)) = 


H(A A(x 
(AG), % eee, +8 (A(z)? +2(V(e, y))?—At@) Ay) = 0. 


ah 
From these two equations and from 
A(z) +2A(x) = 0, 


we verify by simple algebra that 














x, 8tityi » mY 
at M ea a 
0 te ST 


we + Lj% + YY. = 0. 
It follows that 


(A@)), +2, (8A@) +A) — 32 @y»—may,) = 0, 


(A@)).+22 (3a) + Aq) += (L1Y2—TqY1) = O. 


By differentiation of 
Ay) = A(v) +e”, 


we therefore obtain 


9 ; 
a pt wk "i 2 Ya, (8A (x) +A) )— =i (21 Yo+2oy1) = 36? p,, 


2; wa) 2 
aE oy +t a +22 (8A(@)+ Ay) +8 @yotrayn) = Bea. 


Sua. 2, Vou. 2b. 7 no./1428. Y 
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From these equations and from 


_ that is, from uy +7 aa i ot sea va ret 2 sete: — 0, 


we now can at once verify that, by aid of the equations 
; Mp =FY1 Lat pa = noes 


2x2 30 
we must have =i + et : 3 Dodoo Uf 





aar pete 39 — Q, 


12 TF Yyhq 1H Yoh 
We can now write down the following equations :— 


eae 








2 
eo Tne A. ssi + aS 2, Bs 0 
=e 


@ at Dog 267 





2 aun 
Han a at to 





Baty; — Eats ae Si 
20? pete ae 





oot aE at Pos op Pils 4 32 0) 
b' ’ 


Lg +X Lo+ Yi Yo— Ag%,— 8, x, = 0, 
Yigt Yir%qt YoX1— O41 — FY, = 0, 


rss AR aA 0) 


a 





and from the definition of e, we have 


wee (8) 4(8) = 


We have ‘i ew bees 
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let c= et, d=, r=e, 
pa 9 r, S aa 2 fe 
‘so that | ptq+tr=0. 


The above equations now give the following sets :— 


b 

Cig > oa +, a 
we b 

diy = dy — +h, 





C 





cdr+ a | Ga dy ces ()) 


b? 
The space-time interval 


69° = @ori + 0x3 +e 03+ Ox; 
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will therefore satisfy all the conditions necessary for the gravitation law, 


and the curvatures will be 


Kog = Ky =p, Ks, = Ky = 9; Koy = Ka, = 1. 


Furthermore, it may easily be proved, by retracing the steps of this 
paper, that the solution we have obtained is the most general solution of 
the sixteen differential equations, if we make the further hypothesis that. 


a, b, c, d are functions of x, and z, only. 
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We may call the surface we have been considering the generating sur- 
face of a particular kind of Einstein space-time continuum, We have 


seen how the surface itself is deduced from the consideration of a differ- . 


ential equation whose solution Riemann has given in a form suitable for 
physical applications. Finally, it may be noticed that on this generating 
surface the product of the coefficients c, d in the form 


a? 0a +b? 002+ 0? 0x3+ a dx? 


is a potential function, since it is annihilated by the operator Ag. 
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- RELATION BETWEEN APOLARITY AND THE WEDDLE SURFACE 


By Wiuutam P, Minne. 


[Received December 5th, 1921.—Read January 12th, 1922. | 


1. Introduction. 


In the Proceedings of the London Mathematical Society (Ser. 2, 
Vol. 17, pp. 158-171) R. A. Roberts published an interesting and im- 
portant paper “ On Polygons Circumscribed about a Conic and Inscribed 
ina Cubic.” His treatment is almost entirely algebraic. In investigating 
the applications of Apolarity, I was led to study the same subject from 
the standpoint of synthetic geometry and obtained several new results 
which were published in my paper on “‘ The Relation between Apolarity and 
a certain Porism of the Cubic Curve” (Proc. London Math. Soc., Ser. 2, 
Vol. 20, pp. 107-122). In this paper I gave the necessary and sufficient 
conditions that must exist in order that corresponding pairs of triangles can 
be found circumscribing the conic and having the nine points of intersection 
of their sides on the cubic. The treatment was entirely synthetic except 
that the fundamental theorem was established by analytical methods. 
This defect is remedied in the present communication, and the mode of 
proof has led to several new properties of the Weddle Surface. Through- 
out the investigation, it is really the Weddle Envelope that presents itself, 
that is, the envelope of a plane which intersects six fixed planes in six 
lines touching a conic. 


2. Proof of Fundamental Theorem. 


In what follows we shall regard the nine points of intersection of the 
sides of two triangles as occupying positions corresponding to the con- 
stituents of a determinant of the third order. Triads of points corre- 
sponding to the positive terms in the expansion of the determinant we 
shall refer to as “‘ positive triads,” and similarly with regard to “‘ negative 
triads.” 

We may therefore enunciate the fundamental theorem as follows :— 


If a cubic curve pass through the nine points of wmtersection of the 
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sides of two triangles, so that both the “positive” and the “ negatwe” 
triads are apolar to the same member of the Hessian-pencil, then the 
sides of the two triangles all touch the same conic. 


Consider a cubic surface II, and let it be mapped out on a plane 7 
according to the method of Clebsch [Crelle, Vol. 65 (1866)]. Let the 
base-points on 7 be A,, As, 43, Ay, As, Ag, and let the corresponding 
lines lying wholly in II be a, dg, @3, G4, as, ag, which are known to form 
half of a double-six. Let S be any plane cubic curve through the base-points, 
to which corresponds the plane o cutting II in the cubic curve 2. Then 
it has been shown (Proc. London Math. Soc., Ser. 2, Vol. 21, pp. 184-139) 
that a (1, 1)-correspondence exists between the cubics S and 2 and that 
they possess therefore the same fundamental invariant. They are, in 
fact, projectively equivalent curves, and if they be regarded as the same 
curve, corresponding points are represented by elliptic parameters whose 
sum or difference is constant. Now the condition that a triangle inscribed 
in S be apolar to a given member of the Hessian-pencil of S involves 
only the differences of the elliptic parameters of the vertices, and hence 
the corresponding points on 2 must be apolar to the corresponding mem- 
ber of the Hessian-pencil of 2. Let the Hessians of S and = be denoted 
by S’ and 2’ respectively, and let 4,A,A3 and A,A;A, be each apolar to 
S+-AS’. Furthermore, let the line 4,A, intersect S again in the point 
Cs. Then since A,, A», Az if joined to any point of S meets the curve S 
again in three points apolar to the same member of the Hessian-pencil 
S+ AS’, we see that all the triads defined by the terms of the ee 
of the determinantal form 


or Cog Css 
Cos Cs C1 
C56 C15 Cos 


are each apolar to S+AS’. Now the points 4,, ‘Cy onus correspond to 
those points of 2 im which the lines a,, ¢,; intersect the plane o (the 
usual notation for the twenty-seven lines on the cubic surface being 
adopted). Hence the triads of points in which qj, dg, a3 and dy, a, a and 
the triads of lines defined by the terms of the expansion of- the determi- 
nantal form , | 

Cyq Cog C35 | 


Con C340 C16 | 
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_ intersect o are each apolar to ©-++-AX’. If now we state the condition that 


A,A,A; shall be apolar to S+ AS’, we obtain a condition S,+AS;, = 0, 
where S, is linear in the coefficients of the plane c, and S; contains these 


- same coefficients to the third degree. In fact S, = 0 is the condition that 


S shall be apolar to A,A,A3, and S,;= 0 is the condition that A,A,A; 
shall be apolar to the Hessian of S. In the first case o always passes 
through ‘a fixed point F'y3, and in the second case it envelops a surface of 
class 3. Similarly, let the condition that A,A,;A, shall be apolar to 
S-+2S’ be S,+AS; = 0. Hence the envelope of all planes o intersecting 
Qj, Ug, Ay and a, as, dg and the triads of lines defined by the terms of the 
expansion of the determinantal form 

A = Cig Cag Cas 

Cos ga C16 

C35 Cig Con 
in triads of points apolar to the same member of the Hessian-pencil of 


is V = §,S3;—S8,S; = 0, which is a surface-envelope of class 4. It now 
remains to show that this surface-envelope V is of the Weddle type. 
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Let the diagram (Fig. 1) represent a pair of Steinerian Trihedra, whose 
planes are «, y, z and ¢, wu, v. Consider any plane through the line ¢,,, 
intersecting the cubic surface in a cubic curve consisting of the line ¢,4. 
and a conic. We have to show that the triads of points in which the lines 
614Co4Cg4 ANA C14Cy5 Cig Intersect the above plane are each apolar to the same 
member of the Hessian-pencil of the above degenerate cubic. Plainly they 
are each apolar to c?, Hence any plane through c,, possesses the pro- 
perty that the six triads of the above determinantal system of points are. 
each apolar to the same member of the Hessian-pencil of that section. 
The line c,, therefore les completely on the above quartic envelope WY. 
Similarly we may show that the nine lines which are the mutual inter- 
sections of the above pair of Steinerian Trihedra lie wholly on VW. 

Consider next the line yz containing the points of intersection of 65; Cs¢, 
Cg4Cy5) CygCoy, aNd consider any plane passing through the line yz. The 
triads of points in which this plane is cut by the lines 6), 69, ¢g, and 614 C16 Cys 
are identical, and hence each triad is apolar to the same member of the 
Hessian-pencil of the curve of section. The line yz therefore lies wholly 
on VY, and similarly with regard to the lines zz, xy, wv, vt, tu. 

The case of the line joining the corresponding pair of Steinerian points 
xyz, tuv has already been discussed by me in the Proc. London Math. Soc. 
(Ser. 2, Vol. 21, pp. 184-139). It is there proved that every plane 
through this line cuts the above determinantal system of lines A in triads 
of points each apolar to the curve of section 2. Hence the line joining 
the points «yz, tuv les completely on WV. 


C26 = C35 





Fic. 2. 
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Finally, consider any plane o through the line joining the points yzt 
and xuv, v.e. the line joining the points coscs, and Cyg¢3;. The figure of 
section of the plane o with the Steinerian Trihedra then degenerates into 
the figure of the diagram (Fig. 2), where x, &c. denotes the line of inter- 
section of the plane o with the plane z, &c., and ¢,,, &c. denotes the point of 
_ intersection of the plane o with the line cy, &c. Plainly the tangents at cygcs5 
and Co;Cs, meet at the point c,, which lies on the curve of section >. Hence, 
if 2, be the cubic whose Hessian is 2 and which has cCoscag and CogC35 a8 
‘corresponding points,” we know that any point along with cy;c, and 
CogC35 constitutes a triad apolar to 2, and consequently in particular the 
triads C1 CogCgg ANA C15Co5Cg5 are each apolar to 2,. Thus any plane through 
the line joining the points yzt and zuv cuts the above determinantal form 
A in triads of points each apolar to the same member of the Hessian- 
pencil of 2. The line joining yzé and cuv therefore lies wholly on VY, and 
similarly with regard to the other lines determined in a like manner. 

We have therefore proved that V contains all the lines defined by the 
intersections of the six planes x,y, 2, t, uw, v taken two and two, 7.e. fifteen 
lines in all; and also the lines joining the points of intersection of the 
above planes divided into two sets of three, z.e. ten lines in all. The sur- 
face is therefore a Weddle Envelope, and consequently the enveloping 
plane o intersects the six planes of the complementary pair of Steinerian 
Trihedra in six lines that touch a conic. The fundamental theorem of 
this paper is thus established synthetically and we state in addition the 
following results :— | . 


I. If a variable plane o intersect a cubic surface ina cubic curve & 
such that the six points of intersection with o of the half of a dowble-six 
constitutes two triads of points each apolar to the same member of the 
_ Hessian-pencil of X, then « touches the Weddle Envelope of the six planes 
of the complementary pair of Steinertan Trihedra defined in the way 
explained above by the semi-double-six. 


II. If a variable plane o intersect the siz planes of two complementary 
Steinerian Trihedra in two triangles the points of intersection of whose 
sides form a determinantal system of points, the six triads defined by 
which (as explained above) are each apolar to the same number of the 
Hessian-pencil of the cwrve of intersection & with the cubic surface, the 
plane o generates a Weddle Envelope, and hence the six sides of the above 
two triangles touch the same conve. 


330 RELATION BETWEEN APOLARITY AND THE WEDDLE suRFACE. [Jan. 12, 


3. Triads Apolar to all members of Hessian- Pencil. 


Consider now a plane o cutting the cubic surface in a curve 2 such 
that the three points of section of a,, dy, a3 with o form a triad apolar not 
only to 2 but also to every member of its Hessian-pencil. Since the 
points of intersection of ay, dy, a3 with o are apolar to every member of 
the Hessian-pencil of =, they are in particular apolar to that member to 
which the points of intersection of a4, ds, dg are apolar. Hence o touches 
the Weddle Envelope. But the points of intersection of a1, @, a3 with o 
are also apolar to X. Hence o passes through the point Fy; which has 
been shown to he on the line joming zyz to tuv. Thus o envelops the 
tangent-cone drawn from Fy», to the Weddle Envelope, which cone must 
be of the third class, since Fj); hes on a line wholly on the surface. But 
if a triad of points on a cubic curve be apolar to all the members of the 
Hessian-pencil, we know that the tangents to the curve at the points of 
the triad meet at a point of the curve. Thus we have the following re- 
sult::— 


If the lines ay, dy, Az meet the plane o in points, the tangents at which 
to X wmtersect in a point of x, the plane o envelops a cone of the third 
class, namely, the tangent cone from Fy, to the Weddle Envelope. 


4. A Property of the Weddle Envelope. 


The following property is now evident from the results established in 
the paper quoted above on the “ Relation between Apolarity and a certain 
Porism of the Cubic Curve” (Proc. London Math. Soc., Ser. 2, Vol. 20, 
p- 118) =— | 


If the plane o touch the Weddle Envelope and intersect the planes of 
the above Steinerian Trihedra in six lines touching the conic C, the 
twelve common tangents of the cubic curve © and the conic C have their 
points of contact with X lying three by three on four lines which touch C 
at the Jacobian-points of the involution defined by the points of contact 
of C with the planes of the complementary Stenerian Trihedra, t.e. at 
‘the points in which C is intersected by the conic circumscribing the two 
triangles in which ¢ cuts the Stenertan Trihedra. 
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. ON CERTAIN TYPES OF PLANE UNICURSAL SEXTIC CURVES | 
By G. D, Sapp. ) 


[Received December 21st, 1921.—Read January 12th, 1922.1 


1. The plane sextic curve of zero deficiency (¢.e. unicursal) has in 
general ten double points. These may be either all distinct, or several of 
them may be consecutive, thus forming a singularity of more advanced 
type. The sextics considered here are those which have all their double 
points concentrated at either a double or a triple point, and are of the 
following types. — 


(1) The sextic of zero deficiency with a single double point O. This 
has nine double points “latent’’ at O, the two branches of the curve 
having 10-point contact there. 


(2) The sextic of zero deficiency with a triple point at O and no other 
point-singularities. Such a sextic must necessarily have either 


(i) two branches touching at O and having 8-point contact, the 
third branch meeting each of the others once only ; 


or (ii) three branches touching at O, two of ude) have 6-point 
contact ; 
or (ii) three branches touching at O, two of Shih have 4-point 


contact: the third branch has then 3-point contact with both. 


The triple point of the curve (2) is ; equivalent to three double points, 
‘so that there are in each case seven double points latent at O, but in (ii) 
three, and in (iii) six of these latent double points are combined ‘to: form 
respectively one and two latent triple points. . 


2. The equations of the curves of § 1 can be obtained by the method 

of “analysis,” which consists essentially in the elimination. of multiple 
points from the curve by means of quadratic transformations. As applied 
to Cartesian coordinates, the method is briefly as ‘follows: the substitution 
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xy for x (denoted hereafter by xy/x) in the equation of the curve, followed 
by division by y", gets rid of a k-ple point (k > 2) at O (the origin); if 
the transformed curve contains a p-ple point (p > 2) at O, the original 
curve must have, in addition to the assumed singularity, a p-ple point 
latent at O. : 

We may, by successive transformations of ‘this type, together with 
transformations of the type (y+Az)/z, eliminate froma given curve any 
number of multiple points at O, and by writing down the conditions for 
each of the transformed curves to possess a multiple point of specified 
order at O, we are enabled to obtain sufficient relations between the co- 
efficients to determine the equation of the curve containing a k-ple point 
at O, together with a given number of latent multiple points of given 
order. 


3. The first curve chosen for discussion is the sextic [ (2), (i)] of § 1. 
We write down the Cartesian equation of the general sextic in the form 


QT) Cs = GQotayt...tagy)+a(AyotAyt... FAsy’) 
tu i (Oot... tbyy*) +a(Bot... + B3y*)} 
Hut (ty tey)+z(Cot+Cyy)} +dyu’, 
where w= yt2?, 
and proceed to obtain the coefficients. 
Newton’s diagram for the form of the curve at the origin gives 
Ay, Ay, Cay Bg; 9 WAG A y,.495) U5y Hin Uo see gie cy On 


where «w= Ay* has been chosen as the pencil of conics having 4-point 
contact at O with each of the touching branches, and 2+(c,+d,)y = 0 
as the tangent at O to the third branch. 

Now u= 0 meets the sextic where 


Y(agtasytagy’) ty (AstAytAsy)? = 0. 


If w = 0 be taken as the conic of closest contact with (I) at O, eleven 
roots of this equation are zero, and therefore 


4; as, As, ely — OQ, 
and we have 
(II) Cg = agy’+Azay?+u jy? (bs+b,y) +2y?(Bot+ Bs y)} 
+wlayteay?+z+C,ry| +d,u? = 0. 
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Proceeding now by analysis, and using in succession the transformations 


(i) ye/y (and then dividing by 2’), 


(ii) (vy—y)/a ] 
(iii) xy/x - (dividing by y’ after each substitution), 
(iv) xy/x 

we obtain, by § 2, B,=0,; A, = — 403. 


Expressed in homogeneous coordinates, the sextic is now 
(III) CO; = agy®$—1b2 ry> + wy? { bgztb,y+Ber } 
ew? feyyztoy*+az+Cyacy| +d,u? = 0, 


| ane O is the point (0, 0, 1), and y = 0 is the tangent at OAT aw Oe 
The side zg = 0 of the triangle of reference is still at our disposal. 

Through the eight points of contact of the two branches which touch 
at O a pencil of cubics passes, each of which meets the sextic 2.8-+-1=17 
times at O, and therefore once again. But w= 0 has 5-point contact at 
O with each of these two branches of the sextic, and therefore tt has 
5-point contact with each cubic of the pencil. Now the most general cubic 
having 5-point contact with wu = 0 at O is : 


(1) - C3 = ue+pet+gqy) +ay*e+ay) = 0. 
The cubic 
(2) | C3 = u{x—(p+a)y} —ay®? = 0 


meets (1) eight times at O, so that the most general cubic having 8-point 
contact with C, = 0 at O is 


(3) Co+-kCi = 0. 
The substitutions 
{e+ (pta)yl/a, {2—2(p--a)e—(p+a)’ y| fe 
reduce equation (3) to the form | 
(4) u{z—(p+2a)2+ (q—ap—a’)y} +ay* {x+(p+2a)y} 
+k(xu—ay’) = 0. 
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Replacing & by k+p+2a, 7 by g+ap+a’, putting y/« for y, z« for z, 
and choosing « properly, this becomes 


(4') fuldztqy)+xy"} sete iy ig 0; 


v.€. 
(31) i alae Cakes = 0, 
where Cs = ulzetqy)+ay’, 


3 = au-y’. 

If (3’) is taken as the equation of the pencil of cubics meeting the 
sextic seventeen times at O, the side z—0 of the triangle of reference is 
the tangent fo the conic «=O at the point (other than O) where this is 
met by «=0. | 

The cubic ¢; 0 [k infinite in (8')] has a node at O, so that all 
eighteen intersections of this cubic with C,—0 are coincident at O. On 
eliminating z between ci —=0 and equation (IID), by means of uw = yz+2”, 
we obtain a homogeneous equation in z and y. Equating to zero the co- 
efficients of all the terms except that in which « does not oceur, we get 


(a,): 6; = — 2 (and therefore A, = —1), co =1, @ = ¢;— Bs, 1,+Cy= 0. 
_The sextic becomes | 
| (IV) C, = (¢,— Bs) y’—axy? + uy? | —22—C,y+ Bax} 
Aw a yztyto2z24+Cyxy| +d? = 


Again, k = 0 in (8) gives the cubic c; = 0. The equation obtained by 
eliminating z between this and (IV) is homogeneous of the fifth degree in 
x and y (after division by v7). All the coefficients except those of ay* and 
y°? must vanish, since all but one of the intersections lie at O, and we obtain 


(ag) by +c, =0, B,=2c,, g(q—-—Gq)=atd, (q—-e) 49°) si isos 
Combining (a,) and (a,), we have 
ie — 6, = — Gh Cree ee ec, bc ie he 7 } 
The eens now, in Cartesian coordinates, 
(V) Cy = 4 (au—y’??—(ru—y*) (uteuy+xy’) — (dy ee Ay. 
Returnity to analysis, the transformations 


(v) @y—y/x, (vi) vy/z, (vii) @y—4se,y)/Z, 
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followed each time by division by y’, give 
: q=29, g=t. 
The sextie is finally | 
(WD Cs = 29 (cu—y??— (wu yu 2quy + cy") + Zu? — 


with the condition g* = 3. 


Equation (VI) gives precisely two sextics; all others of the type con- 
sidered are projectively equivalent to one or other of these two. 


4, Since the sextic (VI) of § 3 is rational, the coordinates of any point 
on it may be expressed rationally as functions of a parameter. 
The transformation 


pe NEA ase ¥, a sectioned YZ, 
transforms the sextic into the quartic — 
(A) (XZ—qY224+X2Z(X+2q¥)—XY? =0, 


which has all three of its double points coincident at (0, 0, 1). 
The transformation 


Meee Ya 2 = Chale 
further transforms the quartic (A) into the conic 
(B) gator = —¢lé+C—9)]. 
The parametral coordinates of any point on (B) are 
é=—(f+2+9, 1=t 6=4, 
whence any point on the quartic is 
Re Nua taht i= aeeonpeeg)) (7 a 
and any point on the sextic (VI) is 
ge = —(P0+2t+1)—2tq2t+)), 
y = 0+2tq+9, 


_ uP +2tq+? _ Ue ee 
e443 ?+%tq+q 
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The three values of the parameter at the triple point are ¢ = — 3, 
?+2tq+g¢g=0. The sixth intersection of y =O with the sextic is ob- 
tained by putting ¢ = o, and is (1, 0, +29). : 

The line y = 2a meets the sextic four times at O, and again at the 
two points whose parameters are t= —2qg+{—q}?. Hence the remain- 
ing two intersections of the tangent at O to the third branch of the sextic 
are real if g = —1/,/2, unreal if g = +1/4/2. 


5. The. sextic (2), (ii) of § 1 has been already. discussed.* We will 
therefore proceed at once to (2), (111). e 

We may take u2y =O as the approximation to the shape of the curve 
at the origin ; then, if the equation of the general sextic is written down 
in the form of equation (I) of § 3, Newton’s diagram o1ves 


il, 11, by, Og AG, A soedat POG; O1s0a say, eo Ue gt 10 en eee 


Now every conic which has 4-point contact at O with each of two of 
the branches of the sextic considered must have also 3-point contact with 
the third branch at O, so that, for every value of A, eleven of the inter- 
sections of 2 — Ay” with the sextic are coincident at O. We obtain 

A445; As, Ay; Ba, bg, cy = 0. 
The equation of the sextic can therefore be written 
(VII) (agy®+buyt+oqwy?+u) +ry(Asy'+ Buy?+ Cw) = 


The conics of closest contact at O are w=) y? and u=dAgy*, where 
A,, Ag are the roots of the equation 


A, +B rA+0,2 = 0. 


We can verify equation (VII) by analysis, using in succession the 
transformations 


(i) ya/y (and then dividing by 2’), 
(ii) (xy—y)/a, (iii) ay/x (dividing each time by y’). 


6. The sextic (1) of § 1 has been considered by Sharpe and Craig.+ 





* H. Hilton, ‘‘On certain Types of Plane Algebraic NAG Rendiconts del Circolo 
Matematico dt Palermo, Vol, 44 (1920). 

+ ‘* Plane Curves with Consecutive Double Points,’’ Annals of Mathematics, Ser. 2, 
Vol. 16. 
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_ They give, as the equation of a sextic having all ten double points con- 
secutive at the origin 
c3—(5T’?+-4T”) cse3+ (5T +67") (63)? + (2—8T"?) coc, —O, 

with the condition T'+73—1—0, 
where © Cy = y— 42’, 

C3 = y—4a?—2T y (y — $2?) —4A ay’, 

C3 = x(y— hx") —8y?, 

Cy = T(y—4a??—2xy(y —407) +1677. 


This equation can also be obtained by the preceding methods, and the 
coordinates of any point on the curve can be expressed rationally in terms 
of a parameter. 

‘If we start, as in § 8, with the general sextic (I), and take w* = 0 as 
the approximation to the shape of the curve at the origin, Newton’s 
diagram gives 

Diet Mane Raed ee On tO ied beat Oe Oleg tla 
Of the twelve intersections of «=O with the sextic, ten are coinci- 


dent at O. Hence “dy 3 frie 
The transformations 
(i) yx/y (followed by division by 2), 


(ii) (cy—y)/ax, (ili) xy/x, (iv) zy/x (followed each time by 
division by y?), | 
Paveritisnddition an wis 0) 10a Osea. —— + B,. 


Of the eighteen intersections of zu = y® with the sextic, sixteen are 
coincident at O. We obtain, on eliminating z between this equation and 
the equation of the sextic (expressed in homogeneous coordinates), and 
equating coefficients to zero, 


3, fe = 2 (and therefore a; = — 1), 
1 

As—C)— bz — ag t By—C, —= 6,+-C;—1 = 0. 
Returning to Cartesian coordinates, the next transformation 


(v) xy/a 


SER. 2. vou. Zl. No. 1429. Z 
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gives 
b, = — 2C, (and therefore 4, = — (C)), 


(B.) 
Lop thegeld (eG 8. 


Forming now, by the usual process, the equation giving the ratios y/x 
at the points of intersection of the cubic c;= 0 of § 3 with the sextic, 
and remembering that all but two of these ratios are zeros, we obtain the 
further relations 


{ P—qa+ae + (@—Cy) = 9, 
len —= — 9(C,;—C,q). 


(8s) 
Combining (@,) and (63), we have 
Cc, = 2q—a, [and therefore B; = 2(q—a,)], ¢ = 9?+C). 
The sextic can now be put into the form 
(IX) (utuqytay??+ag(cu—y?)?+ Cy(cu—y’)(wtugy+cay’) 
= (C,—Oyq) u(qu?—ucyt+y?). 
This has deficiency two, as is apparent from analysis. | 
If we put Ci— 0,9 =4, 6 240,940, =: 
the transformation 
(vi) (ey—qy)/z 
gives the relation 
(8) aq =—AL+C,q)+4C}. 
The next transformation 
(vii) («y—By)/zx, 
combined with (6,), gives 


BAU-B)=@, A =4(1—B)3/(1—2B). 
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The final transformation 
(viii) [ay—{q?+(4—A—6B+2B?+24 B)/2¢} y|/x 
gives Aj 2 — Bs. 


From the above relations, B and qg are easily determined. They are 
. found to satisfy respectively the equations 


4B°—2B—-1=0, 169¢°+47?—-1=0, 
whence B= 2q°+4. 
The values of a, Co, A follow at once in terms of gq. 


If we replace q by $7’, and express all the coefficients in terms of 7, 
the sextic becomes 


(X) §—-$(5T?+27") csog+3(5T+3T") (63)? = fu(4—38T") (Lu? — Quay + 2y'), 
where 63 = utsTuyt xy’, 
63 = cu—y’, 
T°+27T%—4 = 0. 


It is evident that there are only two distinct rational sextics with real 
equations, having ten consecutive double points, if we consider all curves 
which are projectively equivalent to be essentially the same. 


Note.—On replacing @ by 287, y by —2°.y, 2 by 1/23.z, equation (X) 
becomes identical with (VIII). 


7. To find the parametral coordinates of any point on the sextic of the 
preceding section, let us consider the intersections of (X) with the cubic 


(3') C3tke; = 0. 
If we put 
—4(59°+27P)=C, $67T+38T) =a, 4(4—87") = A, 
and then k?—C,k+a, = P, 


and eliminate z between equations (X) and (3’) (after making them both 
homogeneous), or, which is equivalent to the same thing, eliminate w be- 
tween 


(C) w—u(aer—hkey—sTy) +y?(«—ky) = 0, 
Zz 2 
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and 
(D) 2? {Px?—tAT(e?—kay—4Ty’) + Aay} 


uy? {—2P2+3AT(e—ky)—Ay} +Py® = 0, 
we obtain 


(i) [PyS—y®@—ky) { Px? —-4AT (2° —khay—4Ty)+Azy} }? 
= [— Py (a?—kay—4Ty?) +y'(a—ky) {2Px—4AT (x—ky)+Ay} | 
X[y?{—2Px+tAT(e@—hy)—Ay| 
+(a®— hay —4Ty9) {P2944 T(0— hy —4 Ty") + Avy}, 
which reduces, after division by y", to the quadratic 
(1') eliT?K?+AKHA |+2y[TKL—AMH | 
+7°?[L°?—AH(Ak+44ATH—4PT) | = 0, 


where H = 47Tk+1+4+47", 
Big ea h, 
L = P+LAM, 


M = Pk—ATk—A. 
The roots of (i’), considered as a quadratic in x/y, are 


e _ —TKL+AME +H A | A(Pk+ A)’ —4KP" J 


wy Yy K{3T?K+24H | 


Now the coefficient of x? in (i’) becomes, on making use of the relation 
T°'+97T?—4 = 0, 
AT? K {k+477(4+8T7°)}?. 
The coefficient of zy is also found to involve the expression 


k+47°(4+87") 


as a factor (in the first degree only). ‘The cubic of closest.contact with 
the sextic, having all eighteen intersections coincident at O, is therefore 


uztsATuytay? = 477(44+87")(cu—y’). 
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If we replace k by t—47°(4+87"), we have 
P= P4474(1—7) +4ATY, 
H = 47t+2i7P7(1—T"), 
K = P?+47t(1—-—T)+7,AT”, 
L = 4427 {A+20—7T)} +427", 
M = ®—-AT?P(Q2+57?)+47%t(7 —27*)+44AT(1—T"), 
ITS A WEE Domed A re 
A{A(Pk+4)2—4P°K} = At! (2844) LEME) — 8,7 (2—7)} 
= — BT 1 P4174(2-387) +1 742-87}. 
Equation (11) becomes 
“iy, © _ galt) + THty {gal} 
y ENR GS 
where ¢3(¢) is a function of the third degree in ¢, and 
dot) = —$[{[t+7,7°(2—37")}?+ 345]. 


It follows that, since ¢.(¢) is a quadratic function of ¢t, the ratio x/y 
can be expressed as a rational function of a a and from this the 
ratio z/y can be deduced, 

We see also that since ¢,(¢) is negative fan every value of ¢ except 
t = 0, the curves of equation (X) are unreal, except for the one isolated 
point O. Hence there can exist no real unicursal sextic having ten con- 
secutive double points. 

The following values are of some interest. A = 0 has unreal roots 


t= —4177 (1—T) + HT QA), 


thus verifying that the remaining two intersections of y= 0 with the 
sextic are unreal. 
H=—0(t=17 1-2], 
makes both values of x/y equal to $7”. 
The cubic corresponding to this value of ¢ is 


uz+sTuy tay? = 17°(5 +27") (cu— 


Replacing « by $7°y in this equation, we obtain unreal values for the 
ratio y/z, showing that there is one real cubic of the pencil which touches 
the sextic again, but the point of contact is unreal. 
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There are besides two unreal cubics touching the sextic again, which 
are obtained from the roots of ¢,(t) = 0. 


Note..—We can deduce that O is an isolated point on the BERLE eas 
Craig and Sharpe’s investigation. For they obtain 
y = ha? t+e°4+T2r'+ Uae + Vo? + Wobt..., 


as the expansion at the origin, where 


GO = 7-18 

V = 27° +7", 

W = 427 —7T* +/}—89T? +637"), 
T? = —4 4475. 


The expansion is imaginary, since W is unreal for both values of T°. 
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ON LEAST PRIMITIVE ROOTS 
By Autan Cunninanam, H. J. Woopaun, and the late T. G. CREAK. 
[Read March 9th, 1922.] 


1. Scope of Paper.—The object of this paper is to introduce a table of 
Least Primitive Roots. 


2. Fermat's Theorem.—By this theorem 
y’~* = +1 (mod p), always [jp an odd prime, y prime to pj. — (1) 
Also, if p—-1=2, (2) 
then, for certain values of y (prime to p), 
yor — y* = -+1 (mod p). (3) 


When € is the minimum exponent possible for y in this last congruence, 
and (consequently) v the maximum possible, € is styled the Haupt-Hxaponent 
of y (to mod p), and v is styled the Restdwe-Index of y, whilst y itself is 
styled a Root of the congruence. 


3. Primitive Roots (G, g)—When y has such a value (<p) that 
€=p—1, whereby » = 1, then g is styled a Primitive Root of the 
prime p, and is here denoted by G or g. 

Using the symbol v(m) to denote the Totient of n, it is known that 
every prime p has exactly t(p—1) different primitive roots (G); it follows 
that the nwmber of such roots (G) cannot exceed 4(p—1) for any 
prime (p). 

The whole set of t(p—1) primitive roots of any prime (p) may be 
derived from any given one of them (say G,), as being the Least Residues 
modulo » of the powers of Gy, viz. 


Ge, G8, Gy, ..., GE [a, B, y, ..., € all prime to (p—1)]. (4) 
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4. Least Primitive Root (g).—The least of the set of t(p—1) primi- 
tive roots (G) of a prime (p) will be denoted by g. 

As the practical use of primitive roots (G) in computation involves 
frequent multiplication of successive Residues by that primitive root (G), 
it is of great importance—for ease of calculation—to have the Least 
Primitive Root known and available for such work. 


5. Table of Least Primitive Roots (+ g).—The table at end of this 
paper gives the Least Primitive Roots, both + and — (7.e. +g) of all odd 
primes p < 25410. ; 


6. Distribution of +g.—The Table on p. 345 shows the number of 
+g which = 2, 3, 4, 5, &c. in the three Ranges of odd primes— 
167 primes <_ 1000, 1228 primes < 10000, 2800 primes < 25410, 
arranged in three classes of +g, viz. 
(1) Only +g when p = 4a—1. 
(2) Equal +g when p= 40-1. 


(3) Only —g when p = 4a—1. 


As the +g are always unequal when p= 4a@—1, they have to be 
shown in different classes (1), (3). 


7. Chief points of note in Table. 


(1) Remarkable smallness of the highest + g, as shown below :— 











Max. +g. In primes. 
+21, once in 167 primes < 1000 
+31, once in 1228 primes < 10000 
+31, twice; —37, —39 once | in 2800 primes < 25410 


(2) Remarkable efficiency of small numbers } 12, in supplying +y 


a Ds 
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as shown below: — 





Number of | 
tg$12 —gp12 In primes. 





160 165  ~=in 167 primes < 1000 
1159 1188 | in 1228 primes < 10000 
2637 2688 in 2800 primes < 25410 


— 


(3) Composite values of +9, especially g = 4y, are much rarer than 
prime values. | 


Results (1) and (2) are of great importance for practical use of primi- 
tive roots in computation, as rendering it probable that quite small 
primitive roots generally exist for all primes. The advantage of small 
primitive roots is obvious. 


8. Origin of present Tables.—The origin of these tables (of +g) was 
a Table* of the Haupt-Exponents (€) and Residue-Indices (vy) of the eight 


small Bases y = 2, 8, 5, 6, 7, 10,11, 12, [all taken +1], 


for all odd primes p < 25410 prepared by the present joint authors in- 
dependently. In the course of this work it was seen that among these eight 
small Bases are found the Least Primitive Roots (+9) of by far the greater 
number (2637) of the 2800 odd primes < 25410, leaving only 163 primes 
for which no primitive root was so far known. This made it seem worth 
while to undertake the research of the Least Primitive Roots of these 
163 primes also. 


9. Relation of + primitive roots.—As the tables of €,v just quoted 
sive—(as is usual in such tables)—the €,» of positive Bases (+y) only, 
the derivation of the &, v for negative Bases (—y) will now be given. 
This includes the connexion of + G, and also of +g. 

Let €,v refer to +y, and £’, v' to —y [same y in both]. The rules 
are different for the two forms of p= 4a +1, 


(1) When p = 4@-+1, then €= €', v= 1’. (5a) 
Hence vy = 1 gives both +y=G [may be g]. (5b) 








* These tables are now printed off, and ready for publication. 
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(2) When p= 4a—1, then 4(p—1) 1s odd, and 


cS a ve y = BV. (6a) 
Hence »v = 1 gives +y = some G [may be g] 
and —y’ = some G [may be g], (6d) 


y = 2 gives »’) = 1, whence —y = some G [may be g]. (6c) 


10. Method of research.—This consists of two Steps: (i) selection of 
‘trial roots,’ (2) testing the “ trial roots.” 


Step (1). Selection of “ trial roots” (z).—Here z is known to be > 12. 
Selection is then made from the successive small Bases z = 13, 14, 15, &c. 
of those only for which 


(z/p)o = — 1, for each prime required ; 
(z/p)3 #1, for each prime required of form = 6a-+1. 


This can readily be done by known* Rules. Considerable help in ex- 
cluding composite numbers (z) from this Test is given by the above 
tables of €, vy; thus :— 


If a, b be any pair of the eight Bases 2, 3, ..., 12 above named. 
If v, v» be the (known) Residue-Indices of a, 6, modulo p. 


tyre by » (unknown) 4 of 2 % 


a 


And taking z = a*.b®, or a*/b®, [a, 6 both odd, may = 1]. 
Then (1) if v, 1 he both odd, or both even, this gives (z/p), = +1. 


Also (2) if vg, have a common factor (>1), then vy, also has that 
factor. 


In both the above cases z cannot be a primitive root. But, if vy be 
prime tov, and not both odd, then y, will be odd, and will be free from all 
factors of vg, v,; so that in such cases z may be a primitive root (G or g). 

The above considerations often greatly limit the number of (composite) 
numbers (z) requiring detailed testing in search for a primitive root; and 
they have the merit of being easily applied. 








* The 2-ic test is of course well known. The 3-bic test can be applied by aid of the 
Table of 3-bic Residuacity criteria on pp. 28, 29 of the paper on ‘‘ 4-tic and 3-bic Residuacity 
Tables,”’ by Col. Cunningham and Mr. Th. Gosset, in Messenger of Mathematics, Vol. 50 (1920); 
which gives the criteria of (z/p); = 1 and 41 for all prime Bases < 50. 
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The numbers (z) thus selected are termed trial roots. With primes 
of form p = 2*.3'+1 this step is sufficient: giving z a primitive root. 


Srp (2). Testing the trial roots (z).—The process is practically that 


of determining the Haupt-Exponent (€) of each “ trial root” (2) until one 
is found giving €= p—1. 
Let p= K.Q+1, where K = 2*.3', Q prime to K. 
io GQ abe cre). fa, -b, c.dilferent primes 7a) 


Since z is such that (z/p)) = —1 and (z/p);£ 1, it follows that €, must 
contain 4 = 2".3* : 

The process consists in finding the Residues of z** modulo p for every 
possible factor g (prime or composite) of Q—|including gq = 1]. If at any 
step it is found that 22*4= —1 (mod p) with Kg <(p—1), then z is not 
a primitive root, but has €£,= Kg, v.=Q—~+q. If, finally, 2%=—1 
(mod p), with Kg =p—1 (and for no less value of Kq), then z is a 
primitive root, | 

The number of different factors (g) of Q is (a+1)(6+1)(y+1)..., and 
the one-half of that number is the full number of trials of z'*4 required to 
prove that z?*4= —1 (mod p) only when Kg = p—1 (te. for no smaller 
value of Kq); when Kq = € is < (p--1) fewer trials will be required. 

For primes of a givén magnitude (say p > M), that number is a maxi- 
mum when K = 2, giving p = 2Q-+1, along with @ composed of small 
primes. 

Ex.—The maximum number of trials required in the present tables is given by 

p= 9.58.7, 184199751; 

requiring 16 trials: of course, the number of trials is usually much less. 

{The above process is very much shorter than that given in Mathew’s Theory of Numbers, 
Art. 20 (there said to be due to Gauss): the process involves finding the Residue of every 


power (2X) of each ‘‘ trial root’’ up to the limit X = i¢ if ¢<p—1, until a root 2 is found 
givang ¢ = p—1: this is a very lengthy operation.] 


11. Previous tables of primitive roots.—The existence in general of 
quite small primitive roots—at any rate of all primes > 25410—and the 
great importance (for practical numerical calculations) of having quite 
small primitive roots available seems to have been overlooked in the past, 
as will be evident from an examination of some of the more important 
existing tables. The tables examined below are: 


(1) Jacobe’s Canon Arithmeticus, Berlin, 1839. 


(2) Desmarest’s table of G in his Traité de lAnalyse Indéterminée 
du second degré, dc., pp. 298-300, Paris, 1852. 


(3) Reuschle’s Newe Zahlentheoretische Tabellen, éc., Stuttgart, 1856. 
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| In the accounts given below of those tables the values of +G here 

quoted are all << 4p: whenever the tabulated value of +G is > 4p its 
equivalent negative value, 7.e. —G’ = —(p—@) is always quoted and this 
- is always < 4p. 


(1) Jacobi’s Canon Arithmeticus.—This gives the complete set of 
Residues of all (»—1) powers (G*) of the primitive root (G) used as the 
Base for each prime p > 3 up to p < 1000. 

The following short table is an abstract of the number of tomes each of 
the small primitive roots +G $10, and also the larger roots taken in 
eroups +G> 10 but < 100, and +G > 100 but < 400, were actually 
used as the Bases of the tables. 


tGe 


Number / + G@| 
of 


, 5. 6, 9, 10: >.10, < 100: 4100, <400 | Total 
Qi gd.) 2150. 14 12 














with the exception of +G= 10 which was used 
85 times—the very small roots were seldom used, whilst roots > 100 
were used 29 times. 


It will be seen that 


(2) Desmarest’s tables.—In this work (pp. 298-800) is a table giving 
one primitive root (+G) for nearly every odd prime < 10000. By far 
the greater number of these roots are small numbers < 80; but there is 
still quite‘a number (57) of large roots: an abstract is given below. 





p < 1000 | p > 1000 








4+G =! +30, <100; +100, <500 +30, <100; +100, <1000; +1000, <5000 


Number ( + G 2 4 | la 7 9 
(oie al esa od 4 : | 10 10 








(8) Reuschle’s table-—In this work (pp. 42-53) is a table giving the 
least primitive root of all odd primes } 1000; and one or two primitive 
roots (nearly always +2 or +10) for all odd primes > 1000 up to 
+ 5000. In a few cases only the roots given are inconveniently large. 


p = 2689, 3001, 3181, 4733, 
G= 180, 640, 294, 140. 
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LEAST PRIMITIVE ROOTS (g, —9). 
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ON WATER WAVES DUE TO DISTURBANCE BENEATH THE 
SURFACH 


By Horacr Lamps. 


[Received April 10th, 1922.—Read April 20th, 1922.] 


THE waves on deep water caused by a disturbing agency beneath the 
surface have been discussed in one or two cases of steady motion.* The 
present paper deals with some problems where the disturbance is due to a 
simple source whose strength varies with the time according to a prescribed 
law. These problems were suggested by a study of the phenomena of a sub- 
marine explosion, but it must be acknowledged that the results have only 
a restricted application in this connection. In the case of an explosion of 
more than a very moderate intensity (in relation to the depth) the free 
surface is disintegrated on the first arrival of the condensational wave. 
This modifies the subsequent development, whilst the cloud of spray pro- 
duced masks whatever of a more orderly character follows. In this paper 
no further reference is made to this phenomenon ; compressibility is in 
fact neglected throughout. It is hoped that in spite of this limitation the 
investigations may have some hydrodynamical interest. 


1. As a preliminary we take the case of a periodic point-source at a 
depth f. To avoid indeterminateness due to the implicit inclusion of free 
waves of the prescribed period (27/c), we have recourse to the usual 
hypothesis of a small frictional force varying as the velocity. The 
formula for the pressure is thent 


Pie .cd 


DE Theo (1) 








* The waves generated by the uniform translation of a submerged cylinder were dis- 
cussed by the author in Ann. di Mat. (3), Vol. 21 (1913), p. 237. The much more difficult 
case of the sphere was worked out by Havelock in Proc. Roy. Soc., Vol. 93 (1919), p. 520. 

+ The square of the velocity (near the surface) is here neglected. 
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where the axis of z 18 supposed drawn vertically upwards through the 
source, and the origin is in the free surface. Hence if the pressure at a 
distance 7 due to the source alone is 


iSO US , (2) 
the corresponding velocity potential is 


a C ett 
ta (io) pr” 


By a known formula we have, at points above the level of the source, 


i — i ei F+2) Jy (Ea) d€, (4) 


Y 


where @w denotes distance from the axis of z. We therefore assume, for 
the motion reflected from the free surface, 


by = eft? \, of J,(ées) f (6) 4é (5) 


The form of the function /(£) is determined by the surface-condition 
Dp LD OL 
CHL DD pth, Mee it ay 
aga aide ae ah Guggr aie Zia ae (6) 
Writing ¢= ¢,+¢., and substituting, we find 


aD —if 
Fe ae UCL ECe 


Ue te ee (to +m) p” ev 
The surface-elevation ¢ is therefore given by 
> oe oh it ( g€e Jy (Ea) dé 
gps = (io +e) pp = 2Ce \ ie aa ifr 
1 e~¥ J, (Ea) dé | 
— wa 6; tot f pita |. en MONS tence * 
om Gouate! E—(k—tu) s 
where ooh Rome (9) 


The interpretation is simplest for the point vertically above the source. 








* Here, and elsewhere in the sequel, we put «4, = 0 wherever this can be done without 
introducing indeterminateness. 
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Putting wa = 0, we have there 


gpé —_— 90 Fe, e-Vdé (10) 


0 E— (k—%}) } 1 


By a contour integration round the first quadrant of the plane of a com- 
plex variable €+ 7%, we find 


(, pepe \, eV dn 
ge (koe Ui) ony ttc 
where «, has been finally put = 0. The latter integral can be expressed 
in terms of a known function. If we take the integral 


eF dz 
ztk’ 
where z = +27, round the third quadrant of the aforesaid plane, ex- 
cluding the singular point (—x, 0) by a small semicircle below the axis 


of €, we find 
Picardo Mee ig eo ane 
je \, coy a LUEE =| TER = 0, (18) 





(11) 





(12) 





where the symbol P stands for “ principal value of.’ Since 





Sic aC eee UME CE ee Shrek, 
2 \, Flees == Opals { <" — —€é Hi(x/), (14) 
in the usual notation of the exponential integral, we have, finally, 
Gp@r exces | ie — eS Hi(xf)—ine—* (15) 


Hence if the disturbing pressure be 


jn = S cos ct, (16) 
the surface oscillation is 
2G: : 7 
= — (4 cos ct+ B sina), (17) 
‘ gpf ca if 
where i 1—«fe~“ Ei(xf), 18} i akfe—, (18) 


The following values of the coefficients A, B, and of the combination 
/(A?+B?) which determines the amplitude of ¢, have been calculated 
with the help of Glaisher’s tables* of Ki(z). It will be remembered that 
x is proportional to the square of the frequency (c). 











* Phil. Trans., Vol. 160 (1870), p. 367. 
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TABLE I. 
xf A B | \/(A2 + B?) 
/ a ey Pace ot | | ( 
Ol ki 420000 ieee) 1:000 
“1 1:1468 | :2843 1°181 
“2 1°1346 5144 1:246 
“3 1:0673 6982 1:275 
“4 9719 8423 1:286 
45 9183 9014 1:287 
5 8623 9527 1:285 
reat 7465 1:0345 1:276 
a7, 6298  1:0920 | 1-261 : 
8 5157 11293 1°241 
OT} 4062 | 1:°1495 1-219 
1 Ong -8028 | .1°1557 1:195 
1PM ESA ITS ole 15> ae te Ae 
174 | —+ 0882) {130846 |, <1°085 
1‘6 1646 1:0148 | 1:028 
1:8 2645 -9347 971 
20 3379 8503 915 
3:0 4837 4692 674 
4:0 4382 2302 495 
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The maximum amplitude is 1°287 corresponding to cf = °455 approxi- 
mately, and makes A = B, so that the phase of the elevation follows that 
of the disturbing pressure p, by 47. The corresponding wave-length is 
A = 1°38/. 

For large values of the variable there is the asymptotic expansion 


Uy) way Sethe td ooh eon 
EOC) alee par i, ET tee (19) 
Hence for rapid oscillations, or great depth of the source, 
2C cos ct 
i ieee ee (20) 
aa 


approximately, gravity having, as was to be expected, little influence. For 


small values of x« on the other hand 


Loe 


Hi) =~y-- log Te 


ee (21) 
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- and therefore for slow oscillations, or small depth of the source, 


_ 2C cos at 


‘ get 
If we denote the amplitude of the source by Q, the constant C in (2) 


(22) 


. 1g equivalent to tioQp/47. Hence, taking the real part, the surface- 


elevation due to a primary source 


a a cos at (23) 





is given by |. c— ge (A' cos ct —B' sin ct), (24) 


where A’ = r(kf)ie~% = (cf) B, B' = (xf)? 1—cfe-™) = (kf)? A. (25) 


In the annexed Fig. 1, the value of ./(A"+8B”) is plotted against 
V(«f). This shows how the amplitude varies as a function of the 
frequency (c). 


5 1:0 15 2-0 2°5 3:0 3:5 40 45 


file c Pa 


It is a matter of less interest to trace the annular waves propagated 
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to a distance. Recalling that 
i Ge 
ge) | sin (x cosh w) du, 
7 Jo 


and referring to (8), we have to consider the double integral 


ef dé 


fe se (k—4,)’ le) 


\ {| (eimé — etme) du ( 
0 (Jo 


where Mm = w cosh u. 


We may invert the order of integration. By integration round the con- 
tour of the first quadrant of the plane of +7, we have 


a) —étf+imé oy 7 Ry — OF 
eft ime dé =| CORE GEC (27) 


9 = (kim) fa Jo nate 
where u, has been put = 0 in the end. The fourth quadrant contains 


the singular point x—izu,. Excluding this by a small circle, and in- 
tegrating round the boundary of the region which remains, we find 


ee) e—sf—ime dé \ e~ mt dn 
—e f o—kf—ime a I8 
i E— (k—1M}) RR Dy 0 Bae tic ( 
» 67) Sing Cd Gy eee a I et On) Cage 
Bae I Carla t1) re =I) 7 ie oe ae 


Thus (8) becomes 


gp — 90 e'% | = +2ce-*7 | e7 kw cosh u Jay 
4 0 
SPS iat = —yw cosh w 
al (y sin nfx cos uf) e Feet | - (80) 
TIO 30 neaek 


The definite integral in the second term is a Bessel’s function of the 
“second kind.” Writing 


Dp (a) —_ =| ew cosh wu du, 
TAO 
we have, for large values of 2, 
DAS) i (2) eters (31) 
0 rE 5) 


approximately. For sufficiently large values of «w@ the term in question 
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therefore preponderates over the rest, and we have 
pC == 2xC eo (22) etx in, | (32) 
KGS 


The wave-velocity has the usual value 


GK snAA Gi kK) =A ONL Oe), 


where A is the wave-length. 


2. We proceed to the problems more especially in view. Let us 
suppose in the first instance that the pressure due to the source is zero 
up to the time ¢ = 0, and then follows the law 


fe Ae (33) 


This gives an abrupt rise followed by a gradual fall, and so resembles in a 
general way the case of an explosion. The formula (33) is adopted, how- 
ever, for mathematical convenience, rather than as a very exact represen- 
tation of the facts. The proposed law of variation is equivalent to 


(34) 








fi [ ede 
Pi 


—~ Onrir Jin OIA 
for all values of ¢.* 

We confine our attention to the part of the surface vertically above 
the source. Referring to (8), and putting a = 0, we have 


WM ei (ieeg ean deakh wer" : 
ge, = rd ie | \ ge—a'+iuc) o—itr ae eae 











This makes 
l PAs (a ie —F a 
gp (4 +26) a a) 7 \ ened edo. (36) 


To integrate first with respect to c, we write 


o* — two —Ggé = (¢ —a1)(o— G4), 37) 
where cues dim + a. (38) 
Oa 


* Hydrodynanucs, Art, 248. 
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Here a = /(g€) | | (39) 
with sufficient approximation. We take the integral | 
et dz 

= ee 40 
(¢— a) (@—oy) ‘e am 


where z =o-+i7, round the boundary of the region lying above the axis 
of oc, the singular points o,, 7, being excluded by small circles described 
about them. We find 


| ms eda a? 


J-«o (cs —o,)(e—a) ea 








5) 


(e%! — o— iat) —_— — War Eu ae 


putting « =0 in the end. Since €= a’/g, by (89), the formula (86) be- 
comes 


0 


we (5 is +26) = a4 | ate“! sin atda. (42) 


To connect the second member with a known form, we put 








o=V/Aflg9), B=VGP/Af), k= /(4d2f/9). (48) 

[haces ey ( “ +k) = = i. ate-" sin 2Bwde 
aus = a \, e-** sin 2Gwde. | (44) 
Now | \. e-** gin 2Bwdw = e-” edn, (45) 
and therefore 5 4 ke = = be mae (46) 
uae F(8) =8+0— ee o* da. (47) 


We have to solve (46) subject to the condition that € = 0 for 8 = 0. 
. B 2 “7 | , 
The integral | e dx (48) 
* 0 ' 7 


has been tabulated by Dawson* for values of 6 ranging from 0 to 2 at 
intervals Of ‘01. The following table gives a sufficient range of values of 
F(8) and F'(§) for our purpose. 





* Proc. London Math. Soc., Ser. 1, Vol. 29 (1898), p. 521. 
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TABLE II. 

& | #(8) |. (8) | 8.) FB) | (8) 
0} oO | +2-000 

1) 4-197 | 1°921 | 1:1 | 4 +358 | —1-°079 
'oyemord aeel booed? 246 1026 
“80) Feeaod We ii 320 res 150 “912 
“4 649 | *908.]-1°4 067 744 
oh T12\) + 4300S | 4P001 |. 578 
6 733 | — ‘019 ] 1-6 048 | 407 
ie a MEL “4955)1°7 081 259 
‘8 | 651 “744 11-8| *100)  ~ -186 
“9 | 13565 0621191) 7109) 041 

1-0 | +°462 | —1:076] 2:0 | —-110 | + -027 














_The asymptotic value of the integral (48) is* 


0 a 1 shyt SM ergs Peds I 
ef Gurung eee gam +...), (49) 


so that #(8) = — 1/26", ultimately, for large values of (. 

In most cases of any interest the quantity k defined in (48) is a large 
number. Hence, if we identify 6 with the time (to which it is, in fact, 
proportional), and for a moment regard ¢ as a velocity, (46) is the equa- 
tion of motion of a particle subject to a certain law of force increasing 
from zero, and to a great viscous resistance. In this analogy the inertia 
of the particle hardly counts, except in the very beginning of the motion, 
and the term d¢/dG may be neglected. Hence, except for very small 
values of 8, the solution of (46) under the condition stated is 





— F(8), | soe (60) 


approximately. The same thing appears from the formal solution 








eau eke I 
= : F(6)e* dé. at 
(= | re@crag 61) 
By a partial integration 
B —kpB fB 
etl F@eap =P |" pra eras, (52) 
0 v 0 








* Stokes, Camb. Trans., Vol. 10, p. 106. 
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where F' (8) = 2—28?+ (468— 68) e~” if e dx. (538) 
; , 


It appears from Table II that F’(8) never exceeds 2. The second term on 
the right-hand side of (52) is therefore less than 2/k?, and for the most 
part negligible. This verifies (50). 

For very minute values of 8, however, the first and second terms may 
be comparable, though both are very small. We have then F(@) = 28, 
approximately, and | 


ool | Fo cP aG = oy (kB—1+e-™. (54) 
0 


It is to be noted that, though 8 may be small, &8 is not necessarily so. 
When, however, #3 is also small the expression in brackets is of the 
second order in kG. It was, in fact, to be expected that ¢ would vary 
initially as ¢*. 

The annexed Fig, 2 shows the relation between ¢ and ¢. The abscissa 
is 8, or /(gt?/4f), and the time-scale therefore varies as »/f. The ordi- 
nate of the curve, except close to the origin, is F(8), to which ¢ is pro- 
portional, by (48). 


F() 
0°7 


j 





0°6 


0°5 


Migs 2: 


3. I take next a case where the strength of the source rises gradually 
from zero to a maximum and then falls gradually to zero again, the 
velocity-potential of the source alone being 


o, = Oi oodles (55) 


Ad’, P+” 
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where Q is the total output. if we make + approach the limit zero, we 
can pass to the vase of an instantaneous expansion of finite amount. 
Omitting a constant factor, we may write in place of (55), 
ea Pe ticks 2 ‘ —ottiot In 
Plies (r—té)r or |, : ue ) 
provided we retain in the end only the real part. 


Proceeding, as in §1, we should find that the complete velocity- 
potential resulting from a source e’”/7 is, at the free surface, 


af atecteorae 
0 (cam a +tino 


Hence corresponding to (56), we have 


ey g&e*T Jy (Ea) dE | ~ortict K.Q) 
i = a) {| Fes = ue aa Sap e do, (58) 
Tote = 7 (). 


Inverting the order of integration, we have to evaluate 


se e ot tist de % 
| (s—73)(o—<,)’ oe) 
where a, c, are defined by (38). We transform this by contour integra- 
tion, taking separately the cases of ¢>Oand¢t<0. For t¢>0 we use 
the contour of the first quadrant in the plane of the complex variable 
o+im. Since this region includes the singular point o, = a+4zu, we 


obtain UT eee Als 
fF goavsiet_4 | é dm 


> mae” 9) 


a 
putting « =0 in the result. Hor ¢ <0 we use the contour of the fourth 
quadrant. Since there is here no singularity the result is 


: oe ett imr dm } 
")o W-pat oe 


It is easily verified that (60) and (61) coincide for £=0. Confining our 
attention as before to the part of the surface directly above the source, 
and therefore putting m=O in (58), and rejecting the imaginary part, 
we find, for ¢> 0, 


oe ‘ SRE PRT RG Lente 
He ax | ge-w-f qu aé+2.| {| e~™ sin mr dm eV Ede, (62) 
0 0 


0 m+ a? 


ser. 2. von. 21. wo. 1481. eR 
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and, for ¢< 0, 





It is to be remembered here that ai ge. Hence, fore =.0; 


C= aI. e~* 119-27 eog ata®da— ay (\, ene e~ “S19 da, (64) 
g? Jo We piiels m+a® Rs 


And Ore <oeu, 





Sa \, Me e™ msin mrdm \ 

ihe ee m+ a? 

The case of an instantaneous expansion (7-0) is specially simple. 
We have then ¢= 0 for ¢< 0, and 


1 e~ *419 8 da. | (65) 
0 - 


ce S | e-*f9 cos at a®da, (66) 
. 0 = 


for t>0. If we put 
w= Veg, B= V/QeP/4Sf), cio 67) 


the latter expression becomes 





we 3 wo 
ci 4 | e~” cos 2Baw? dw = — op SS \ e~° sin zs | 
CES 2 | 
Saige | efde = PO) alee aS) 
where F’({) is defined by (53). Restoring the factors omitted in (53), we 
have Q 


The function F’(8) has been tabulated on p. 367. The lower curve of 
Fig. 8 shows the graph of #4F’(8), or 47f7¢/10Q, the factor ;', being 
introduced in order to bring tie curve within the range of the diagram. 
The asymptotic value of F’(8) is 3/26*, whence ultimately 





ECO ue 
For values of 7 other than zero the interpretation is more difficult. 
The functions involved in (64) and (65) can be reduced to simple quadratures, 
but the numerical work for any assigned value of 7 is considerable. | 
was tempted to work out, by way of illustration, the case of r= ae) Ye 


a 2 mt | 
a ea 
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this apparently fanciful value being chosen with a view to diminish the 
labour of interpolation with the tables employed. It is not worth while 





+12 —10 —0:8 —06 —04 


Fig, 3. 


to reproduce the rather intricate details of the numerical calculations, but 
I give the resulting graph of 47f*¢/Q in Fig. 8. The comparison with 
the case of += 0, shown (with diminished ordinates) on the same 
diagram, is interesting. 

It may be noticed that the value of ¢ at the instant ¢ = 0 can be re- 
duced to known functions. It is true that this 1s of minor interest, since 
the maximum value is then not yet attained, as is obvious dynamically, 
and is further illustrated by the diagram. Since 


“Mm 8i d rn 
\ Te = bee, (71) 
-we have, putting ¢ = 0 in (64) or (65), 
AZ pn 
é= = os | e-etlo—e" da, (72) 
F | 


Oe Ba 2s 
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Writing yl & = (4) e na 7h (78) 
we have ip Ere eee yum (4) ca | e- "da, (74) | 
and therefore | 

€ “4 ae \. e-" da = — 14+ w?— (80+ 2w’) ol e~” dx I > it 
Af? dare 8), ii , 


This is easily calculated with the help of the tables of the ‘‘error-function”’ 
9 At | ; 


The following brief table shows how the elevation at the middle 
instant ¢ = 0 of the original disturbance diminishes as 7 increases. 








TABLE IIT. 

@ | Cf?/ 3 w Cf? /3 
0  1:000 
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SEXTACTIC CONES AND TRITANGENT PLANES OF THE SAME 
SYSTEM OF A QUADRI-CUBIC CURVE 


By W. P. Mrunz. 


[Received April 26th, 1922.._Read May 11th, 1922.] 


1. Introduction. 


_ In 1864, Clebsch investigated by means of the periods of Abelian 
Functions the fundamental properties of the Quadri-Cubic Curve (Crelle, 
Vol. 63, ““ Ueber die Anwendung der Abelschen Functionen in der Geo- 
metrie”’). This curve is the complete intersection of the quadric and 
cubic surfaces and is of genus p= 4. Many properties are obtained in 
the above memoir analogous to those of the bitangents, quadritangent 
conics, sextactic cubics, etc. in the case of the plane quartic curve of 
genus p=3. In particular Clebsch enunciates the following state- 
MCU 


“ There are 255 systems of surfaces of the second order, which touch 
the curve of the sixth order in 6 different points ; the points of contact of 
every two surfaces of the same system le on a surface of the second 
order. 

“In each of these systems exist 28 surfaces, which break up into 
pairs of triple-tangent planes. The 12 points of contact of every two 
such pairs le on a pencil of surfaces of the second order, 1.€. on a space- 
curve of the fourth order.” 


The problem of the tritangent planes of the quadri-cubic curve was 
again attacked in 1898 by E. Pascal in four papers published in the Atte 
della Reale Accademia dei Lincet, Rendicontt, Vol. 2, 1° Semestre :— 


(i) (Page 65) ‘‘ Su di una estensione della configurazione delle 10 rette 
della superficie di 5° ordine a quintica doppia.” 


(ii) (Page 120) ‘‘ Osservazioni sui gruppi di sostituzioni fra le caratter- 
istiche dispari di genere 3 e di genere 4.” 
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(iii) (Page 204) “ Sulla configurazione dei 120 piani tritangenti della 
storta di genere 4.” 


(iv) (Page 239) ‘‘ Sui piani tritangenti della sestica storta di genere 4.”’ 3 


Reference ought to be made also toa set of three papers by Kd. Weyr 
in Vol. 76 (1878) of the Comptes Rendus, ‘“‘ Classification des courbes du 
sixieme ordre dans l’espace.” Weyr’s three papers, however, deal with 
the different possible types of sextic curves in space, and not with the 
properties of quadri-cubics in particular. 

In none of these memoirs, however, is the problem attacked by the 
processes of synthetic geometry, and I propose in the present communica- 
tion to establish by direct methods the above-mentioned properties given 
by Clebsch in so far as they appertain to sextactic quadrics and tritangent 
planes of the same system. No attempt will be made in this paper to 
discuss the mutual properties of the 255 systems. By this application of 
synthetic methods, however, many new properties are revealed, and the 
whole configuration is considerably simplified and rendered easily capable 
of visualization. 


2. The Sextactic Quadrics and Cones. 


Let the quadri-cubie curve be regarded as the complete intersection 
of the surfaces of the second and third degrees I’, and I'3. Let S, be a 
surface of the second degree touching the curve I',I[’; at six distinct points. 
We wish to obtain in simple form the complete system (S,). 

Since S, touches [,1'; at six distinct points, the quadri-quadric S,T, 
must touch the cubic surface I’; at six distinct points. Regarding S,T, as 
an elliptic curve of genus p= 1, we see that the six elliptic parameters 
(uw) of the points of contact of S,T, with T; must satisfy the relation 


6 
Du, = 4 (period). Hence any other quadric @, through the six points of 
1 


contact will cut S,1, in two points whose elliptic parameters v, w satisfy 
the relation v-++-w = 4% (period). The chord vw must therefore pass 
through U, one of the vertices of the four cones containing S,I. -Con- 
sider now the twisted cubic 7’ through the above six points of contact (2). 
Since the points v, w, together with the six points (wu), constitute the 
eight points of intersection of the three quadrics S, I’, Qs, we know that 
the line vw is a chord of the twisted cubic 7. But it has been shown 
that the line vw generates a cone of the second degree. Hence this cone 
must be one of the quadrics containing 7’, since it is generated by a chord 
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- of the curve, and being a cone its vertex U must lie on 7. Hence we 
have the following result :— 


If Sq be a sextactic quadric of the quadri-cubic TI's, one of the ver- 
tices of the cones of the pencil SI, lies on the twisted cubic through the 
stax points of contact. 


Denoting this sextactic cone by U,, its vertex by U, and the system 
of such sextactic cones by (U,), it will be found convenient to regard the 
system of sextactic quadrics as those belonging to the pencils (Ug, I). 
It must be noted also that of the pencil of sextactic quadrics containing 
the curve U,I, four are cones, and only one of these sextactic cones has 
its vertex on the twisted cubic through the six points of contact. 

Now all the cubic surfaces of the linear system 


D3 = T3;+ (la+tmy+nz+pt)l, = 0 


contain the quadri-cubic curve I,I'3, the coefficients 7, m, n, p being 
entirely at our disposal. Let us so choose these coefficients that [3 shall 
pass through four points on T other than the six points (w); there will 
thus lie 6+4 = 10 points of T on 3, this number being one more than 
the maximum number of intersections of a general cubic surface with a 
twisted cubic. Hence 7 must lie completely on T3, which is thus com- 
pletely determined. 

We shall now use the property that there are on every cubic surface 
two systems of twisted cubics corresponding to each double-six on the 
surface, such that two twisted cubics of the same system intersect in one 
point, while two twisted cubies of opposite systems intersect in five points. 
Also a auadric through a twisted cubic of one system intersects the cubic 
surface in a twisted cubic of the opposite system, and has, in fact, five 
points of contact with the cubic surface where these two twisted cubics 
intersect. Finally, if the cubic surface be such that these two systems 
of twisted cubics coalesce, the surface has four nodes through which 
passes every twisted cubic curve on the surface. Let, therefore, P be any 
point on 7, and let UP meet I3 again in P,. Plainly, therefore, the 
locus of P, will be a twisted cubic 7’, of the opposite system to 7. But 
the line UP has been shown to be a chord vw of U,T,. Hence, if P 
approach indefinitely close to the point of intersection wu of T and U,I%, 
let v also approach indefinitely close to w. Now the quadri-quadric U,T, 
is known to touch the cubie surface [3 at wu. Hence v must be the third 
point of intersection P, of the chord UP with ['3. Thus P and P, will 
ultimately coincide at We The twisted cubics 7 and 7’, will therefore in- 
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tersect at the sex points (w), and hence the cone U, containing both T and 
T, must touch Ty at the six points (w). But a quadric containing two _ 
twisted cubics of a cubic surface can touch that surface at five points at. 
most. Hence 7 and J, must coincide and the cone U, will touch I: at 
all points of T. Now the enveloping cone from U to V3 is of the fourth 
degree and part of this enveloping cone has been shown to be Uy. Hence 
another cone U, of the second degree can be drawn having U as vertex 
and such that every generator touches Ty. The surface I; will therefore 
be quadrinodal having its four nodes at the points where it is met by the 
four common rays of U,; and U,. Consider now any other point U' lying 
on T3, and let U3 be one of the two cones of the second degree that can 
be drawn from U’ enveloping T3, and let its curve of contact be the 
twisted cubic 7’. Then the quadri-cubic I,13 will plainly touch U3 at 
the six points in which 7” intersects I. Also the twisted cubics 7 and 
T” are known to he on the same quadric. The complete configuration of 
sextactic quadrics of the same system as described by Clebsch in the 
above memoir is now plain :— 


If one of the quadrinodal cubic surfaces that contain a quadri-cubic 
curve be taken, the enveloping cones of the second degree that can be 
drawn to the surface from points upon it constitute the complete set of 
sextactic cones (U,) of the same system that can be drawn to the quadrt- 
cubic curve; and the quadrics (Qs) that contain the points of contact of 
any two sextactic cones (of the same system) with the quadri-cubice curve 
are the pencils of quadrics determined by ly and the quadrics that con- 
tain any two twisted cubics lying wholly on the quadrinodal cubic 
surface. 


Many interesting properties spring at once from the above result :— 


(1) All twisted cubics through the sets of svx points of contact of 
sextactic cones of the same system, pass through the same four points, 
namely, the four nodes of the quadrinodal cubic surface. Hence, since 
siz points uniquely determine a twisted cubic, any two points of contact 
of a sextactic cone will determine (along with the four nodal points) a 
twisted cubre of the system, and therefore the other four points of contact 
of the set of sia. Also, these twisted cubics all meet each of three fixed 
coplanar lines, namely, the three lines lying wholly on the quadrinodal 
surface (other than those lines joining nodes). 


(2) All sextactic cones (U,) of the same system pass through the same 
four points, namely, the four nodal points ; and touch the same three co- 
planar lines, namely, the three lines of the quadrinodal surface. 


= 
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(8) All quadrics on which le pairs of twisted cubics through the 
points of contact of two sextactic cones (U,) of the same system pass 
through the same four points, namely, the four nodal pornts. 


(4) There are three coplanar chords of the same system of the quadri- 
cubic through each of which can be drawn two bitangent planes of the 
curve, and the chords jowing the points of contact of each such bitangent 
plane form the edges of a tetrahedron. 


Let p, g, 7 be the three coplanar lines lying completely in 13, and let 
the nodes be A, B, C, D. Let p,¢, 7 meet the pairs of lines BC, AD; 
CA, BD; AB, CD respectively. ‘Then of the two enveloping cones that 
can be drawn from any point of the line p, one consists of the two planes 
pBC, pAD |Townsend, Quarterly Journal, Vol. 10 (1870)]. Hence the 
planes pBC, pAD will touch the quadri-cubice at the points where BC, 
AD meet I’, respectively, thus accounting for four of the points of contact 
of the degenerate sextactic cone (pBC; pAD). But as the line p hes on 
each plane, the points of intersection of p with I, must be counted twice 
over amongst the intersections of the sextactic cone (pBC; p4D) with 
the quadri-cubic. Hence the set of six “ points of contact” of the de- 
generate sextactie cone (pBC ; pAD) are accounted for. The line joining 
the points of contact of the bitangent plane p&C plainly passes through 
the nodal points B, C; and similarly with regard to the other such 
planes. Hence the lines joining the points of contact of the bitangent 
planes pBC, pAD; qCA, qBD; rAB, rCD form respectively the opposite 
edges of the tetrahedron whose vertices are the nodal points A, 6, C, D. 


3. The Tritangent Planes. 


Consider now a cubic surface C, and a plane y such that Is is the 
Polo-Cubic Surface of y with respect to C3; that is, [3 is the envelope of 
the polar planes with respect to C, of points on y, or T; is the locus of points 
whose polar-quadrics with respect to C3 touch y (Reye, Geometrie der 
Lage, Vol. 3, Chap. 15). Also, the locus of all points whose polar planes 
with respect to C3 touch I’, 1s a quartic surface A,. Hence the locus of 
all points whose polar-planes with respect to C,; touch both TP; and Ly is 
the plane quartic curve k,, which is the curve of intersection of A, and y. 
Let now / be any straight line lying in y. Then the polar-planes with 
respect to C3 of all points on / is a quadric cone U, having its vertex U 
on I3 and enveloping the surface. It is therefore evident that the four 
common tangent planes of U, and the enveloping cone from U to I’, are 


\ 
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the polar-planes with respect to C3 of the four points in which / intersects 
ky. If, in particular, 7 be a bitangent of k,, the above two cones will have 
double contact with each other, and therefore U, will touch [, at two. 
distinct points. Hence the curve of intersection of U, and I’, will consist 
of two conics o, and og, lying in two planes 7, aud 7, respectively. The 
conics o, and o, will meet each other at the two points in which they are 
each met by the line 7,74. Also each conic o and each plane 7 touch 
the quadri-cubic curve I.13 at three distinct points, and therefore con- 
stitute a system of tritangent conics and tritangent planes. We have 
therefore the following result :— 


There are 28 positions of U on 13 corresponding to the 28 bitangents 
of ky, such that U, touches 1, at two distinct points. The curve of inter- 
section of U, and I’, consists of two conics lying in planes which are each 
tritangent planes of the quadri-cubic curve T2T3. 


We shall, hereafter, refer to 71, 7, as a “ tritangent plane-pair ”’ of the 
system, corresponding to the vertex U. Many properties of these plane- 
pairs can be deduced at once from the properties of the bitangents of a 
plane quartic curve. It will, therefore, be found useful to state those 
properties of a quadrinodal cubic surface which will be required in what 
follows. A quadrinodal cubic surface is the reciprocal of Steiner’s Quartic 
Surface, which is discussed by Sturm (Math. Annalen, Vol. 8, ‘‘ Ueber die 
Romische Flache von Steiner’). On Steiner’s Surface he pairs of Rational 
‘Twisted Quartiecs which constitute the complete intersection of the surface 
with a quadric. These pairs of Twisted Quartics intersect in four points, 
and hence the quadrie containing such a pair of Twisted Quartics touches 
the surface at four points. Reciprocally, the quadrinodal cubic surface is 
inscribed in pairs of Rational Developables of class 4, the generating 
planes of which all touch the same quadric, which therefore touches the 
surface at four distinct points, and the tangent planes at these four points 
ave the common tangent planes of the two developables. Such surfaces 
of the second degree we shall refer to as “ Quadritangent Quadrics”’ of 
13. Each rational quartic on Steiner's Surface is uniquely defined by 
five points on the curve, and reciprocally each rational developable of 
class 4 circumscribed to the quadrinodal cubic surface is uniquely defined 
by five tangent planes to the surface. 

Let, therefore, S, be a conic lying in y, and let the polar-planes of 
points on §, with respect to C, envelop the rational developable A, of 
class 4, cireumscribed to Ty. Then, to the eight points in which 8, in- 
tersects &, will correspond the eight generating planes of A, that touch I,,. 
In particular, if S,; touch & at four distinct points, A, will touch T, at 


i ta 
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four distinct points. Now we know that if S, touch k, at four distinct 


points, any conic S,, through these four points of contact will meet 4, 
again in other four points at each of which another conic S, will touch fy. 
We have therefore the following result :— 


If A, be a rational developable of class 4 circumscribed to 13 and 


touching V, at four distinet points, and if Ay be another such rational 


developable touching the four tangent planes common to A, and Vy, the 
remaining four tangent planes common to Ay and V', will be such that a 
rational developable A, of 13 will touch Ty at four points and have these 
four planes as the common tangent planes at the points of contact. 


This may be otherwise put in a form which brings into prominence 
the quadritangent quadrics of T;. Let VW be the unique quadritangent 
quadrie of T; inscribed in A, a rational developable of class 4, circum- 
scribed to T3. 


If the developable surface V,V3 touch T, at four distinct points, and 
if another developable surface Vi2T3 touch these four common tangent 
planes, then the remaining four tangent planes common to Vy2T3 and Ty 
will be such that a quadritangent quadric V, of 13 can be found such 
that the developable ¥,13 towches UV, at four points and has these four 
planes as the common tangent planes at the points of contact. 


In.particular, for six positions of S,., the conic Sg will degenerate into 
pairs of bitangents of 4,, and therefore for six positions of Aj, (or Vy,), Ag 
will degenerate into a pair of cones U,, V, of the second degree, each 
enveloping UC; and intersecting I’, respectively in the tritangent conic- 
pairs o1, 02; Ty, T, Which he in the respective tritangent plane-pairs 
71, 7.3 Pr pg Weshall say that such a configuration of six cone-pairs 
(U,, Vz) belong to the same “ set.” We may take S, to consist of two 
bitangents of k,, and hence A, will consist of a cone-pair. Aj, will there- 
fore be defined as the pencil of rational developables touching the tangent 
planes to T'; at the points where <, is touched by the cone-pair. The 
following result is therefore immediately evident in virtue of what has 


gone before :— 


ik: US; VS? and Us’; VS be two cone-pairs of the same set, so that 
their conics of section with I, define the tritangent plane-pairs 1”, 7°; 
pe, p? and 7, tT; p, pO respectively, then the eight tangent planes 
to I, at the points where it is met by the lines rx, pp 77, 


p© p® all touch the same quadritangent quadric V,; of Ts 
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Finally, we know that the six points of intersection of the six pairs of 
bitangents of k, belonging to the same set (S,) he on a conic. But these 
six points of intersection correspond to the fourth common tangent plane 
of the two cones U2, V, (excluding the three common tangent planes join- 
ing the vertices U, V to the lines p, g, r ying wholly on I's). - The follow- 
ing result appears immediately :— 


The six common tangent planes of the six cone-pairs (Us, V2) of the 
same set (excluding those conmmon tangent planes that contain p, q, 7) all 
touch the same quadritangent quadric of V3. 


Thus, knowing the properties of the 28 bitangents of a plane quartic 
curve, the complete configuration of the 28 tritangent plane-pairs of the 
same system can be easily deduced. 
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ON THE GENERAL INVARIANT THEORY OF QUADRICS 


By H. W. Turnsvuun. 


[Received May 26th, 1922.—Read June 8th, 1922.] 


The Prepared System for n Quadries. 


The success with which Gordan* and Ciamberlinit dealt with systems 
of quadratics in ternary forms by symbolic methods was largely due to a 
quality of equivalence which seems to be inherent in quadratics of all 
dimensions—ternary and higher. This may be stated as follows :— 


Let Fh ee EN ah ie 


be a system of quadratics in m variables. Then any concomitant P of 
these quadratics may be expressed as a sum of terms 27’, each term being 
an aggregate of factors (a,6, ... vz), where 


a, = aa'a"..., a convolution of + symbols, of currency r, 
ebb er Af 8 a " fe 
vz, = a convolution of & cogredient variables wv, v, w, 

and rts+...tk=m, O<1,5s,..., k. 


This is the fundamental theorem, which as it stands is too general to be 
of practical use. For although every symbol convolved in a, must occur 
again elsewhere in the same term of J, the chance that the whole set 
aaa"... in a, should be convolved twice is small. But by adding new 


** Gordan, Math, Ann., Vol. 56, 
+ Ciamberlini, Battaglini, Vol. 24. 
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bracket types, here symbolized by square brackets 
Renee oie vel 


where the sum of the suffixes may exceed m, and where the elements 
composing the bracket do not necessarily obey the law of determinants, 
we may explicitly pair off every symbol a,, 6;, ... which occurs in the 
original form of 7. When this is done, in the event of 7’ containing 
more than one symbol a, belonging to f, all such symbols a,, a, a, may 
be interchanged indifferently, so that the distinguishing marks ' " may 
be suppressed. The form P so expressed is said to be prepared, and the 
set of brackets including the generalized brackets [a,6,...v,| is called 
the prepared system. 

In general the prepared system has not been found, beyond the case 
of three quadrics* (where m= 4). I propose to determine the system for 
any number of quadrics, showing that the most general type of bracket 
required to express any concomitant of any number of quadrics involves 
nine quadrics each to the second degree. | 


Gordan’s Theorem. 


The existence of a finite prepared system for any number of quadratics 
ST, fis fos «++ fp not only proves Gordan’s theorem, that the number of 
irreducible concomitants of f, f,, fo, --., fp 18 finite, but it also leads to an 
explicit statement of the system. This may be shown as follows: let N, 
a finite number, denote the number of brackets in the prepared system. 
Let G; typify one such bracket. Then any concomitant P may be ex- 
pressed as a series of terms such as Gi, Gi, Gi,...G;,._ If these suffixes do 
not all differ the form is reducible, for it contains a square factor Gi say, 
which is an actual concomitant of the system. Thus the irreducible forms 
can only occur when all the factors G differ. So the number of such 
forms is not greater than the number of combinations of N things taken 


one, two, three, ... at a time without repetition; and this number is 
finite. | 
Types. 


It is convenient to use this term for quadratics in a slightly different 
sense' from the usual.t Two brackets [a,@;...], [a,,@s,...] are of the 





* Turnbull, Proe. London Math. Soc., Ser. 2, Vol, 20, p. 465. 
t Cf. Grace and Young, Algebra of Invariants, p. 319. 
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_same type if by an interchange of all the symbols of one quadratic f with 


those of another quadratic f,, or by a series of like interchanges, one 
bracket is transformed into the other. 

It follows that the prepared system for n quadrics is known if all the 
necessary types are known. 


Order and Degree. 


Let [a,6;... K:vz,| be a bracket factor, where a, 6,..., x refer to a differ- 
ent quadratics f, /;, ..., then the total degree of the factor is (r-+s-+...+ 4%), 
or, what is more important, the distributed degree in the 7 ground forms 
is (r, s, ..., 4), while the order is 2 The symbol #; denotes any such 
factor. The same definition applies when perhaps a, 6 refer to the same 
form f, but rs. | 

- With quaternary and higher forms a complexity arises because the 
factor may contain two equivalent symbols as well as the i different sym- 
bols. Such pairs of ineluded symbols increase the degree by half the 
total suffix of the pairs, but have no effect on the order F;. Tor example, 
(AByyp) is an Ff, bracket for quaternary forms, and its degree is (2, 2, 3). 


Characteristic. 


The original brackets contain variables 


U, Uy =P, UU, Ug, 4.0, UU Ug -+-Um—2 =H 





of currencies, let us say, 1, 2, 3, ..., m—1, where all the symbols w are 
cogredient, and « denotes, geometrically, point coordinates. This leads 
us to consider the characteristic of a bracket, which is best shown by 
taking particular cases. Thus in quinary forms, the brackets (abcdu), 
(abcp), (ab wu, tt), ad, have characteristics (11111), (1112), (118), (14), where 
the numerals indicate the currency of the convolved elements. And, 
further, all brackets containing symbols of the same three currencies as 
those in (ABy) for quaternary forms have the same characteristic, namely, 
(233). For example, (pa(), (ab v0), (A 6x) all have this characteristic. 


Principle of Duality. 


Two characteristics (¢,2,23...%,) and (t2423... 1) are said. to be re- 
ciprocal if :2,--7, =m (r= 1, 2, 38,..., %). A prepared system «must. in- 
volve reciprocal characteristics, for it admits the symbols apa, Ga—1 on 
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exactly the same footing as a and 0; in fact, for quaternary forms, the 
existence of the fundamental bracket type (abp) implies the existence of 
the reciprocal type (ap). We can indeed forecast a considerable portion 
of a prepared system by forming brackets reciprocal to the original 
bracket types. | 

If mis even, as in binary and quaternary forms, there are self-reciprocal 
elements of currency m/2, and self-reciprocal bracket factors entirely made 
up of these elements. They form as it were a backbone to the system 
with symmetrical groupings on either side, towards « and towards wu re- 
spectively. When m= 4, the symbols A, B and the line coordinates p 
occupy this central position ; so, when m= 6 for space of five dimensions, 
plane coordinates, of currency three, occupy the central position. 

If m is odd, as in ternary forms, there is not the same striking sym- 
metry, for no symbol is self-reeiprocal. 

Although the discussion of the algebra of quadratic forms opens with 
a reference to the point coordinate forms a2, b?, c?, ..., this view, so to 
say, enfilades the field of operations from one extreme position. To pro- 
ceed to the prepared system is to take up the central position which gives 
the true perspective. 


Quaternary Forms. 


The first two steps in seeking the prepared system for any number of 
quadrics are the same as those for three quadrics. In fact, if A is (aa’) 
of currency two, and a is (aa’a'’) of currency three, then (1) a bracket 
(aa'a''a''') ov a, implies a duplicate factor, and the invariant a? emerges ; 
and (2) a bracket (aa’a"t), where 7 does not refer to the quadric f = a’, 
implies a second convolution aa'a" (=a), provided that we introduce the 
new bracket types 


(a8p), (a8C), (aByx), (aBy6), 


involving two, three, or four quadrics. 
Suppose all the a, 8, y, ... symbols of currency three to be paired, 
then the possible types of brackets now arising are 


dg, (abC), (abcd), (aBC), (aBys), (1) 


and brackets with w, p, © taking the place of currency 1, 2, 3 symbols in 
this same group of brackets. 
Next suppose A (= aa’) to exist: then, as in the case of three quadrics 
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_ the complements of a, a’ may also be paired, provided that we introduce 
the following series of new brackets : 


(abb'a), (caa'b) by, 
(abb'c)(c'dd'a’), (taa’'b)(b'cc')), 
(abb'c) (c'dd’e) (e'ff'a’), (Aa)(a'bb'c)(c'n), 
(caa’'b)(bec'd)(d'd), 
where each of aa’, bb’, cc’, ... stand for p or the complements of a currency 


two symbol A, B, C; and where the currencies of L, Pi Xwpe are 151,03) 13 
respectively. 

Let the operator Q, denote the determinantal permutation of 0, b’: 
let Q., denote the same for a, a’ and c, c’ permuted independently ; then 
the above series of brackets may be conveniently written 


CTE): : GABA) = Q,(70Ab)b,, 

(ABCD) =p (LOU -EliC ad a) GABC7) = 0,046)(b'C)), 

(ABCDEF) = Qaco(abb'c)(c'dd'e)(e'ff'a'), AABCp) = Qae(Aa) (a’ Bo) (c'n), ( 
(tA BCDDND). | 


(2) 


This set (2) together with (1) gives rise to the prepared system; for 
every symbol wu, p, % is explicit, and each symbol a, A, a is explicitly 
paired. Moreover, all symbols of one currency and one quadric are now 
equivalent, since the interchange of any two surviving symbols @”, @’”’ 
would lead to a new A, and the interchange of A, A’ to a new a, and the 
interchange of a, a’ to a reducing factor a2. 

It is best to classify these brackets in four types— 


(I) ag, (abed), (aPy6), dz, Ua, (abcu), (aByz). 
(II) W@AB... Kj) and its dual (AB... Kyu). 
CLL Seabee ICA): 

(iV) (AB... K). 


Here type (I) has no symbol 4 or p: (II) has an odd number of symbols 


gum. 2. VOL. 21: wo. 1482, 2¢ 
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A, p; III and IV have each an even number of symbols 4, py. The num- 
ber of symbols A, B, ..., K in the bracket is called its grade: so the 
grade may be zero, one, two, three and upwards. 


Propertves of these Brackets. 


1. If the grade exceeds two, the symbols of currency two in a bracket 
may be interchanged as in a determinant. 
In fact if P denote the bracket (... DEF’ ...), it may be written 


OQalpd)(aEf) foM or else Q,(/De)(e' Fm) M. — 
The first of these is 
= (),,(pe)(d'de'f) fg MEO pf) (Ed) f, M 
= —(... HDF...)—(DE)(... F ...), 


and similarly for the second. Hence the bracket (... DHF...) differs 
from —(... HDF...) by a reducible term made of two factors of lower 
grade. As any two consecutive symbols D, H may thus be interchanged, 
with change of sign, the whole bracket behaves as a determinant, and 
the symbols A, B, .... K can be written in any order. It follows that 
A, B, ..., K must all differ, else the bracket reduces. | 


2. If two of A, B,..., K are equivalent, A and A’ say, the bracket 
reduces. For AA’ may be brought into adjacent positions, and a currency 
three symbol emerges. 


3. For the same reason the end symbols 7, 7, A, « must not belong to 
the same quadrics as any of A, B, ...,. K; andif pis among 4, B,..., K, 
then uw and x are excluded from 2, 7, A, mu. 


4. The end symbols may or may not be alike. 


5. The upper limit to the grade is ten, the number of coefficients of x 
in a. For any concomitant of more than nine quadrics may, by a general 
theorem of Peano,* be expressed in terms of the nine quadrics, with the 
possible exception of the invariant of degree one in the coefficients of ten 
quadrics. This exceptional invariant must be a product of factors of type 





* Cf. Grace and Young, Jbid., p. 359. 


a 
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(abed) only. So we have ten different symbols 4, B, ..., p at our disposal 
for one bracket, limiting the grade to ten. 


6. Type (IV) reduces if the grade is a multiple of 4. For let it con- 


tain 2n symbols A, B, ... and therefore » original brackets, being in fact 


POR Rec De eee La’. 


where (2, implies the m separate interchanges in the » pairs aa’, cc’, ..., kk’. 
Since (k’La') = —(a'Lk') and there are n such brackets, P may be 
written backwards as (—)"Q,(a'’Lk’) ... (eDe')(cBa). 


But ela Qg == Sly Os hes 
and the same for k, ..., e, c. Hence 
P= (—)*"0,(aL&)... (e'De)(e'Ba') = (—)" (ALE ... DOB), 


which is »—1 interchanges from the original form, so that 
P == (em 2h ETE P- 


This reduces P if n is even, but not if m is odd; hence it reduces if 27, 
the grade, is 0 mod 4. 


7. In type (II) if the end symbols are equal, i =j or « =X, the same 
reduction apples for grades 1, 5,9. Also since when 1) or «=A 
there would be eleven symbols in a grade 9 bracket, it follows that all 
grade 9 brackets are reducible. 


8. If the grade is greater than unity a form reduces which contains 
besides this bracket the factor of type (abed) or (aGyo). For a reduction 
in grade can be made by introducing one A symbol from the chain bracket 
to this other bracket. 

These considerations show that the prepared system contains brackets 
of all grades not exceeding eight, together with 


(4 BCDEFGHIp) 


of grade ten, involving p and nine quadrics. We may thus exhibit the 
| 2c 2 
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types of the prepared system in ascending grade as follows: 


Grade, 





OFT (Grits) Ge (abcu), (aByx) (abcd), (aBy5) 
1 | (A4j) (pj) (AA pn) (ypu) 
2 | (tABa) (kApu) (AB) (Ap) 
3 | (iABC)) (A Bpj) (AABCu) (vABpu) 
4 | («ABCDa) (kABCpu) 
5 | ((ABCDE)) (kABCDpj) (AA BC DEu) (vA BCDpn) 
6 | (ABCDEFA) (4A BCDEpy) (ABCDEF) (ABCDEp) - 
7 | (ABCDEFG}]) (kABCDEFpj) (AABCDEFGu) (vABCDEF pp) 
8 | ((ABCDEFGH)) (kABCDEFGpn) 
10 | (ABCDEFGHIp) 
where (ME Tomretl Ve de (te. uy Een ee 
4A KOC, ie Mh a Os kee 


and no two elements in the same bracket belong to the same quadric, or 
are both variables, excepting the case of the end elements 2,7, k, A, mu, v 
for grades 2, 3, 4, 6, 7, 8. 
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ON THE MANNER OF DIVERGENCE OF THE LEGENDRE 
SERIES OF AN INTEGRABLE FUNCTION 


By B. M. Witson. 


[Received April 27th, 1922.—Read May 11th, 1922.] 


1. It is well known that the Legendre series of a function f(x) which 
has a Lebesgue integral in the interval (—1, 1) is not necessarily con- 
vergent, and may, in fact, fail to converge for every value of x in the 
interval.* It is therefore natural to enquire how pronounced this failure 
to converge may be; an analogous question presents itself in the theory 
of Fourier series, and there receives its most complete answer in a theorem 
due to Hardy, who has shownt that, 2f a,, 6, are the Fourier coefficients 
of an integrable function, the series 


y bn 608 nx+b,, sin nx 
log n 


converges for almost all values of x in (O, 27). The object of the present 
note is to establish, for Legendre series, a theorem analogous to Hardy’s 
theorem for Fourier series; the required theorem is Theorem 4 below. 
Theorem 1 would seem to be the natural analogue for Legendre series of 
the well known theorem of Riemann-Lebesgue in the theory of Fourier 
series.{ In Theorem 2 we obtain an estimate of the order of the partial 
sums of a Legendre series; the result is interesting, as, on comparison 





* Thus Stieltjes noted that the Legendre series of (l—a)-* does not converge for any 
value of x if w >. See Correspondance d’Hermite et de Stieltjes, Vol. 2, p. 46 (letter of 
May 1890). 

t+ Proc. London Math. Soc., Ser. 2, Vol. 12 (1913), pp. 365-872. Itake pleasure in ex- 
pressing my thanks to Prof. Hardy for having called my attention to his paper, and suggested 
to me the discussion, from a similar point of view, of Legendre series. 

{ By the theorem of Riemann-Lebesgue we understand the theorem that, if F(x) is in- 
tegrable in (a . 

3 ot [F@ ne nx dx =o (1) 


as m—>o. Appealis made to this theorem several ‘times in the course of this paper. 
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with Theorem 1, it shows that, when the series diverges, the order of the 
nth partial sum is, in general, not greater than that of the nth term. 

Since the results obtained apply to the Legendre series of any in- 
tegrable function, it is hoped that they will retain some interest in spite 
of the recent important memoirs of A. Haar and of W. H. Young, wherein 
more far-reaching theorems are proved, but under the restriction that 
(1) [f(x)]? is integrable,* or (2) the general term of the Legendre series 
tends to zero. 


2. Throughout this note the following notation will be adhered to: 
}(«z) denotes a function which has a Lebesgue integral in (—1, 1), and k 
denotes a number between O and 4 (inclusive) which is such that the in- 
tegral 


(A) b Sn ‘hese \ f(cos 0) (sin Qt ae (0 ze I; ze 1), 


1—2)? 
exists. We then have the following theorem : 


Tueorem 1.—If 0<a<B<7z, 


B 
| F(cos 8) P, (cos 9) sin 06d0 = o(n*—2), 
as N—->O., 


On account of the relation 
(2 . 1) P,(—2) — Lh Amen 


it is sufficient to prove the equation when 
O<ca<BP<hr; 


we may also clearly suppose that a= 0. Taking n sufficiently large, and 
denoting by 7 a suitably chosen constant, we write 


\ F(cos 6) P,,(cos é) sinOddé@ = \. +\" +) +| 
0 4 a a : 


n 


=Jitdotdstdy 

* A. Haar, Math. Annalen, Vol. 78 (1918), pp. 121-136. 

t W. H. Young, Proc. London Math. Soc., Ser. 2, Vol. 18 (1919), pp. 141-162. 

{ The case when k = 0 is treated by Hobson: ‘‘ On the Representation of a Function by 
a Series of Legendre’s Functions,’’ Proc. London Math. Soc., Ser. 2, Vol. 7 (1909), pp. 24-39. 
In this case the Legendre series of f (cos @) behaves, as to convergence at any interior point of 
the interval, precisely like the Fourier series of f (cos @),/sin 0. See, in particular, W. H. 
Young’s memoir already quoted; and compare Theorems 3 and 4 below with pp. 369-371 of 
Hardy’s paper. 
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‘say. Since 


(2.15) | P,»(cos @)| < 1, 


(2.2) |Al< \ \f (cos 6)(sin 6)*** | (sin 6)?" d0 = o(n*~4), 
0 


‘by a fundamental property of the Lebesgue integral. 


Again, Hobson has established the existence of an absolute constant 
A, such that : 


K 


(2. 25) | P.(cos 0) | <a Vain 0) 


een malt, oh eed 
hence 


n78 
ps) olde | =. | Hi | f(cos 6) (sin 8)?** | (sin @)-* dO = o (n*~*). 


In estimating J, and J, we use the asymptotic equation for P, (cos 9) : 


(2,4). P,, {cos 9) 





— wil 2, ) | 60s {(n-+4)0—3r! + = cot) sin |(n+4)0—i7v} +00 |, 


n7rsin@ 
if n* <0< 40.7 
We have therefore, writing 
(n+2)0—4r = On, 


(2m Oyeel so — V (=) \ : F (cos 9) (sin 6)2** cos w,(sin 0)-" dé 


Ni 
% 
n 


+O(n-*) | t | f(cos 6)(sin 0)2** | (sin 6) -* dé. 


Since (sin #)~" is monotone decreasing, an application of the Second 
Mean Value Theorem to the first integral on the right of (2.5) now gives 


(2.6) J,= O(n**) ie f(cos 6)(sin 6)?** cos wn dO+ O(ni*-*) 


= 0(n*-4), (n> Sm <7) 





* Hobson, loc. cit., pp. 25-29. 
+ Heine, Handbuch der Kugelfunktionen, Vol. 1, p. 178. See also E. Hilb, Math. Zeit- 


schrift, Vol. 5 (1919), pp. 17-25 (p. 18). For 7 < @ < = the second term of the formula is, of 
course, absorbed into the error-term. 
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by the theorem of Riemann-Lebesgue, since f(cos 6) (sin 6)'** is integrable 
in (0, 7). 
Finally, from (2. 4), 


ihe if 2 s : 4 —3) — —3) 
Csi) ah V a | F (cos 6) (sin @)? cos w,d0+ O(n-*) = o(n-”), 


by the theorem of Riemann-Lebesgue. Combining these results, the 
theorem is proved. > 


3. We follow the notation customary in the theory of Legendre series” 


(3. 1) HOV) UseNey 
n=0 


(S10) tear ta] {OV GR in+9) |" J (cos @) P,,(cos@) sin 6d6; 
and we write 


BEB) S,(cos 0) = > a,P,(cos @) (cos @ = 2). 
v=0 


We now have :—— 


THEoREM 2.— With the notation of this note 
Sn (cos 8) =o(n") (0 < k < 4), 
40 (LOD) ace) 


for almost all values of 6 in (0, =). 


We suppose, as we clearly may, 
Core), meee -7= ea em arrn 
By the well known formula of Christoffel, if we write 


Pn+1(c0s 8) P,,(cos d) — Pn(cos 6) Py 1(cos $) 
cos 0@—cos¢ 


(3 . 3) F(n, 0, $) = 


2s,(cos 0) 0) 


ie = | Pon 0, p) f(cos $) singdd 


0 


(3.81) 


pm) 
= [HTH anti 








* The exclusion of $m is merely for brevity and convenience; that of 0 and 7 is essential. 


——. 
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say. Here, if we write 


h (cos p) = _ f(cos ) 


cos O—cos d’ 


so that h(cos ¢)(sin ¢)?*" is integrable in (0, 0—,), 


(ama tig be ed Goo Py.x(c086) | i h() Pn(cos d) sin ddd 
0 
— P,,(cos @) ii h($) Pn+1 (cos $) sin pd¢. 


Thus, noting that, since 0 is fixed and unequal to 0 or 7, 
(3 . 36) P,, (cos 0) = O(n-?), 


it follows, by applying Theorem 1 to each of the integrals on the right oi 
(3.35), that 


(3 . 4) TR SGNG alt (ea 1o Rae 9) 

Similarly we prove that Peto ne i). 

Theorem 2 will obviously be proved if we prove that 
I, = o(n= “log'n) 


for almost all values of @ in (0, 7). We have 
ia | F(n, 6, 0+2) f[cos(0-+2)] sin 0+) dt. 
—- 


Further, since ie F(n, 0,0+¢) sin(@+ t) dt > —— aa i 


the theorem will be proved if it is shown that 
Me 
R= | F(n, 0, 0-8) (dt = o(n-" log n) 
a 


almost everywhere; we have here written 
(3. 6) w(t) = {fLeos (0+ 4) |—f(cos 6)} sin (0+2). 
We will suppose that 0-47; 


this 1s, of course, no real restriction in virtue of (2.1). Write 


es (+f ar ) FQ, 8, 0+ yO dt = Ly +Ly+Ly 


—M pays 


* This is readily seen by taking, in Christoffel’s formula (3.31), f(cos ) = 1. 
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say; we may suppose u to be so chosen that 
(3 . 65) 0—2u >0, O0+2u <7. 


The integral LZ, may be estimated very easily; for Lebesgue has shown 
that the equation 


(3.7) \ l(t) |dt = od) 


holds almost everywhere if only f(z) is integrable.* Also, in virtue of 
(3.65) and (8 . 86), 


n+l) F(n, 0, 044 = > (2v-+1) P, (cos 6) P,[cos(0-+2)] 


= © 00) =0@); 


ach 
‘ rT paebe ty a aes —1 
so that Fa a, es | -(d) |dt = o(n7’) 
almost everywhere. 


Again, using the equation 


‘ 
/ 


P,,(cos 0) = V ( 





n7 sin 0 

and the corresponding formula for P,|cos(@+d2) |, we find, by a simple 

reduction, that for pel eee 

sin(a+1)¢ cosec $¢ —cos(n-+1)(20-+ #) cosec(0+42) 
w/{n(n-+1) sin 6 sin(@+d } 


= cosec (4t) O(n~”) = O(n7?). 


F(n, 0, Ot) 


We have, therefore, 


(3. 8) Lg sane a in-2(n-+1)-? (sin Q)-3 { \ sin (2-1) ¢ v(t) dt 


(Jno! singt /{sin(@+d} 


i cos (n+ 1) (20+ 2) ‘ 
=f GEG Sis CaN EaT +0O(n-') 


= Kn (n+1)73 (LP —L9)+0(n-, 








* Lebesgue, Legons sur les séries trigonométriques, pp. 15-16. 
+ This equation is, of course, a degenerate form of (2.4). 
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say. The theorem of Riemann-Lebesgue shows at once that 
Toe bash Od); 


for the multiplier of cos (n-+-1)(26+-2) is integrable in (0, u). The integral 
ity ee on the other hand, is a Dirichlet’s integral 


{ sin(7-+ 1) ¢ 


az Bi et 


x (¢) dt, 


where x(t) = W([sin (0+4)]-? 


is integrable in (0, u). Hence, in virtue of the theorem by Hardy already 


referred to, (1) 
L3° = 0 (log n), 


_almost everywhere ;* and thus, from equation (8. 8), 
Ls; = o(n“} log n) 


almost everywhere. Hence the proof of the theorem, as enunciated, is 
completed. ay 


4. From the fact that 


n 


Diu on juror! ,0 (102-98), 


pal 


it does not, of course, follow that Xn~"u, or Y (log n)—'u, is convergent. 


In the case of Fourier series Hardy was able to make the required deduc- 
tion by using the additional fact that the series 2w, is then necessarily 
summable (C, 1) almost everywhere. The establishment of the corre- 
sponding result for Legendre series would appear to be difficult ;+ we are, 
however, able to dispense with it, using, instead of Cesaro summability, 
the existence of Abel’s limit. The latter, although a consequence of the 
former, is yet sufficient for our purpose, and has the advantage of being 
proved much more easily. We therefore proceed to 


THrorem 3.—With the notation of the preceding pages, zf f(x) 7s wn- 


* Hardy, loc. cit., p. 369. 

+ See W. H. Young, ‘‘ On Series of Bessel Functions,’’ Proc, London Math. Soc., Ser. 2, 
Vol, 18 (1920), footnote on p. 171 for some indications of the results of that writer’s researches 
on the Cesaro summability of Legendre series. In using Abel’s limit in this note, instead of 
a Cesaro sum, I am following a suggestion made to me by Prof. Hardy. 
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tegrable in (—1, 1), the lumat 


ee 
lime td ar 
7—>1—0 n=0 


exists for almost all values of &. 


The known expansion 


1—r? 


S-D G= Brees kp 


= Y (Q2n+1) P,(cosaA)r”, (—1 <r <1), 
n=0 


together with the equation 


2r—a 
(4.2) \ P,,(cos A)dy = 27P,,(cos @) P,,(cos ¢), 
wherein 
(4 . 25) cos A = cos 6 cos ¢+sin 9 sin ¢ cos x, 


and a is a constant which we take to lie between 0 and 27, leads to the 
representation (with « = cos @) 


(4.3) >» Bg Se a pe me 3" fleos dp) sin d = (2n-+1) P,,(cos0) P,,(cos p)r" dd 
n=® 0 n= 


a a Cg 2r—a 1—7°) f (eos )sin ¢ 
=F \%), (1—2r cos A+”)? dx (~l<r<)). 


As # and x vary between their respective limits, \ varies between the 
limits 0 and z7.* Since 


(4.35) 1—2r cosA+?? > 4r sin? 4), 


it is at once seen that, if « is a positive constant, the value of the double 
integral in (4.3), when extended only to that part of the rectangle of in- 
tegration for which Peas gt 
tends to zero with 1—r. Let S denote the portion of the rectangle for 


which De eee 


* The angle A may be regarded as the angle between the radii vectores from the origin to 
the points on the unit sphere with spherical coordinates (6, 0), {, x). 
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it remains to be shown that the value of the double integral, taken over S, 
tends to a limit for almost all values of 06. We again suppose, as in the 
proof of Theorem 2, that 


(4. 4) Wao) at 

Write now 

(4. 45) ob = 0+. 

i? a aly wa Ose telat oh 
Since Be z | dp \s (ima rccIEETA ;dx = 1, 


it 18, in order to prove the theorem, sufficient to show that 


(L=7°) W(t) her 
ac) i (1— 2r cos \N-+77)° Geax Oct) 


_for almost all values of 0; y(t) is the function defined by equation (8. 6). 
In the region S, from equations (4.25) and (4.45), 
(4.6) 1—4\* < cos A = cos t—(1—cos y) sin 8 sin 
< 1—37+34°—-(4)?—siy’) sin 9 sin 4; 


hence, when u is sufficiently small, in consequence of (4 .°4), positive con- 
stants a”, b® exist, such that, in S, 


(4 . 65) Mv > P+ 57y7.* 
Thus the region S is included in the ate enrelt 
jatl<u, joxl<u 
and, throughout S, from (4.35), 
1—2rcosA+7? > KX, 1—2r cos A+7? > (1— 7)”. 


Hence equation (4.5) will have been shown to hold almost everywhere if 
it is proved that the three equations that follow hold almost everywhere : 


1-r 1-r (1—7") | Wo) | a 
(4 . 70) ie = ie at| on tg Doe sen dx = o(1), 
4.70 R=| a\" GaP HO! ay = ot, 
1-7 0 
be a —7 
(4.72) R; = \ alt | eee Fy aly 


* This also follows at once geometrically. See preceding footnote. 
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Of these, (4.70) follows immediately from (3.7). To prove (4.71) 
we note that, by (4 . 65), . 


ee l-—r SAY: fr | 
Ry < K| at | CaO Ol x =Katna— | at 
1-—r 0 1-—r 


and hence, integrating by parts and using equation (3. 7) 





t) 
BR, = ON 7) |om+ SS = o+\" f at| 
for almost all values of @; this reduces to (4.71). Finally, from (4.65), 


" #  (1—7*) |W | 
(4.8) Fines { dt ie ELD a 





But, with y > 0, we find, on integrating by parts and again using (3.7), 


ela VC ‘ of) 
|, @apag v= on) + GEL 


o(1)2? 


vata” 


ay. | ba 
= om) + | 
0 


= oboe), arpa a 


— O(1) +o(x~”), 


all these equations being true almost everywhere. Hence, from (4. 8), 
(4.72 dts) R, = (1—?”) | o(x~*)dx = o(1) 

1-7 
almost everywhere. 


5. With the completion of the proof of Theorem 3 we are now in a 
position to prove the main theorem of this paper. 


THeorem 4.— With the same notation as before, the serves 
Dita Qn bn Um aa his) 
or X (log n)~* anPr(a) (k = 0), 


is convergent for almost all values of x in (—1, 1). 
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It is easily shown that the existence of the limit 


ne (bartL) hm aye lin 5 pk 


r—>1-0 11-0 n=1 


involves that of the limit 


? 


(5 . 2) lin 6,0) = elim: Ayn) oh” 
r—>1-0 71-0 n=1 


where 

(Ou 2 mA: == 190) ie > 0) Neer Ok a (= 0).* 
Also it is known that if the limit 

(5 53) | lim Yh," 


y—>1-0 


exist, and if, further 


(5 . 35) ye, bse 


v=1 


then the series 
(5.4) S hy 
is convergent. 
In our application of these theorems 
cs al Oy Pn) Ml Ng Tt) On bon h)s 
and, by Theorem 2 of this note, | 
(5 . 5) Ax(n) Sn(x) = o(1), 


for almost all values of x in (—1, 1). Further, condition (5.1), and 
hence also (5.3) have been shown to be satisfied for almost all values of 
xin (—1,1). For (5.85) we have 


nv 


va n—Il 
x vh, = X vAz(v) a, P, (x) = nAz(n) $,(@)— = [V+ 1)Ag~+1)— vA; (r) | s,(z) 


P= v=1 v=0 


= o(n) 4"3 (1) == O(92); 
v=0 


_ 1 Pfee (1 aan aG: 
* Thus, with k>0, — ¢x(r) “aay et ( log = 


and from this expression the truth of the statement in the text follows at once. 


+ See, for example, Bromwich, Theory of Infinite Series, p. 251 (Ex. 28). 
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for almost all values of x, by (5.5). Thus, since Abel’s limit (5.3) exists 
for almost all values of z in (—1, 1), and since the series (5.4) is con- 
vergent for almost all values of # for which (5.3) does exist, it follows 
that the series (5. 4), namely, 


Una, Pr(z) (0<k<}), Tlogn)—a,Pr(x) k= 0), 


is necessarily convergent for almost all values of # in (—1, 1). 
In particular, for any integrable function / (2), 


>n~2 An Pn(2) 


is convergent almost everywhere. 
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ON ANALOGUES OF WARING’S PROBLEM FOR RATIONAL 
NUMBERS 


By H. W. Ricumonp. 


[Received September 15th, 1922.—Read November 9th, 1922.] 


THEOREMS on expressing numbers as a sum of powers of other numbers 
have been conveniently grouped together* under the title ‘‘ Waring’s 
Problem and Related Results.”” From Waring’s original assertion about 
integers it is an obvious step to consider whether similar properties are 
possessed by Rational Numbers. Any rational number R# can be reduced 
to the form of a fraction A/a, where A and a are integers prime to one 
another ; and we may inquire, by a natural extension of Waring’s state- 
ment, whether every such fraction can be expressed as the sum of a finite 
number of the squares or cubes or .... of other fractions. 

The problem is not new. It may be said, like the problem of integers, 
to have been solved completely when the powers employed are squares ; 
in fact for squares the problem of rational numbers is identical with that 
of integers. For powers higher than the third it would seem that nothing 
has been discovered ; nor has the present writer anything to communicate. 
But for cubest several papers have been published, and it is not a little 
surprising to find that here the two problems (of integral and rational 
numbers) are widely different, both as regards methods and results. In 
a sense the problem of rational cubes turns out to be simpler than that. 
of rational squares ; at any rate the number of cubes required is less than 
the number of squares—another curious and unexpected result. 

The results which solve the problems of expressing (i) any positive 
integer as a sum of squares of other integers, (ii) any rational number as 
a sum of squares of other rational numbers, can be stated briefly. When 
this has been done, the corresponding problems for cubes will be con- 
sidered. 


* L. H. Dickson, History of the Theory of Numbers, Vol. 2, Ch. xxv. 
{ L. H. Dickson, loc. cit., pp. 726-729. 
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I. Waring’s Problem for Squares. 


1. Every Positwe Integer I can be expressed as the sum of either 
four or a smaller number of squares of other integers. Further, rules 
have been discovered by which, when J is given, the minimum number 
of squares required can be foretold. To quote these rules is unnecessary ; 
but they show that the minimum number of squares required for I is 
the same as that required for any integer obtained by multiplying or 
dividing I by a perfect square. 


2. Positive Rational Nwmbers.—Any such number R having been 
reduced to the form A/a, where A and a are positive integers prime to 
one another, if the integer A Xa is expressed as the sum of integer 
squares, & can be expressed as the sum of the same number of squares by 
dividing throughout by a”. Every positive rational number can therefore 
be expressed as the sum of the squares of at most four rational numbers. 

No smaller number than four will suffice in certain cases. For 
suppose that & can be expressed as the sum of (say) three squares : 


R= Ala = Kfar (Viyh + (Zz); 
find m, the least common multiple of 2, y, z, and multiply by m*. Then 
mv X A/a = sum of three integer squares, 


and must itself be an integer. Denote by U? and w? the greatest squared 
factors contained in 4 and a, the remaining factors being V and v; so 
that A = U?V, a=w’*v, V and v having no squared factors. Since 4 
is prime to a, m must contain wv as a factor; v.e.m = kuv. Thus 


(kU)? X Vv = sum of three integer squares. 


That is to say the fact that A/a can be expressed as the sum of 3 (or 2 
or 4) squares implies, for the reason stated above, that (kU)*x Vv, and 
therefore Vv, and therefore (Uw)? X Vv or Aa can also be expressed as the 
sum of 8 (or 2 or 4) squares of integers. The minimum number of 
squares (of rational fractions) required for the fraction A/a and the mini- 
mum number of squares (of integers) required for the integer A Xq@ are 
equal. ‘To cover all cases, fowr squares are necessary in both problems. 


38. A General Formula for R as a Sum of Squares.—When fF has 
been expressed in one way as the sum of a minimum number of squares, 
it is possible to derive a formula which includes every partition of R into 
that or any greater number of squares. The method, applicable in all 
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cases, will be clear from an example :—Suppose that 
R =fPt+et+h 
expresses FR as the sum of a minimum number of squares, and that an 


expression for R as the sum of five squares is required. Take any five 
rational numbers L, M, N, P, Q, and put 


R= (f+OLP+(g+0M)2-+ (h-+ON)?+ OP)?-+ (0Q)2. 


This quadratic in @ is satisfied by @ =O and by one other rational value 
of 6 which gives a solution. Every set of values of the ratios of L, M, 
N, P,Q to one another leads to a 5-square partition of R; moreover every 
partition of R into 5 squares is included, for proper values of the ratios 
L:M:N:P:Q. The solution of Waring’s problem for squares of 
rational numbers may therefore be regarded as fairly complete. 


II. Waring’s Problem for Cubes. 


1. Posvtive Integers.—In order to express every positive integer as a 
sum of cubes* of other positive integers, nine cubes have been proved to 
be both necessary and sufficient. Since 4a? can be expressed as the sum 
of nine cubes, and then divided by a’, it follows that any rational number 
A/a can be expressed as a sum of nine rational cubes. - But the number 
nine can be shown to be unnecessarily large. For it has been proved that 
for integers which exceed a certain value evght cubes are sufficient (and on 
the evidence of computation it cannot be doubted that the number can be 
further reduced, to seven, six, five, or possibly four, though no proof has 
yet been discovered). This number eight (probably reducible further) and 
not Waring’s number nine must be a limit to the number of positive 
rational cubes required for a rational fraction A/a. For, if is large 
enough, Aa’n’ is a sum of eight positive cubes; and on division by a’n® 
the result follows. 


2. Integers, Positive or Negative.-—To express any integer positive or 
negative as a sum of cubes of integers positive or negative is a legitimate 
extension of Waring’s problem, the exponent being an odd number. 
Here five cubes are certainly sufficient; possibly four are sufficient but no 
lower number. 








* See Some Famous Problems of the Theory of Numbers, by G. H. Hardy, especially 
pp. 19-23 ; and Dickson, l.c., Chapter xxv. 
2D 2 
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8. Rational Numbers.—The rest of this paper deals with this case. 
In the problem of cubes (in contrast to that of squares) there is a formula 
for partitioning a number into rational cubes, not applicable to integral 
cubes, which makes it clear that the limits obtained above are much too 
high. Dickson quotes three proofs (/.c. pp. 726-729) that every rational 
number is the sum of three rational cubes, and two proofs that every 
positive rational number is the sum of fowr positive rational cubes. But 
even this last result can be improved and the necessary number of cubes 
reduced to three in both cases. Since it is also known (pp. 572-578) 
that certain numbers, for example 4, 3, 4, 5, ..., cannot be expressed as. 
the sum of two rational cubes, three is a genuine minimum for rational 
cubes whether restricted to positive values or not. 


Ill. Ryley’s Formula. 


1. It is curious that on examination the three methods quoted by 
Dickson for resolving R into a sum of three cubes lead to identical results. 
The following investigation seems to be simpler than any of the three, but 
the formula obtained should bear the name of its discoverer, Mr. 8. Ryley, 
of Leeds, by whom it was published in 1825. See equations (y) below. 


Suppose that R= we4+y? +2, (a) 
and put Ee Se Lt ene | 
1.€. Samet ch UY anes L— Yt 2. 
Then R= (s—d?+ (¢—zP +2 = 88—3t(s?—22) +32 (s—z). (B) 


In order to obtain a special solution assume that 
s?—8t(s?—z") = 0, 
and substitute z= @s. We find at once 
s= 8t1—0@), z= 8t(0—6%), 
R= 8 (s—z) = 9(1—0)? (1+) 
or 8R = s3(1+6)-? (1—9@)71. 
If now we write s/(1+6) =A, we find 
(1+6)/1—6) = 8R/M, 8 = (BR—D?)/(BR+Y’), 


and every rational value of A leads us to a rational set of values of 0, s, ¢, 
Zz, Y, x, v.e. to a partition of R into a sum of the cubes of three rational 
numbers 2, y, 2. : 
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Every Rational Number can be expressed as a sum of cubes of three 
| Rational Numbers—in a simple infinity of ways. 


Ryley’s formule may be written 
aty+tz=s = 6RA/(8BR+)’), 
yte = t = (8R+A%)/(6), 


z= 6RABR—A?)/(BR+A?), (y) 
whence | aty = s—z= 12RA'/(8BR+A)%)’, 
also R=x4+y+2 = 38(ety)(yte). ! 


2. Positive Rational Numbers.—It will now be shown that, if FR is 
positive, , y, z are also positive if @ and A lie between certain numerical 
limits. 

When 2g, y, 2 are positive, s and ¢ will be positive and also s/¢ and 2/t, 
v.e. 1—@ and 0—6°. Thus @ must lie between 0 and 1. 

Secondly, x is positive if s—t¢ is positive, or if 


3 (1—6*) is greater than 1 
or 6 less than (2/8)?. 
Lastly, y 1s positive if ¢ is greater than z, or if 
3 (0@— 6°) is less than 1, 
which (for positive values of 0) is the case 
(i) if @ is less than (4/8)? x sin 20°, 
(ii) if 0 is greater than (4/8)? x sin 40°. 
Combining these conditions, we see that numerically 
8 must lie either (i) between 0 and ‘39493, 
or (11) between °74228 and °81650 ; 
r?/(8R) must lie either between 1 and ‘48876, 
or between °14756 and ‘10102. 
Hence, again by Ryley’s formule (y), 


Every Positive Rationsl Number can be expressed as a sum of cubes 
of three Positive Rational Numbers—in a simply infinite number of ways. 
Ryley’s formula, rediscovered independently by Strong and others, does 
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by means of three cubes all that the four-cube formule of Libri and 
Lebesgue accomplish (Dickson, p. 728). As an example, suppose that 
R— 2/8. We mavitake:\.— 1,01) S3eachen 


ie ae peer Seeesb Alek 
Or, taking k = 4 and 0 = 1/5, we find 
1 = (6/25)3-+(47/60)?-+(53/300)°. 


IV. The Problem of Rational Cubes. Further Solutions. 


1. Save for Ryley’s formula no resolution of R into three cubes seems 
to have been discovered, and it is not impossible that no other simple alge- 
braic formula of the kind exists. Values of z, y, z given by Ryley’s 
formula are connected by the homogeneous relation 


e+y+e? = 8(aty)(ytz2), 
or (a+-y+z) = 8(@+y)(ytz)@+y+ 22), 


and are therefore greatly restricted. In the light of geometry of three 
dimensions «?+y’-+2° = R represents a cubic surface on which we seek 
points (x, y, z) whose coordinates are rational numbers. Ryley has dis- 
covered a curve lying on the surface which contains a simply infinite 
number of such points, each defined by a rational value of a parameter X. 
This is vastly inferior to the solution attainable when RF is a perfect cube, 
viz. expressions for x, y, z in terms of two parameters, such that every 
pair of rational values of the parameters leads to rational values of 2, y, z,. 
and every set of rational values of xz, y, 2 can be so obtained. 

In dealing with squares in Section I, we were able to derive from a 
single known partition of & into squares a formula which included all 
partitions. Something of the same sort is open to us also in dealing with 
cubes. Although it may not be possible for arbitrary values of R to 
devise a formula which includes all the partitions of R into a sum of three 
cubes, yet from one or more given solutions of 


ety = Rk, | (a) 


other solutions can be derived by various known methods, suggested for 
the most part by geometrical considerations, Other formule involving 
one or more parameters can be deduced from Ryley’s, but all that I have 
obtained are complicated and do not really help. A fact which soon be- 
comes evident and is better worth following up is that the rational values 
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of x, y, z which satisfy (a) are, if plotted as coordinates of a point, generally 
distributed over the surface (a); they are not confined to Ryley’s curve or 
to any particular region. [It was perhaps hardly to be expected that they 
would be so confined; yet it must be remembered that when R = 0, the 
surface (a) has no rational points upon it whatever.]| The following 
theorem states the issue clearly :— 


2. Given a Positive Rational Number R, and any three positive num- 
bers a, b, c, ut is possible to find (by elementary algebra) positive rational. 
values of x, y, 2 which satisfy (a) accurately, and at the same tume make 
the differences 


zla—yl/b, «x/a—z/c, 
less than any assigned small number. 


Suppose that X, Y, Z are a known set of values of x, y, z which satisfy 
(a), and that K and F' are to be determined, so that 


(@F+XK)(K+1), OF+YN/(K+), ¢F+Z2K)/K+1) 
shall also satisfy (a). We must have 
X°+Y?+7° = R, 
(af + XK) + (6F+YK)?+ (cF+ZK) = (K+1) RB. 
On expanding, the term in A® disappears; that in K® also disappears if 
F(axX?+bY?+cZ’) = R. 

Let F have this value, and we have a linear equation giving K, viz. 

—3K (@WXFP+ 0 YR?+CZF?— Rk) = @F?+0°F?+0F3— BR). 
Thus, if X, Y, Z are rational and also a: 0: c, we have derived from a 


known solution X, Y, Z a second rational solution, in which the values of 
zla—y/b and «/a—z/c are seen to be 


K(X/a—Y/b) can K(X/a—Z/c) 
Jia TCLS es 


In order to make z/a—y/b, etc. as small as we please it is enough to show 
that we can find finite values of X, Y, Z from Ryley’s formula which make 
K as small as we please. (X, Y, Z tend to infinite values only as A or 
2+-8R tends to zero or A to infinity, 2.e. as @ tends to +1 or infinity or 
—1.) Now X vanishes when 





(P+b°+0) F? = R, 
or (a? + B80) (X8+ V24+-23)—(aX?-+bY2 +02? = 0. 
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This equation is homogeneous ; if any values of X, Y, Z given by Ryley’s 
formula satisfy it, we can find them from the simple expressions for 
X:Y:Z in terms of 0. Substitute for X, Y, Z respectively 


8(1—6)—1, 1—8(6—6),’ 8(6—6), 


and for X*+ Y3+ Z? substitute 9(1—6)?(14+ 6). We obtain an equation 
of order 18 in 0; and, if we can prove that it has any real root, we can 
approximate through rational values to the relevant value of A to any 
degree of accuracy that we desire, and thus can make x/a—y/b and 
z/a—z/c as small as we please (provided X, Y, Z are finite). Now @ 1s to 
be found from the vanishing of a polynomial in @ of order 18; it is 
unnecessary to write it down, as it has been stated in terms of X, Y, Z, 
whose values in terms of @ are also stated. If we substitute @-=-+1, or 
§ = —1 in the polynomial, X, Y, Z take values —1, +1, 0, and the poly- 
nomial takes the value —(a+0)°, which is negative. 

If we substitute 0 = 0, X, Y, Z take the values 2, 1, 0, and the poly- 
nomial takes the value 


81 (a? + b?+c*) — (4a+b)? = 81+ (a— 26)? (17a +200). 


For positive values of a, b, ¢ this is positive except if c =O and a= 2b, 
but this difficulty would be got over by interchanging a, b,c. For all 
positive values of a, b, c, the equation in 6 has two real roots leading to 
finite values of X, Y, Z, and the process of approximation indicated above 
can certainly be carried out. Hence the theorem is proved. 


3. Postscript.—lI find that Ryley’s curve (y) is one of a family of 
curves which cover the surface (a), and which give solutions of our 
numerical problem in a similar manner. If 


s=atytz = 8p(1—8) ((1+6)+3p—3p3(1—6)}, (i) 
t=ytz= p{(1—9p?(1—6)—9p*(1—6)? (1+ 8)!, (ii) 
g= O(e+y+2) (111) 


(equations which reduce to those of § III, 1, if p = 0), then will 


e+yP+e = 3(et+yiyte?t+8pytae+tytat+3pa+tyt+2" 
+3p? (x+y) (x@+z)}. (iv) 


In terms of p and 8, 
e+y+2 = 9p?(1—6)? {(1+6)+38p—8p?(1—6)} 
X (14+3p(1—6)(1+6)+3p7(1—4)}* (v) 
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If now we write, much as in Ryley’s method, 


A = 8p(1—94) (1+3p(1—4)(1+ 6) +3p°(1— 84) |, (vi) 
then, if 2+y+2= R, 
3.A(1—6) = r? | (1+6)-+3p—8p7(1—6) |}. (vil) 


First 6, and then p, x, y, 2, are expressed as rational functions of AX, p, 
and R, such that all rational values of A and p lead to rational values of 
x, y, 2 Whose cubes have the sum &. Given FR, we can find values of xz, 
y, 2, satisfying (a) which are nearly proportional to any chosen numbers 
a, b, c, rational or irrational, positive or negative, by determining 0 and p 
to any desired degree of approximation from equations (iii) and (iv), after 
replacing z, y, 2 by a, b,c in them; p has at least one real value, to 
which we approximate by standard methods. 


4. The last formule could not be discovered by accident, as Ryley’s 
apparently were. When the fundamental reasons for the success of 
Ryley’s method were recognised, it became possible to deduce the existence 
of these formule from geometrical considerations, which seem to show 
also that no other cubic functions of @ will serve. A host of other curves 
of higher order are derivable which give solutions of our problem; but 
eeneral theorems, not special results, are now desirable. 

The simplicity of the algebraic method applicable to cubes and the 
utter dissimilarity between the two problems of squares and cubes both in 
results and treatment are very remarkable ; it would be interesting to 
discover which of the two the higher problems of fourth and fifth powers 
resemble. 


410 R. L. HrppisLey [March 9, 


NOTE ON THE NODES OF THE 3-BAR SEXTIC 


By Col. R. L. Hrepisury, C.B. 


[Received February 16th, 1922.—Read March 9th, 1922.) 


1. Mr. F. V. Morley has shown in his recent article on the analytical 
treatment of the 3-bar curve™ that, using the term as defined by Dr. 
Bennett,t the two principal chords through a node terminate on the 
opposite side of the nodal triangle; and that the elliptic arguments by 
which the coordinates of the two ends of any principal chord can be ex- 
pressed differ by a half period. This is a real half period in the case of a 
unipartite curve and the imaginary half period for a bipartite curve. This 
opposite side of the nodal triangle, therefore, cuts the curve in six known 
points, and, determining the infinities of the elliptic arguments in the 
usual way, we can write down the sum of the arguments representing 
these six points of intersection; and hence the sum of the arguments 
representing the nodes is also known. A relation is easily obtained be- 
tween the two arguments for each node hecause, if w, and w, are the two 
values of the angle which a traversing link makes with one of the rotating 
links in its two positions at a node, w,-++-w, = a constant. 


2. A remarkable relation between the areas Sj, S,, S; of the three 
parallelograms of the triple generation theorem at a node is obtainable by 
substituting the coordinates of a point on the curve in their trigonometrical 
form in the equation to the focal circle; the result being 


S, sin? A+S, sin? B+S, sin? 0 = 0. 


3. Performing a similar operation on the equation to the circle of in- 
flexions, we get 
S, sin? 3+ So sin? 1+ Ss sin” Wy = 0, 


which is true for a point of inflexion. 











* Proc. London Math. Soc., Ser. 2, Vol. 21, pp. 147 and 153, 
+ Lbtd., Vol. 20, p. 62: 
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4. With regard to the first of these two equations, if PP’ be any 
principal chord and perpendiculars are drawn from P to the opposite sides 
of the three traversing triangles, the feet of these perpendiculars form a 
triangle equal and homothetic to the pedal triangle of the point P’ with 
reference to the focal triangle ABC. A glance at the triple generation 
diagram will show that the angles between the three perpendiculars from 
P are respectively #;—A, #,—B and »,—C. Changing o, into —o,, the 
corresponding angles for the similar perpendiculars radiating from P’ will 
be —(o;+A), —(o,+B) and —(w,+C), and the areas of the triangles 
formed by them will be 


—43b,sin A .a3sinC .sin(w,+A) or 48, sin’ A, 

—ic, sinB.b,sinA.sin(o,+B) ,, 4$8,sin?B, 

—ta3;sinC.c,sinB.sin(a+C) ,, 4S, sin? C, 
where a,, b,, ¢, are the sides of the traversing triangles. For a node the 
pedal triangle becomes a straight line; therefore the feet of the perpen- 
diculars from the other ends of both principal chords through this node 


on the bases of the traversing triangles at these points lie in straight 
lines ; hence taking account of the signs of the areas 


S, sin’ A +S, sin? B+ S, sin? C = 0. 
5. If A, B, C are the foci and Ff, G, H are the nodes of a 3-bar curve, 


and 2a, 26, 2y, 2f, 2g, 2h are the angles with a fixed axis of the radii of 
the focal circle to these points, then, in virtue of the relation 


atB+y =f+gth, 


the equation to the Simson line* of F with reference to ABC may be 
written 


zsin g+h)—y cos(g+h) 
= $r([sin g+h—2a)+sin g+h—28)+sin (g+h—2y)+sin (g+h—2/f)], 
and that of G, 

we sin (h+f)—y cos (h+/) 
= $r [sin (h+f—2a)+sin (h+f—28) +sin (h+-f—2y)+sin (h-+-f— 2g) |, 


* Salmon’s Higher Plane Curves, p. 271. 
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8 
where 7 is the radius of the focal circle. Their intersection is at the 


point 
= $r[2 cos 2a+Dd cos 2f], y= 4r[2 sin 2a+2 sin Qf], 


and the symmetry of the result shows that the Simson lines of F, G, H 
with reference to ABC and of A, B, C with reference to FGH all meet in 
a point which is midway between the orthocentres of the two triangles. 
This point is also the common orthopole of the six sides of the two tri- 
angles, for as will be seen from their equations the Simson lines of 
F, G, H, A, B, C are respectively perpendicular to GH, HF, FG, BC, 
GARE 
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A RELATION BETWEEN BERTRAND’S AND KELVIN’S 
THEOREMS ON IMPULSES 


By G. I. Taytor. 
[Received June 2nd, 1922.—Read June 8th, 1922.] 


Tue theorems known as Bertrand’s and Kelvin’s theorems on impulses 
relate to the effect of constraints on the energy of a dynamical system 
when it is set in motion by impulses. Bertrand’s theorem states that if a 
system is set in motion by given impulses applied to given coordinates, 
the effect of a constraint is to reduce the energy which the impulses give 
to the system. Kelvin’s theorem states that if, instead of the impulses, 
the velocities imparted by those impulses to the corresponding coordi- 
nates are given, the effect of a constraint is to increase the energy of the 
motion. 

The following simple connection between these two theorems does not 
seem to have been pointed out before. ‘The reduction in energy due to 
the imposition of constraints in the Bertrand case is less than the increase 
in energy due to the imposition of the same constraints in the Kelvin 
case.’ 

The proof of this theorem is very simple. Let T, represent the energy 
of a dynamical system due to a set of impulses p, applied to coordinates 
gr, another set of coordinates q;, being unconstrained, and let the velocities 
due to these impulses be g,. This motion will be represented by the 
symbol (0). 

Suppose now that the system is constrained by fixing certain coordi- 
nates qg;. Two cases will be considered, (a) Bertrand’s case where the 
system is set in motion by impulses p, applied to coordinates q,. The 
energy T,, of the constrained system is less than 7,. This is proved by 
showing that T,—T, is equal to the energy of the system whose velocity 
is equal to the velocity of the motion which is the difference between (0) 
and (a). This motion, which will be denoted by (o—a), is that produced 
by the action of a set of impulses p,* which act on the coordinates q, pro- 
ducing velocities q;,+ the coordinates qg, being wnconstrained. 


* p, are the impulsive reactions at the constraints in case (a). 
Tt g¢ are the velocities of the coordinates qs in case (0). 
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The next constrained motion, (bd), to be considered is Kelvin’s case 
when the constrained system is set in motion by the application of a set 
of impulses p,, say, acting on g, so as to produce velocities g, The 
energy 7’, of this motion is greater than T,. This is proved by showing 
that 7,—T, is equal to the energy of the metion (o—bd) which is the 
difference between motions (0) and (bd). This derived motion is that pro- 
duced by the action of a set of impulses p;* which produce the same 
velocities ds when they act on g; aS were produced in motion (o—a) by 
the action of the impulses p,, but in this case the coordinates qg, are fixed. 

It will be seen that the relation between motions (o—a) and (o—)) is 
exactly that contemplated in Kelvin’s theorem. Hence 7,—T, is greater 
than T,—T7,, which is the theorem that was to be proved. 

The difference between 7,—T,, and 7.,—T., that is 7,+7,—2T, is, 
in fact, the energy of the system which is the difference between the 
motions (a) and (0), that is to say it is the energy of the system set in 
motion by the application of impulses p,—p, to the coordinates g,, when 
the system is constrained by fixing the coordinates q;. 

The physical bearing of these results may be seen at once from the 
consideration of a simple case. Consider the case of a rigid rod which is 
set in motion by an impulse applied at some point in a direction perpen- 
dicular to its length. If the constraint consists in the fixing of a point in 
the rod, it is clear that the energy of the constrained motion tends to zero 
in the Bertrand case when the fixed point is very near to the point of 
application of the impulse. In the Kelvin case, however, the energy of 
the constrained motion tends to infinity. The reduction in energy due to 
the constraint in the Bertrand case can never be greater than the energy 
of the unconstrained motion, whereas the increase in energy due to the 
constraint in the Kelvin case may tend to become infinite. 





* p’ are the impulsive reactions at the constraints in case (0). 
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ON THE INTEGER SOLUTIONS OF THE EQUATION 
ey? = ax®+bxe*+cat+d. 


By L. J. Morpett. 


[Received May 22nd, 1922.—Read June 8th, 1922.] 


1. The present knowledge of general classes of indeterminate equa- 
tions which have only a finite number of integer solutions is comparatively 
limited.* Apart from the results connected with Fermat’s Last Theorem, 
the simplest and most general one is due to Thué,t and states that, if 
J (x, y) a binary quantic{ in # and y is not the power of a linear or in- 
definite quadratic function of x and y, then the equation 


f(a, y) =e (1) 


has at most a finite number of integer solutions for x and y. Extensions 
of this result have been given by Maillet, and very recently by Siegel.§ 
The latter considers solutions in various algebraic fields, and has also just 
given a simpler proof of Thué’s theorem. 

Other results follow from my paper‘! ‘‘ Indeterminate Equations of 
the Third and Fourth Degrees,’ wherein I showed that all the integer 


solutions of Pen! epee intent ae (2) 
with z prime to y, are given by a finite number of expressions of the form 


x == hay q)s y = fo(D; q), 


where /, and f, are binary quartics in pandqg. An immediate consequence 











* For references see Dickson’s History of the Theory of Numbers, Vol. 2, pp. 673 et seq. 

+ Crelle’s Journal, Vol. 135 (1909). 

+ The coefficients are supposed to be rational integers, as are also all other numbers un- 
less otherwise stated. 

§ Mathematische Zeitschrift, Vol. 10 (1921), and Mathematische Annalen, Vol. 84 (1921). 

|| Videnskapsselskapets Skrifter 1 Mat. Naturv. Klasse (Kristiania), 1921, No. 16. 

| Quarterly Journal of Pure and Applied Mathematics, Vol. 45 (1913-1914). 
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of applying Thué’s theorem to this result is that the equation 
ey? = ax®+b2*+ca+d (8) 


has only a finite number of integer solutions, if the right-hand side has 
no squared factors in x. This I pointed out for the equation 


yf =o +k 


in a paper* “On a statement by Fermat’’; a different proof is included 
in the similar result for 


dy” =ax*+be+c, . 


given by Thué,t+ and independently by Landau{t and Ostrowski. The re- 
sult for the general equation (3) was noted in my booklet$ Three Lectures 
on Fermat's Last Theorem. A very simple proof, making no use of 
equation (2), has just appeared in the Messenger of Mathematics.|| 

It is at once suggested that a similar result holds for the equation 


y? = ax'+bxz?+c2*+dz+e, 


and the present method: of proof for (3) was devised with this object * 
in view. 

I shall first prove a useful lemma; if ¢, is a ternary guadeatic and 
is any ternary quantic, the simultaneous equations 


dy(e, Y,2) = 0, 
p(x, y, 2) =m, 


have at most a finite number of integer solutions for x, y, z, provided that 
the curve represented by these equations, which is in general of non-zero 
genus, is not unicursal, that is that z, y and z cannot be expressed as 
rational functions of a parameter ¢ For as the second equation shows 
that the common factors of x, y and z are finite in number, the general 
solution of the first equation, by a classic result, is given by a finite 


* Proc. London Math. Soc., Ser. 2, Vol. 18 (1919). 

t Archi for Mathematik og Naturvidenskab, Vol. 34 (1917). 

+t Proc. London Math. Soc., Ser. 2, Vol. 19 (1920). 

-§ BP. 3 (published by the Cambridge University Press). 

| Vol. 51 (1922). 

{| Although unsuccessful, I was led in this way to the proof of the theorem that the 
method of infinite descent applies to all ternary homogeneous cubics f(x, y, z) = 0 of genus 
unity. See my paper in the Proceedings of the Cambridge Philosophical ect Vol. 21 
(1922), 
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number of expressions of the form 


a= Apia) YS Erprae eel; 9); 


where f,, fx, fy are binary quadratics in p and qg. Substituting these 
values of z, y and z in the second equation, the result at once follows by 
Thué’s theorem. 


2. Suppose now that the equation 
ey? = ax? +bz?+cr+d, 


where the right-hand side is supposed to be irreducible, has an infinite 
number of integer solutions in 2, y. Multiplying throughout by a’e’, it 
is sufficient to consider the equation 


y? = 2 +b2*+cr+d, 

so that 0, defined by +56°+c0+d = 0, 

ig an algebraic integer. Since y’ is divisible by —9, 
y? = («—O)(@"°+pe+q), 


say. The consideration of the cubic field A(@) shows that the common 
ideal factors of c—0@ and x?+px+q are finite in number for all values of 
x, as they are also factors of 6°+-p0+<q, and hence of the discriminant of 
the cubic. Hence we have the equation in ideals 


(2 — 0) = Ar’, 


where 7 is an ideal, and the ideal X is one of a finite number. Since the 
classes of ideals are finite in number, we can write 


T= wy, 
where v is an algebraic number given by 
nv = fi tg, Oth, 6, 


with f, g, h integers, while the integers » and the ideals » are finite in 
number. We have then 
(x— @) —- Auer?, 


so that the fdeal Au? is a principal ideal, and hence, since any unit in the 
field, except for a finite number of unit factors, can be absorbed in v” 


x—0 = ov’/M, 


b) 


SER. 2. vou. 21, No. 1434. OE 
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where o and M are a pair taken from a finite number of algebraic num- 
bers and ordinary integers respectively. If the values of x are infinite m 
number, then for a particular value, say 2, 


24-9 = ov/M, 
whence (2—0)(x,—0) = 7’, 
say. We put now Nn = f+tgOthée, 


where N is one of a finite number of integers, and have to prove that the 


equation N?(x—6)(z,— 9) = (f+g9+h0")? 


= 


has at most a finite number of integer solutions in x, f, g, h. Square the 
right-hand side, replace 6%, 6? in terms of 6, 0, 6° from the cubic in 6 and 
equate coefficients of 6°, 0, 6? on both sides. Eliminating x from the first 
two of these equations, we have 


PUG) Wy i, | Prt Oe) — 1, 


where ¢, ¢, are homogeneous quadratics in f, g, h. The result now 
follows, since by the lemma only a finite number of integer values of f, g, h 
can satisfy these two equations. 

No exceptional cases can arise since then f, g, would be rationally ex- 
pressible in terms of a parameter ¢, giving us such a solution for x, y of 


y? = 2 +b2?+cat+d, 


representing a curve of genus unity. This completes the proof for the 
irreducible cubics. 


When the cubic is reducible it will always have a linear factor, so that 
it is sufficient to prove that the equations 


fy’? = ax’? +be+e, 
gz = dz+e, 


have only a finite number of integer solutions in z, y, z. The solution of 
the first equation (considering it as 


Sy? = ax?+bra,+cx} 


with x, = 1) is given by a finite number of expressions of the form 


?—Du? = EH. 
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The equation for z now gives 


2), P+u,tutryw, 


and the result again follows from the lemma. This completes the proof 
for the cubic. 


It may be noted that a consideration of the equation 
y? = «(ax*+bxr+e), ° 
shows at once that the equation 
y? = Auv'+ B2?+0C, 


wherein the right-hand side has no squared factors in a, has only a finite 
number of integer solutions. The main result of this paper shows that 
the same result holds for the equation 


y? = ax*+br?+cx?+dz+e, 


if the right-hand side has a rational linear factor in x. 
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COMMUTATIVE ORDINARY DIFFERENTIAL OPERATORS 


6 


By J. L. Burcunaty and T, W. Cuaunpy. 


Received May 26th, 1922. — Read June 8th, 1922.] 


1. Prelumnary. 


Ir is convenient at the outset to prescribe certain conventions of nota- 
tion. There is a single independent variable x and so a single differential 
operator D=d/dz. Greek ‘lower case”’ letters ag, ag, ... denote func- 
tions of «; English ‘‘lower case” letters a, a,, ... (but not, of course, 
x, y) denote constants. A similar distinction is, in general, attached to 
symbols of functional form, so that @(D), y-(D) are operators with variable 
coefficients, but f(D), g(D) are operators with constant coefficients. In 
all cases we are concerned solely with direct, finite, differential operations, 
so that ¢( ), w( ), f( ), g( ) are always the functional symbols of poly- 
nomials. We shall very frequently denote an operator ¢(D) by a single 
English capital P, Q, ete. 

Now two operators f(D), g(D) are commutative, but two operators 
p(D), (D) are not, as a rule, commutative. More generally, if P be any 
operator, the operators f(P), g(P) are commutative. The question may be 
asked: Are these the most general types of commutative operators? It 
is not difficult to see that the answer must be in the negative. 

If Pn, Q, are two perfectly general operators a,D"+...-+a, and 
6) D"+...+6, of orders m, 7 respectively, their alternant Q@P—PQ is, 
on expansion, an operator of order not exceeding m-+n—1. It vanishes 
identically, z.e. its m+ coefficients vanish, on condition that m-++n differ- 
ential equations are satisfied. To satisfy these we have at our disposal 
m+n-+2 arbitrary quantities a, ..., dm, (9, -..» On Presumably then 
the conditions can be met. But when m, n are interprime, algebraic con- 
siderations alone show that P,,, Q, are expressible as f(R), g(R), only if & 
is some linear operator AD+u. If, for instance, writing 6 = 2D, we 
consider 


I = D?—2x-? = x~?(6 +1) (6— 2), 


1 
y Q = D—82-*D+38a3 = 2-3 (6+1)(6—1)(6—8), 


\ 
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_ then PQ = «~°(6+1)(6—1) (6—2)(6—3)(6—5) = QP. 


But P cannot be written as any f(AD-++u) and so the operators (1) are 
commutative, but not expressible in the form f(R), g(h). 

Our general problem is the complete determination of all commutative 
operators not reducible to a form f(f), g(R). This general determination 
we cannot at present achieve, but we establish in this paper certain 
characteristic properties of all commutative operators, and obtain a com- 
plete solution, in terms of hyperelliptic functions, of the case in which P 
is an operator of the second degree. 


2. The Characteristic Identity. 


Suppose P,,, Y, commutative and take any constant h. Let ,, ..., 1 
be a linearly distinct set of solutions of the differential equation 
(P—h)y = 9. 


Thus (1, is a solution of the differential equation, and we have 
Qn = A Nis? Beit lng Nan 
Similarly Oia. 04 Mists eet Om Mins 


Qnm et ae see cryik Nm 


By the theory of “‘ normal forms ’”’ there is at least one y, a linear fune- 
tion of 7, ...; 4m, such that 


Qn = kn, 
where / is some constant. 
Thus 7 is a common solution of 


(2) (P—h)y =0 and> (Q—k) y =. 


Since / was arbitrarily chosen, this result holds for any h, and k is a 
function of h, being given by some algebraic relation f(h, k) = 0. 

If we form the eliminant of the differential equations (2), we have an 
expression of degree n in the coefficients of P and of degree m in the co- 
efficients of Y, which, equated to zero, must reduce by disappearance of 
all trace of z to f(r, k) = 0. 

The actual eliminant may be found by eliminating the m+» unknowns 


Yy; Dy, he AORN 
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between the m-+n equations 
D(P=h)y =.0 : fr = 0,1, x.,.n +1), 
DO—k)y = 07 (s = O71, m1), 


which are linear and homogeneous in them. 
The two terms of highest order in h, k respectively are 


1 BE— (ym mag 
Now the coefficient of D™*"—! in the alternant QP— PQ is 
18 Day— may DBs, 


and must vanish. Hence a is a constant multiple of 8%. Accordingly 
the eliminant, on division by a} or 8” (which by presumption are not 
zero), must become a mere numerical multiple of f(h, &), and hence f(h, k) 
is of degree » in h and of degree m in k. 

Consider the operator f(P, QY) which is of order mn. If 7 is a common 


solution of the equations 


(P—h)y=90, (Q-A)y =), 


then TAL NO) Ag ei: 
Thus any such y is a solution of the equation 
TAC EA) ems (Uh 


But 7 depends on an arbitrary h, and so such solutiong are infinitely 
numerous. They are linearly independent, for suppose that a linear re- 


lation 
Ay +--+ Orne = 0, 
connects solutions of PY Nyy ee ie 


where /;, ..., 2, are all different. Then operation with B, Pe 24, Pts4 
on the relation adds to it the s—1 other linear relations 


a him... bar lrm =O (s = 1,..., 7-1). 


Then either the determinant of these 7 equations in ay vanishes, in which 
case the h’s are not all different, or every 7 is zero. 

Consequently, since the equation f(P, Q) y = 0 has infinitely numerous 
solutions, linearly distinct, the operator f(P, Q) must vanish identically. 
This identity of order » in P, min Q, connecting a commutative pair, is 
fundamental in the theory. | 

Since, then, every commutative pair P,,, Q, satisfies an identity 
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f(P, Y) = 0, it is of interest to enquire if, conversely, a pair Pn, Qn satis- 
fying such an identity is necessarily commutative. If we examine the 
form of the identity /(P, Q),7?.e. of the eliminant f(h, k), we find that when 
m, n are interprime the terms therein of highest order in D are of the 
form aQ”—bP”, being of order mm, and that all other terms are of order 
less than mn. With this restriction on the form of the identity the con- 
verse can be established. 

If, however, m, are not interprime, but of the form m,7, »,7, we 
ought to contemplate the possibility that Pn», Q, satisfy an identity 


0= F(P, Q) = [aQ™—bP™}'+ terms of lower order 
=e AY xii, 4) Say, 


We shall prove that in this slightly more general case P, sah are necessarily 
commutative. 


For otherwise let QP—PQ be of order k in D and write it Q. ” Then 
4=q-1 
QIP~PQ= > greg, 
41=0 


and is of order gu—n-+k, since the terms of highest order in each element 
of the summation are cumulative. In like fashion 


(PQu ... PQ’ P—P(P™ Qu ... Pe Q%) 


=5 PPQe .., Pri-1Qu-1 PP (Q% P— PQ") Prist ... PQ, 


and is of order m2p+n2q—n+k. Thus the terms of highest order in 
F(P, Q) contribute the terms of highest order in the alternant 


EF (P, Q) P—PF(P, Q), 


which are therefore, after reduction, A°P—PA’*. This vanishes only if 
AP—PA, i.e. a(Q™P—PQ™) vanishes. But this is a non-vanishing 
operator of order myn—n-+k. Hence the alternant of #(P, Q) and P 
does not vanish unless that of @, P vanish. Hence FP, Q) can vanish 
identically, only if P, Q are commutative. 

The problem of ‘“‘ solving” an identity /'(P, Y) = 0, restricted as to 
its highest terms in the way described, i.e. of finding operators P, Q 
which satisfy it, thus forms part of the general problem of determining 
commutative operators. It is to be presumed that all such restricted 
identities are soluble, and no others, but these hypotheses are, as yet, 
unproved. 


424 J. L. Burcunatt and T. W. Cuaunpy [June 8, 


3. Derivation of New Operators by Transference of Factors. 


Since (P—h}y=0 and (Q—k)y =O have a common solution or 
solutions, we may suppose them to be a complete set of solutions of some 
equation Ty = 0, and hence we must have ; 


P—h— hel wand) (hes) 7 
Since P—h and Q—k are commutative, 
Ue SIV STAT eet. c.0 elses eee ee ee ds 


Thus the operators P’—h = TR and QY'—k =TS are commutative, and 
P', Q' themselves are commutative. But again, if h’ and k’ are properly 
related, P’—h'=R'T' and Q'—k'=S’'T'. By transference of the 
common factor 7’ we derive a new commutative pair PP”, Q” given by 
P"—h'=T'R' and Q"—k' =T’'S’, and so forth endlessly. 

If we expand the characteristic identity f(P, Q) = 0, in the form 


La(P—h)? (Q—k)*? = 0, 
and observe that 


T(P—h? (Q—k)! = TRERTAART SY Casi ae ee he cee ae 
= (P'— hy? (Q'— hy T, 

we see that DPCP Get toe a) es 

and hence Tp Cee GY) aU). 


Thus the characteristic identity persists with unchanged form for the 
whole set of operators derived from a chosen P, Q by transference of 
common factors. So restricted, the operators presumably form a group. 

If, after each transference of factors, we avail ourselves of our full 
freedom and choose each new f an arbitrary constant, the group will 
admit of continuous variation and have the character of a continuous 
group. Alternatively, we may fix k, say, throughout the generation of 
the group. ‘The relation between h, & is algebraic and gives choice of n 
values of h against the fixed value of k. The group is finite and algebraic 
in character. It is possible to apply this notion to the determination 
of commutative pairs, but the analysis is long and difficult. 


* For, if AB = 0, clearly 4 =0 or B = 0, since the highest term in AB is the algebraic 
product of the highest terms in 4 and B, Hence, if AC = BC, necessarily A = B, unless 
C= 0; 
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4. Some Special Commutative Operators. 


We may illustrate the foregoing principles with certain operators con- 
~ structed by aid of the special operator 6 = xD. 
If we write 

P=x2z-"d(6—n)(6—2n)...(d—mn+n), 


Q = a-"d(6—m)(6— 2m)... (6—mn+m), 
it is seen that 


QP = 7M" 6(6—n)... 6— nin n)(6—m) ... (6—mn-+m)(é—mn) = PQ, 


m—i m—1 
and that Pe=a-™ I IW 6—mr—ns) = QQ". 

PAY SS) 
This represents a generalisation of the commutative pair P, () already 
mentioned in equations (1), for those can be rewritten as 


ePx-* = 2-*d(S—8), xQa-1 = x2-28(6—2)(6 —4). 


We may generalise this latter pair in a somewhat different fashion. 
Consider the identity P? = Q?. This can be satisfied by writing 


(3) P=P=2°76(6—-1), Q=D= xr-*6(6—1)6—2). 


The factor s—1, common to P, Q, indicates the presence of a repeated 
common root. By transference of this factor we derive 


' (P= 6-Da%s = x~?d(S—8), 
(4 | 
| Q' = (6—1)a7 36 (6—2) = «7°68 (6—2)(6—4). 


By transference of factors it is possible, then, to derive irreducible opera- 
tors such as (4) from reducible operators such as (3). It is not clear what 
are the general implications of this principle. At any rate it is apparently 
not the case that every commutative pair can be derived from a reducible 
pair by transference of factors, and it is also essential for the. success of 
the manceuvre that the factor transferred should represent the common 
root to its highest degree. If in (3) we had transferred the other common 
factor 6, we should have obtained 


P" = 627? (6—1) = 2~? (6— 1) (6—2) = (D—a# }P = c#D?x, 
ie me 6a-?(8—1)(6—2) = «~7(0 —1) (6— 2) (6—8) = (D—27)? = cx D?x7> 


Here P”, Q” do not differ in character from the P, Y from which they 
were derived and no advance has been made. 
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If we commence with the trio of reducible commutative operators 
P= D=27*6(6—1) (6-2), . Q@ = D* = «~* 6(6—1)(6— 2) (6— 8), 
R= D’ = «~°d(6—1)(6—2)(6—8) (6—4), 
and transfer the factor 6—2 representing the common triple Hector D®, we 
Obtain 1 ea a(d-- 16 a5), 0! een ed) Gays a6) 
R' = x~°d(6—1)(6 —8)(6—4) (6—7), 


which are irreducible and obey the identities P’R’ = Q” and Q'R’ = P®, 
since P, Q, R obey similar identities. Generally, if we commence with 
the n operators D”, D”*', ..., D’’-' expressed in terms of 6, and transfer 
the factor 6—n-+1, which represents the multiple factor D", we obtain a 
set of operators mutually commutative and irreducible. 

Our enquiry as to commutative operators ought therefore not to be 
limited merely to commutative pairs, but must take into account the 
existence of sets of mutually commutative operators. If Pn, Gr, Ry is a 
mutually commutative trio, then the pair P, @ must appear among the 
commutative pairs of orders (m, m). But in view of the added conditions 
that they be also commutative with R, they will presumably not be the- 
most general commutative pair of these orders. The search for the most 
general commutative sets is thus more restricted, and so presumably less 
difficult, than the search for the most general commutative pairs. 

It will appear in the next section that in an irreducible commutative 
set of m operators none may have order less than 7. 


5. Reducibiluty and Standard Form. 


The identity PQ—QP = 0 is not invalidated by any change of inde- 
pendent variable or by the substitutions 


P'=0"P0, Q' =67Q8, 


where 6 is any function of 2. 
By aid of these two substitutions we may throw P, Q into the forms 


Dm + ay. D™~? + eeey D"+ b, D"-1+8,D"~?+. eey 


in which the leading coefficients are unity and the second coefficients are 
lacking or constant. For if 


P=aD"+a,D"'+... Q=8,D"+8,D"+..., 
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then the coefficient of D”*”~' in QP—P@Q is, as we have seen, 


day dB, 


NB, Ta 0 ae 


and vanishes. Hence we can write 
ee The we 


With | dc/é as new independent variable, the leading coefficients of P, Q 


are now constants, and it is sufficient to write 
es ay D0 eee i Gi DY B¢D a+. 
The coefficient of D"*"~? in QP—P@Q is now 


Since this must vanish, we can write 


aq = még, B, = b+né. 
If we put 


Pi Oxi (| €dx) P exp (—| aU) en) exp (| Edx) Q exp (—| dz), 


we have reduced P and @ to the promised form. 

If we consider P, Q, the two most general operators in this standard 
form, the alternant (P—PQ is now an operator of order m+n—83, 1.¢. 
m+n—2 equations secure the vanishing of every coefficient.. But P, @ 
have now m—1, n—1 arbitrary coefficients which can presumably be 
determined without ambiguity from the equations. 

If n is a multiple of m, say n= mr, then Q—P” is commutative with 
P and is of order less than n. We need not therefore study @ apart from 
this other operator of lower order. More generally, if P,Q are commu- 
tative, so are f(P, Q), g(P, Y). Our interest will therefore be confined to 
irreducible commutatives, z.e. to those not expressible as f(R, S), g(h, S) 
in terms of commutatives R, S of lower order.. In particular we can 
ignore the case in which one of m, 7 is a multiple of the other, and there- 
fore certainly the case in which m =n. | 

The case of m= 1 is thus excluded, and certainly too the case of 
m = 0, for in standard form P, is a mere constant. Hence in an irre- 
ducible commutative pair the least possible order is 2. So ina commuta- 
tive trio P, Y, R the least possible order is 3; for suppose P to be of 
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order 2. Then Q, & must be each of odd order, say 
Q = Det ee R = TDS eee 


and evidently & is reducible by means of @P?. 

So generally in a set of 2 commutative operators none can haye order 
less than n, and if one have order n, the others must be congruent to 
1, 2, ...,m—1 (mod n). 


6. One Operator Quadratic. Semi-Commutatives. 
We now discuss the particular case in which m= 2, and hence suth-. 
ciently P= D°+26,. 
If @ is irreducible, it is of odd order, and we have 
Qons1 = D”"*'+6,D*"+.... 
Since Qonii—6,P” is also commutative with P, we may sufficiently take 
Qonv1 = D**1+8,D"1+.... 


It is convenient here to introduce the notion of “ semi-commutative.” If 
of P, Q the operator of lower order (m) is P, then we say that @ is 
semi-commutative with P, if QP—PY is an operator of order not exceed- 
ing m—2. 

The equations of condition imposed by the vanishing of the coefficients 
of OP— PQ are now fewer by m—1; this is the number of independent 
coefficients in P. We may therefore prescribe P and investigate the most 
general irreducible operator @, semi-commutative with it. In the re- 
stricted case of m = 2, @ is semi-commutative, if Q@P—PQ@ reduces to the 
term independent of D, i.e. is no longer an operator proper, but a mere 
multiplying function of z. | 

The investigation falls into two parts: we first obtain a particular Q 
of prescribed odd order and then deduce the general Q of prescribed 
order. 

Now, accents denoting differentiation, 


D(D?+26,)— (D?+20,) D = 26%. 


Hence we may take D as a Q;. Suppose, then, that we have found a 
Qon-1, v.€. suppose that 


(5) Qon—1 P— PQan—1 = On. 
Write R= Qen-1 P+ PQen-1- 
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Then RP—PR = (Qm-i1iP+PQm-DP—P(Qm-1P+PQin-1) 
= (Qen-1 P— PQ2n-1) PAP (Qon-1 P— PQ 2n-1) 
= 20) P+2P6;, 

— 46! D®+46" D+26'"+860,61. 


But (20,D+6,)P—P(20,D+6)) = — 46' D?—40" D—6"" +46! Ge 
Hence 
(6) (R+ 20, D+6;,) P—P(R+20,D+6;,) = 0,'+4610, +86, 9,. 


Thus R+20,D+0), is semi-commutative with P. We may write this 
operator in the form 


(7) Qon—1P + PQen-1 + 9nD+D6n, 


which shows it to be self-adjoint.* By use of (5) we may write the 
Operator as 9 (Op 4p 6) D205) 


Write now 


(8) ; Qen+1 aa Qon-1P +0,D—36,, (n — ip 2, 3, ey 
and Abyss I0y 


We can in this way determine inductively a Q of prescribed odd order 
semi-commutative with a given P. The explicit expression for Qon+1 is 


(9) DP*+6, DP*-'+.6,DP*2-+... +6, D—3(0{ BP"! +65 P”2- +... +61). 


To obtain the general operator Re,,1 of order 2n-+1, semi-commutative 
with P, we must remember that the discussion of § 5 as to standard form 
and reducibility applies to semi-commutative pairs as well as to pairs fully 
commutative, since we there made use of the coefficients of D™**—!, D™*"-? 
only in the alternant QP— PQ. 

Hence Roni is, save for f(P), of the form ayD*"*!+a,D*""1!+.... 
The term of highest order in Qsn+1 is D®’t’, as is evident from (8). Thus 
Roni — AU Qens1, Semi-commutative with P, is of order 2n—1, 2.e. begins 
a,D*"~'+-a,D*”"*+.... Proceeding in this way we see that at length 


Bon+1— A Q2n+1—- Qen-1— ese An—1 Os 





* We return to this point in $9. 
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is linear and semi-commutative with P. Since identically 
(aD+ 8) P—P(aD+8) = — 2a'D?—(a" +28’) D—B"+ 200}, 


it is clear that the only linear operator semi-commutative with P is 
anD+dn41. We may reject ad,,; and so every irreducible semi-commu- 
tative Ro,+1 must be included in 


(10) 5 Qonti th Gy Qen-1-F -+- Ean 0;. 


7. Operators completely Commutative. 


The passage from operators semi-commutative with P to operators 
fully commutative therewith is effected, if we make proper choice of the 
function @,, still at our disposal, which enters into the definition of P. 

If Roni1 now denote the semi-commutative (10), we have that 


(11) Reon41P— PRoens1 = ial {@pOns1 +4, On +... tan}. 


We can determine 9, inductively by means of (6). The reduction-formula 
actually is 


(12) n+ = 46)" +6; O.+ 20) Gn 


The right-hand side of (11) equated to zero is a differential equation for 
0, of order 2n-++1 and degree n+1. It can be shown to have the » in- 
tegrating factors 6, 09, ..., On, and it is also integrable as it stands. It 
is therefore reducible to an equation of order n, and since x is not ex- 
plicitly present, a change to variables 6}, 0, depresses the order to n—1. 
The equation at this stage appears to be impervious to further straight- 
forward treatment and a new line of attack must be developed. 

By the results of § 2, h can always be found such that the differential 
equations Gy = 0 = (P—h)y havea common solution. Thus, identifying 
Q with Feon4i1, we can always tind an 7 such that 


Flons41n = 90, Py = hy. 
From (9), we see that 


Qansan = (H+ OR"! 4-0,1"-2-+... +n) Dn—F OLR" +... +04) 7. 


Hence © Ron41n = ODn—40'n = 0, | 
where 
¥1 3) O = agh"tayh" 1+... 4 an +0, (Ay h™ I+... +an—1) 


+.05(a hr? + eee + An2) + OOS ae Q- 
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This differential equation for 7 gives 
7? = OX constant. 
Take the constant to be 1/a), and we may factorise O and write 


(14) = (h—a,)(h—ay)...(h—an), 


where aj, dg, ..., a, are some functions of z- Hence, differentiating, 





” '\ 2 " 12 
sa “9 (2) =-2,°--3,°, 


h—a h—a)’ 
But 7"/n = h—26,, since Py = hy, and we have the equation 


be Ya, as ay ats 
AS A ate alla TOES ee (CEA rg POT EN 


Now, by § 2, ” satisfies an algebraic equation 
(h—e,)(h— éy) see (1 — €2n41) mare 0, 


of degree 2n-+1. This is evidently the equation in h obtained by clearing 
(15) of fractions. Thus we shall have identically 


(16) 4(h—e;) de iL Gomes) 


Seo) Bellare aa ot ee ona ay 
jpesl 
+4(h—26,) IE (h—a,)?+-9(h) IL (h—a), 
r= rt 


where ¢ 1s a function of h of degree not exceeding n—1 and involving 
Fi aya). 
Put in succession h = aq, .... h = ay, and we obtain the n equations 
da 2) ras da 3 
2r/ { (a»— €) see (Qe C541) } (a, — ay) tee (Q;-~ G1) (pe Ge) (= Gn) 


(t= T1289... 1) 


(17) 


Define the hyperelliptic function a = Fw) by inversion of the integral 


, | ae da 
(18) be \ Qa/ | (a— ey)... (a— on41) t+ 
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If ay, ..., a are the values of F(w) corresponding to arguments 
Uy, -.., Un, We have from (17) the following ~ equations connecting these 
nm arguments 


( XY {F@\}*du= 0 (r = 0,1, ..., »—2), 


(19) 

ly LED Owed dg. 
These equations suffice to interconnect x, wu, ..., %n, leaving one degree of 
freedom. 


The problem has now been transferred from the domain of differential 
operators: further discussion rightly belongs to the theory of hyper- 
elliptic functions. | 

It should be pointed out that we can express 0), ..., 0, in terms of 
these functions by identifying the expressions (18), (14) for 0. We have 


0,+a,/a) = — Za,, 
O,+(ay/do) 0; +q/a) = Lara, ete. 
If we compare coefficients of h”” in (16), we have 
—4>d¢ = —86,—82a. 
Hence Q,/A) = —4Xe. 


It is legitimate and usual to take 2e = 0, so that a, = 0. 

The other constants @,, d3, .... can be explained by the fact that 
0,, 03, ... which enter the analysis are defined only by their differential 
coefficients. They represent the arbitrary constants thus introduced. 

The argument so far developed is not, however, competent to show 
that the operators which we have defined in terms of elliptic functions are 
necessarily commutative. We have, in point of fact, proved only that 
they are a class which necessarily contains the class of commutative 
operators: we have not shown that the two classes are coextensive. It is 
fortunately possible, with certain precautions, to reverse the argument of 
the preceding pages, thus proving the hyperelliptic operators definitely 
commutative. It is probably sufficient to sketch the reversed argument, 
as follows. 

It will be found that, when the » expressions a, are defined as in 
equations (17), then each root h = a, of (16), now interpreted as an equa- 
tion in h, is a double root. The equation has thus 27 known roots. 
The coefficients of h’"*', h?” disappear, the latter in virtue of the relation 


0,+4;/a)+2a, = 0. 
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The equation in h is thus, at most, of degree 2n—1, and so is re-established 
as an identity. Hence, if f is any e¢,, then (15) is true, and 7, defined by 
(14), satisfies the equation Py = hy. Differentiation of (14) gives (13), if 
the n—1 functions 6), ..., 0, are properly defined in terms of the func- 
tions a, If, then, Q is the operator (10), it follows that Qy = 0. Hence 
any such 7 is annihilated by the operator 


(20) Q?—(P—e;) see (P— on +1) 
If € be a solution of (P—h) y =D, distinct from 7, we have 

é'n—€&y =. 
Since still Pé = h€, it follows, as for y, that 

QE = O£’ —40'E = ag (nE’ —nn'E) = ayn. 

Hence Pier cay Or 
Thus every such € is also annihilated by*(20). The argument of § 2 
shows that the €’s and the 7’s are all linearly independent. We have 
thus 4n+2 linearly independent expressions annihilated by (20). But 
since the highest terms of @?, P?"*! are alike D*’*?, it is clear that the 
operator (20) is at most of degree 42-+1 and so vanishes identically. 


Since this is an identity of the form considered in § 2, it follows that 
P, Q are commutative. 


8. The Pair of Orders (8, 2). 


For the case 2n+1= 3, t.e. n= 1, the ~ hyperelliptic functions 
reduce to a single elliptic function. In fact, equation (18) gives 


F(u) = P(u+constant), 


and equations (19) reduce to the single equation du = dz. We have also 
now 0, = —a, and hence sufliciently 


1) (P= D?—2¢ (a), 
| ( Q = D?—39(2) D—$e' (x). 


In this case of n=1, the differential equation 6,,,;—0 (namely, the 
added condition securing that a semi-commutative is completely commu- 
tative) is at once integrable. For, from (12), it is 


191" +3616, = 0, 
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which is at once integrable into 
0,7 +461 = 929, —9s, 


the differential equation of —#(xz). Equations (21) could thus have been | 
obtained directly from this standpoint. 
The functional identity is now 


Q? = (P—e)(P—e)(P—ey), 
or 40? = 4P?§—g, P—qz. 
Hence also, by the general theory of § 2, the equations 
(P—h)y =0= (Q—A)y 
have a common solution, if 
Ak? = Ah?—g,h— gs, 
i.e. if h, k are respectively (a), 49'(a), where a is any constant. Thus 
[Q—29 (a)]y = 0 = [P—vQ@)]y 
have a common solution, which is consequently a solution of 
[D | P—#(a)} — (Q—48'(a)} ly = 0, 


; Dy CNP OP 4a) 
1.€. of Bar - TPE 


= ((@+a)—¢(2)—¢(a). 
Hence sufficiently 

y = exp |—a¢(a)} o(a+a)/c (a). 
Since g(—a) = @(a) and #'(—a)=—— #'(a), 


the other solution of [P—v(a)]y = 0 is the solution common to this 
equation and to [9@+49'(@)]y = 0. 
The complete solution of 


(22) [ D?—2(«)—(a)|y =0 


is thus aah eh ee e-* M46, we ers (a), 


(x) 


This, however, is well known, since (22) is exactly Lamé’s equation.* 


* Halphen, Fonctions Hlliptiques, 2nd Part, pp. 494 et seg.; Forsyth, Theory of Fune- 
tions, 2nd Ed., p. 314. 
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In like fashion the complete solution of 
(28) [ D?—89(x) D—2e' (x) —30' (@]y = 0 
ig yo (x2) = c,o(a@t aye? M+ e,0 (a+b) e~BO+ cg (e+) e~%O, 
where (a), (bd), @(c) are the roots of the cubic 
p(x) = (a), 


whence atbé+c=0= e(a)+(b)+ (Cc). 


From a knowledge of its RAR ice we can factorise P— (a) either as 
(24) 1D+¢@+a)—¢(x)—¢(a)} {D—Fat+tat+ia+ia@}, 
or as 
(5) {D+¢(@—a)—E(@) +E} {D—Ke@—-a) + E(u) —E}. 
If we interchange the factors in (24), we obtain 
1D+¢(a@)—¢(e@-+a)+¢(a)} {| D—¢(@)+¢(@+a)—f(a)}. 


But this is exactly (25) with «+a written for x. Hence, if in the Pome 
of § 3 we “transfer” the factor common to P—#(a) and Y—4'(a), the 
first of them becomes D?—29(x-+a)—(a), or, let us say, Pri,—(a). 
The principles of § 5 show that there can be only one operator (save for 
an added constant) commutative with this. Hence Q—4’(a) becomes 
by the transference 


D?— 39 (2+ a) D— $9" («+ a) —constant, 


or, let us say, Qria—C. 

Then by a fundamental property of a “transference” P,,,—g(q), 
Qz+a—C are connected by the same identity as are P,—(a), Y:—4#' (a). 
But since the coefficients in the identity do not involve x, the identity 
connecting the second pair is the same as that connecting P,,,—9(a), 
Qe+a— 3’ (a). In view of the form of the identity this necessitates 


— — {Qera— C +38’ (a) }?, 
and hence C: = 49’ (a). 


Hence the “ transference’ on P—g(a) and Q—4#'(a) alike is adequately 
2F 2 
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represented by the substitution z = z’+a. We have therefore a vindica- 
tion of the presumption of $3, that repeated transference of common 
factors of P—h, @—k generates a continuous group; for it is the group | 
of the substitutions 

x= xa. 


If we write a = w,, a half pericd of the elliptic function (7 = 1, 2, 8), 
the operators reduce to Q, P—e,. The roots of Qy = 0 are 


J/{e(a)—ey}, /1R(t)—e}, / {P(x)—e;} 


Those of (P—e,)y = 0 previously given are now coalescent. . An ade- 
quate pair is 


J 1 P(2)— er} s {€ (e+ e,) + rep} / {P(x)—e,| . 
Transference of end-factors is now equivalent to one of the substitutions 
z=2'+o, (r=1, 2, 3), 


and hence, from the P, Q defined by equations (21), we derive three 
associated commutative pairs 


P, = D?—29(x+o,), Q, = D’—3(r+o,) D—39' (r+o,) (r= 1, 2, 8). 
Reiterated transference of factors is equivalent to a general substitution 
& = 2'+P oO, + p20, +p303, 


where #1, Y2, P3 are integers. 


Hence by reason of the periodicity of #(x) no new operators are intro- 
duced, and so (P, Q), (Py, G1), (Pa, Vs), (P3, Ys) constitute a closed group 
of four terms for any transference of factors. This substantiates the 
statement of the second half of § 3. It can be shown that for the pair of 
orders (2n-++1, 2) the corresponding group has 4” terms. We may exhibit 
the characteristic relations between the members of this group, if we 
factorise them into linear operators. 5 


If 7, s, ¢ are 1, 2, 8 in any order, write 


delete). 9 apie te) i, erp) 


rs = D- P (c+ o)—er ? (a2 -+w,)—e;’ p(x)—e,. 
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- Then, writing Po, Qo for P, Y, we have © 
(26) P, = 01.10+e, = 02.20+e, = 03.30+¢,, © 
| Oy = Oia Lom cr ed e102 93 50) =< Ri 210 
= Os.o0L. f0'— O05. 92° 20, 
P, =10.01+e, = 18.81+e = 12.21+¢s, 
Cea tOmO ye ola Uonoloe vas Ao cole 1 oy LAU), OF 
= 13.30.61 = 18. 32.21, 


with similar expressions for Py, Qs, Ps, Qs. 

If we transform to (x) as independent variable, we can evidently ex- 
press P, Q in terms of functions purely algebraic. For brevity, denote 
by a, 6, y the sums of products of x—e,, x—e,, x—e; taken respectively 
3, 2, 1 at a time, we then find 


[ P =4(aD°+48D—2,), 


(27) 
\ Q = 4/a(aD°+38D*+ iyD—3). 


These may be factorised in various forms, of which the following are 
typical : 


P—e, = 4(a—e,) (vw —es)* D(a — e)* (w— es) (2—e,)! Die—e,)-2, 
Q= 4 (a — es)? (x —¢;)? D(x— eq)" (— es)? De — €,)? (x —e,)? D(x—e,) ~3. 


It does not appear, however, that the discussion of the commutative opera- 
tors is facilitated by considering them in these forms. The natural ex- 
pression seems to be that already obtained for them in terms of elliptic or 
hyperelliptic functions. 

It is sometimes useful as an arithmetical check to consider the de- 
generate forms which arise when e; = ¢, =e; = 0. We then have 


P=4(x*°D’+32’D—4) = 4x(6+1)6—}), 
Q = 423 (7? D*+ 22°D?+282D—3) = 4x? (6+3)(6+4)(6—2. 


If we make the further substitution z = z’~*, we obtain the P, Q of 
equations (1). We might equally, of course, have obtained them by 
putting ¢, = ¢ = e, = 0, 7.e. (x) = x~?, in equations (21). 
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9. Adjount Operators. 


The notion of adjoint operators is of some importance in the present. | 
theory. If we denote by P’, Q’ the operators adjoint to any given opera- 
tors P, Q, then itis known from the general theory of adjoint operators* 
that P’Q’—Q’P’ is the operator adjoint to @9P—PQ. Hence, if P, Q are 
commutative, so also are P’, Y’. For, if an operator vanish identically, 
so also must the adjoint operator. 

Again, if the identity connecting P, Q is 


f(P, Q) = 2a.P°G' = 0, 
then the operator adjoint to f(P, Y) vanishes identically, and is 
Di lis Qi pr = D2 ay BR Os 


since P’, Y' are commutative. Thus P’, Q' obey the same identity, as do 
P, Q, namely f(P’, Q’) = 0. The group of transformations for which the 
fundamental identity is invariant includes therefore both the “ trans- 
ference’? and the ‘“‘adjoint’’ transformations. For pairs of orders 
(2n-+-1, 2) it is the case that the “adjoint’”’ transformation can be ex- 
pressed as a result of successive transferences. For the case (8, 2) this 
is clear from the formule (26), if we remember that the adjoint of, say, 
01.12.20 is 02.21.10, obtained by simple reversal of the figures. A. 
corresponding fact is probably true generally. 

If P is self-adjoint, then @ and its adjoint Q’ are each commutative 
with P, 7.c. Q+Q’ are each commutative with P. Since the highest terms 
in Q, Q’ are the same, save for a possible change of sign, one of $(Q+Q’), 
4(Q—Q’), say the latter, is of lower order than @. Hence we may con- 


a Pie O40) te Om On 


reducible to 4(Q+Q') which is self-adjoint. Thus in seeking operators 
commutative with a self-adjoint, we may limit ourselves to operators them- 
selves self-adjoint. In particular, if P is in standard form D?+20, it is 
self-adjoint, and hence QY, commutative with P and in standard form, is 
at least reducible to a self-adjoint. But, when Q is in standard form, the 
identity, as we have seen, takes the form 


Q?—f(P) = 0. 


* For the more important properties of adjoint operators, see Forsyth, Theory of Differ- 
ential Equations, Vol. 4, p. 253 et seq.; Darboux, Théorie des Surfaces, Pt, 2, Ser. 4, Ch. 5. 
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The adjoint identity is therefore 


Q?—f(P) = 0. 
Thus Q?—Q" = 0, which may be written 


Q+QOQ9-Q)+Q-O70Q4+Q) = 0. 


Now, if Rk, S be two operators whose highest terms are respectively 
aD”, 8D*, then the highest term of RS+SR is 2a68D'**. Hence RS+SR 
can vanish, only if one of A, S vanish. Thus one of Q+Q' must vanish, 
and so Q in standard form is actually self-adjoint. 

Certain of the foregoing arguments apply equally to semi-commutative 
operators, for if @P— PQ is of order 7, so is its adjoint P’Q'—Q’P’, and 
hence, if P, Q are semi-commutative, so, too, are P’, Q’. This provides 
corroboration of the formula (7) of §6 which presents Qoensi1, semi- 
commutative with D*+26,, in a form self-adjoint, if P, Qon-1 are. 

Darboux has shown* that the functions 7, ..., 741, annihilated by a 
self-adjoint of order 2n-++1 with leading term D*”t', are connected by a 
quadratic relation with constant coefficients 


F'(n, eeey Non+) — 0, 


the same relation being also satisfied when m, ..., 7en41 are replaced by 
their 7-th derivatives (r = 1, 2, ..., n—1); and further, if they be replaced 
by their n-th derivatives, the relation becomes # = constant. If the 
self-adjoint is Qon41, commutative with a quadratic P, and in standard 
form, the quadratic relations exceed in number those stated by Darboux 
for the general self-adjoint, and moreover appear in “ normal” form. 
For we have seen that a complete set of solutions of Qonsiy = 0 is con- 
stituted by 7, (7 = 1, 2, ..., 2n-+1), the solution common to 


Qent1y — 0 = (P—e,) y, 


and that for every such 7,, 


n? mas Cnt pier + soe + dn, 


where ¢,, ..-, ¢ are functions of x independent of r. If therefore A, 
denote the minor of e?” in 


A=|é*| (7, s=1, 2, ..., 2+1), 





* Théorie des Surfaces, Pt. 2, p. 115 (with a slight change of notation). 
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we have n-+1 relations 


2n+1 
EEA gine, Hen) 2 SPA 0 ie ee We rg 
r= 


2Qn+1 
— Cie 
Fia(my, ++, Nen+) = = eo ae RN 
r= 


If we differentiate twice any of these relations (save the last), we have 


—- f 
Des A. (4.7? + ene) = O. 


Since Ny == (Cr — 20) mr, 
this gives Lert A. A Del n= 0: 
Hence we have Faia yt. ten Gayrse ON ders 2 Ate. SD, 


F,_-i(m, seey Non+1) —— me 


v.e. the m-+1 quadratic relations have reduced to n. We may proceed in 
this way obtaining »—7r-+1 quadratic relations between the 7-th deriva- 
tives, and ending finally with the single relation 


Fy (a, «2, 0.) =(—)" A, 


between the n-th derivatives. Evidently Fo, which persists throughout 
the series, may be taken as specially representing the quadratic form of 
Darboux. 
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ON THE THEORY OF FUNCTIONS OF TWO COMPLEX 
VARIABLES 


By W. H. Youna. 


[Received March 9th, 1922.—Read March 9th, 1922.] 
t 


1. Osgood* defines an analytic function of two complex variables 
fy = UH, 2% = q+ Yo, 
as a function satisfying the following conditions: 


(A) For every value of z, it is an analytic function of z,, and for every 
value of z, it is an analytic function of 7. 


(B) It is bounded. 


He then proves that an analytic function, so defined, can actually be ex- 
panded in an absolutely and uniformly eae double power series in 
the domain of definition. 

Osgood asks himself whether the condition (B) is not implicitly con- 
tained in (A). As far as | am aware, no light has been thrown on this 
question, except that given by Osgood himself in Math. Ann., Vol. 53.+ 

In the following communication I propose to show that it is sufficient 
to replace condition (B) by a wider one (B’) given below. 

The method employed, that of the theory of functions of several real 
variables, depends for its success on the notion of integration in the most 
modern sense. The condition (B’) is then the widest that can be obtained 
by this method. Also (B’), like (B), when coupled with (A), is necessary 
and sufficient. 

Before obtaining (B’), I first prove Osgood’s theorem by the new 
method, and this for two reasons: first because it is used in the later 
argument, and in this way the paper is made to a certain extent com- 
plete in itself; secondly, because the machinery involved being less 








* Math. Ann., Vol. 52. 
+ This paper of Osgood’s is interesting, but has not apparently led to further progress, 
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intricate than for the more general result, light is thrown on the efficacy 
of the method, as well as, to use a terminology in vogue, on the depth at 
which the main theorem lies. 

I may state as follows the principal result of the paper :— 


THEoREM.—If 


(A) Ula, Yr, La YrIV (1, Yr, Lar Yo) ts an analytic function of 
t,+ty, and also of x+y, and so U and V satisfy the Riemann-Cauchy 


ENOTES OU Ors 0 Oy eae 0) Ore mea) Oya, 
OV/ox,= —dU/dy,, OV /dx, = —O0U/0yo, 
in the intervor of a domain D defined by : 


\a,tiy,|< Ry |aotiy,| << Ry; 
(B’) the double integral 
\| | U+iV | dz, deg 
taken round the boundary of a domain D', inside D, defined by 


| 2, +7y, | <7< fy, | 2 +UYg i 1, < Ra, 
exists ; 


then U+7V is an analytic function of 4, = @,+ty;, 2 = tatty, in the 
domain D’', in the sense that ut can be expanded in the usual double power 
serves converging doubly, uniformly and absolutely in the whole domain. 


2. The simplicity of the result obtained in its final form depends on 
the use of a theorem of G. H. Hardy, by virtue of which the integral of 
the modulus of a function of a single complex variable, taken round the 
circumference of a circle in the region in which it is analytic, is a mono- 
tone increasing function of the radius of the circle. 

But in the main reasoning, all turns on the use of a type of artifice 
whose efficacy I have now more than once had occasion to test, and on two 
properties of absolutely convergent integrals, the term integral being 
employed in the sense adopted for the first time by Lebesgue.* 

The first of these two properties is contained in the theorem, originally 


— oe 





* Lebesgue himself always uses the term swmmable to express that an unbounded func- 
tion possesses an integral in this sense. It is to be hoped that the word integration will come 
to be used, without any special reference to its degree of generality, in the manner I have 
myself found convenient. : 


~~ 2 
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formulated by Lebesgue for the case of a single real variable, that if 


[J f@, 9) [ae dy 
exists, then {J [f(a+th, y+kh)—f(x, y) | dxdy 


tends uniformly to zero as 2 and k approach zero in any manner.* The 
second property concerns the differential coefficients of an absolutely con- 
vergent double integral, and is contained in the theorem,+ that except for 
a set of values of x of content zero, the same for all values of y, 


oO (7 (Y 
= | F(E, 0) dédn, 
the integral being absolutely convergent, exists, and is equal to 
|" Fee, n) dn. 
3. The artifice referred to above is the use of quadruple integrals of 
the type 1 aithy Cy+hy Peethe (yothe 
(am 7 ky Nie ks {. is ii |" U da, dy, da,dyp, 
1 with, (uitky (xothe (yotke 
vem. |, J, |, Vénddede 


We first assume U and V bounded.{ In this case it is immediately 
obvious, by the theory of bounded sequences and their term-by-term in- 
tegration, that ¢ and W satisfy the Riemann-Cauchy equations. Indeed 
it also follows that the differential coefficients of ¢ and W occurring in 
these equations are continuous functions of the ensemble of all the 
variables. We are thus enabled to follow Poincaré and his successors 
and employ Stokes’s Theorem for a curved three-dimensional manifold 
situated in space of four dimensions and bounded by a curved surface, 
and so prove Cauchy’s theorem for +7 in Poincaré’s form : 


{| (ptiw) dz, dz, = 0, (1) 


* Lebesgue, Lecons sur les séries trigonométriques. Though the theorem would at first 
sight appear to lie somewhat deep, it is in point of fact an intuitive consequence of the defini- 
tion by monotone sequences of an integral of a function of any number of variables, on which 
I have so often insisted. 

+ For references, cf. Hobson, Theory of Functions of a Real Variable, 2nd ed., p. 561. 

t It then follows that they belong to Baire’s first class of functions, 7.e, each of them is 
an ul- and a lu-function, and therefore possesses generalised integrals. 
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extended over ly | SS POR, j 








49 


i, SE Piss 


But ¢—> U, ~ > V boundedly as (hy, ky, hy, ka) > (0, 0, 0, 0). Hence, if 
in the equation (1) we make the f’s and k’s approach zero in any order, 
we have, by the theory of integration of bounded sequences : 


|| CHiV)dadz = 0. (2) 


The above argument holds for integration over the surface or surfaces 
forming the complete boundary of any three-dimensional manifold through- 


out which U and V are bounded. We may therefore apply Cauchy’s 


theorem (2) to the contour of the double ring : 
lal<n< &, | 2a |< 1% < Ra, 





[4i— pi | > a, —P2| > Co; 
With Meni ecar ye UNe le ce7'a Miers al le Caesarea vas 
Tor our present purpose we now substitute for U+7V the expression 
O+iV = (O+iV)|(e1—p1) Za—Dr), 


which is legitimate, since evidently U and V satisfy the Riemann-Cauchy 
equations and are bounded in the double ring. Thus 


|| CHEV) A dbo G—p) G—po) = || (U+iV) day deo] (@%—py) (@2—Da), (8) 
round the circular contours 


[6-71 (= 4, | Sa— Da | 73 Co; 


on the left of the equation,-and round 





aera | 2 re 
on the right. 
On the left-hand side we write 


= Etim, Gp = Pa Pi = +1, 
Go = £g+ing, 6g— Do = C30", Po = Ag+tbg, 


Qa (20 
and we get -| \ (U+7V) dO, dy. 
0 
Now integrating in the z,-plane, we have 
2m ie 2m ( 20U Me if fF ob 7OV 
\, Uda, = | (u+|, Ore dr dO, oy . Up d@.+ “dry «= ° » 00, dé, 
= ry = 2rU 1E1, m, Ae, bo}, | 


— ee ee OC 
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since, if we write fg— Py = 126", 

we have 0U/or, = 0V/1,00,, 
20 6g=29 

and since | ue dua | Ver, 6,)| =m) 
0 ) O0=0 


Repeating the process by integration with respect to 6,, we get for the 
real part of the left-hand side of (3) 


An U (ay, Ore Qa; ba), 


and similarly for the imaginary part. 

On the other hand, by expanding the right-hand side of (3) in ascend- 
ing powers of 2, 2, we get the required analytical expression for U+7V, 
which proves the theorem (Osgood’s, slightly modified in language) : 


THEOREM 1.—I/f 


(A) U Gy, 4, Xa, Ya) 2V (21, Yr, Za, Yo) 28 an analytic function of 
t+, and also of x+y, so that U and V satisfy tke 
fiiemann-Cauchy equations 


OU/oz, = OVi[dy,, OU/dag= dV [Oyo 
OV/ox, = —OdU/oy,,  0V/dx, = —0U/dys, 
in the interior of a domain D defined by 
|atiy,|< By, |agtiys|< Ra; 
(B) U and V are bounded throughout the domain ; 


then U+iV is an analytic function 2,;=2,+1y;, % = %t+ty, in the 
domain D. 


4. We here remark that whenever the conditions (A) hold, the 
Riemann-Cauchy equations may be written in the form 


(A’) CU Ora OV 17,00), . OY) Cfay— —0U/7,00,. 
OUjor, = dV j7,003,4 » CV [ors = —0U/74,00j. 


This follows from the theory of functions of a single complex variable, 
and has moreover been already implicitly understood in the above. 
We shall assume then that U and V are functions of 7, 72, 0,, 4, 
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satisfying equations (A’), or changing the variables 7;, 72 to “y = log(R,/7), 
Mg = log (Ro/7o) . 


OU /du, = —2V/00, dV /Ou, = 9U/06,, 
OU Ou, = —9V/00,, OV [dug = 0U/00,. 


We shall also assume that U and V are both identically zero when either 
T= VOR Oty ena 
We shall further suppose for the present that all the integrals 


My (2 Mi (99 0 (pe 0; (92 - 
| \ | U| dt, dé, \ | | U| dt, drz, | | UW lar, dts, { | |U|dr,d7., 


together with the same integrals with V instead of U, are bounded func- 
tions of (4, Me, 9,, 9,), this assumption taking the place of that of the 
boundedness of U and V. Both conditions are supposed satisfied within 
the region 
5 lJa|<Ry, |#|< Re. 

We proceed to prove that under these circumstances, U-+-7V is bounded, 
and hence, by Theorem 1, an analytic function of 


Be SSR ere A fz, = eer ea, 2, 


For our purpose, we first prove equation (1) for 


Pith, Cogthe FAitky fOgt+ke 
o= | | \ \ Udit dtedr, dz; 


Hy nz) 61 2) 


and for the corresponding quadruple integral ~~ of V, by showing that ¢@ 
and yy are bounded and satisfy the Riemann-Cauchy equations. 

That ¢ and Ww are bounded is immediately evident. For by the 
supposed existence and boundedness of 


01 (4 9; (62 
{ | | U| dr, drs, \ \ |V | dr, dro, 


@ and wy are absolutely convergent integrals, and accordingly continuous 
with respect to the ensemble of all the variables, and in particular, 
bounded. 








= 





* That this involves no loss of generality is evident. We have at most to subtract from 
U+7V the sum of two appropriate functions, one analytic in ¢, and constant in ¢,, the other 
analytic in t, and constant in ¢,, that is to say an analytic function of (t,, 2). 
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To prove that they satisfy the Riemann-Cauchy equations, we proceed 
as follows: 


The double integral 


O,+h1 (0.+ke 
\ ; | aa adr, adr 


61 @5 
is a continuous function of wy. For it is equal to 
Oth (O.+k, (mothe x Oth (mothe (O2tke V7 
ee dr,dt, = — dr, dt,dr 
1 Dprate) OTs 2 2 
0; 05 Ke 6) 2 Oo 


(changing the order of ae. with respect to 0, 2, as we may, by the 
theory of functions of a single complex variable), that is, equal to 


A +ky (rothe 
=i | [V] "dry dts, 


@) ne) 


: 01 (pe 
which, by the absolute convergence of | | Vdr,dt,, is continuous with 
respect to fo. 
The double integral 


Ai+h, @5+ ho z 
| | Ud! pp dr, dt. 


6, 05 
being thus bounded and continuous with respect to po, so 18 
Math Oi+k, Oo + ko +h 
| | | [U] ee” dt, dt, dt, 
Ky 61 92 


continuous with respect to «., and hence equal to the differential coefficient 
of ¢ with respect to uw, That is to say we have 


py thy O;+ky (0g+ky othe 
0o/Op, = \ \ | \ “e dt, dT, dt,dty. 
BI 1 62 ie) 


Similarly, using the absolute convergence of 


M1 (2 My (91 
| | V dt, dt, \ { Udt, dr, 


ith, (6,:+k) fpothe F0e+ke 
Ow /00, = if | i \, oF ddr dtydry 


M1 64 {he 02 


we see that 


Hence, noting that 0U/0t, = —0V[0r», 


and that order of integration with respect to py, 9, is indifferent, we get 


OG [Oug = — dvr [00 >. 
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Similarly, interchanging in the preceding argument the symbols ¢ and 
vy, U and V, we should find 


My hy (ie Ife (fe OV 


OW, /Ous = | # Oty dt, dr, dat, din 


My 1 65 


Aas dt, dr, dt, Ato, 


09 OTs 


ith, (Aitk1 (ugth, (Othe 
aloe, = (" (a le (a am 


My 9) Ke 


hence OV, Omg = + 0¢/0,. 


Similarly, interchanging the indices 1 and 2, we prove the same equations 
for ¢ and vy with respect to my, 4). | 
Consequently +7 is an analytic function of 


Oat eh ae 2g ey Cmte ee 
throughout the region |2,|< BR, |%|< R,, 
and we have therefore 


— 4 dati) = ff Go de den 


gy tty standing for the value of ¢+7y at the point (p,, p.) and the in- 
tegration on the right-hand side being taken over the circumference of a 


irc] 
double circle lal<n<R, |al<n< Ba, 


containing the point (p,, p29) as inner point. 
We next remark that in the above equality the right-hand side is now 


-\"\" oti 
aaa! 


Also that, as h; > 0 and then h,—0 suitably, 





dO, d0>, 


O1:+hy (Oet+ke 
My; Ma, TI) T,| dr, dT, 


[hy hy => | 


6, 8. 


the approach being bounded in virtue of absolute convergence of 


81 (8. 
| | Ud, AT». 


Similarly for y and V. 
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This gives the result that, as h;—>0, h,— 0, 
. . 1 : . = 
(HAY) [Ih hak by —[U4iV] > | | {U4 V) ety May Oy-+ way O2-+ 
—(U+12V) (wu, Ma, 6, 0.) dn, AXg. 
Thus we have, dividing by (¢;—,)(¢g.—.) and integrating with respect 
LO 21, 29: 


=A (oti) _ | U+iV 
hy hg ky keg (21 — Py) (4,— Pa) Bets 





dz, dz, } 
=| eos | CO FE Moar ay Orbe da, Oa-b i Xa) | 
—(U+72V)(u,, Mas Ge 0.) | dd, dry | 


= 





Qr (29 Yel 
\ | dO, dO, i {((O+7V) (my, Mo, OK Ay; 94+ kgXgQ) 
—(U+EV Vy tay Oy 6} Dr | 
1 Qr (2x 
J, Dare |] 40, a8, | (THEM Is wo, Orbe da, Bat 62's) 
—(U +4) (uy, Ma, 0, 8.) | ? 


the reasoning being justified by virtue of the fact that this last integral 
exists. 

But, by the theorem of Lebesgue’s in its two-dimensional form given 
in § 2, the inside double integral tends boundedly to zero as limit when 


K, > 0, ka QO, 


it 
<B| 


0 


Therefore 
dar” (pot ivr) i U+iV 
bet : : ———_———. dz,dz,| = 0. (4 
hy —>0, hg—>0, k\—>0, ko—>0 hy hak; ko ap (2, —D1)(2.— Do) 41 Wag | (4) 


To prove that Cauchy’s equation in the form (1) holds for U+zV, we 
have then only to prove that 


pot 
Lt — antit Kos 
hy —>0, ho—>0, k1 0, ka 0 h, Ng fey k, 
uy thy Cuathe (0,+h, (Oath, 
where o= | | | | U dt, dt, dr, d72, 
M1 M2 61 CPN 


and similarly yy is the same quadruple integral of V, and where 
ie aet 2 =D) mins Cla ok og 
is a point inside the double circle 


lal=n< fh, | 2, =< R,. 


seR. 2. vou. 21. No. 1436. 
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The limit to consider is therefore the mixed quadruple differential 
coefficient at the point (pj, p2) of the function ¢’+7’, where 


MY © 6; (82 
’ =) } \ | U dt, di,dr, dts, 


and v’ is the same quadruple integral of V. 


It is first evident that if we differentiate ¢’ with respect to «, and then 
with respect to uz, we get the inside double integral. For this double 


integral vo | Uden, dr, 


is continuous with respect to u, and with respect to ps, as it is equal to 
01 (m2 01 (Keo 0: (Os 
=)" Part tT PCV pene dridts +] [Oxo dridrs 


and also to 


82 


A (M41 Oo (ey 01 
—| | Varsdt,+| | Valen drydt, +| | alee 


This follows by double integration of 
OU/Op, = —O0V/00,, OU/du, = —0V/06,, 


between the limits a, 0, and a3, uy; ay, 9, and a, m4, respectively, noting 
that change of order of integration with respect to variables of same 
index is allowed. By the absolute convergence of the double integrals of 
V in the above expressions, the required continuity of S follows. 

It also follows therefore that S is the differential coefficient with 
respect to u, of the triple integral 


Me (41 (2 
eas ee 


and that this triple integral is a continuous function of u,, and is hence 
equal to the differential coefficient of ¢’ with respect to u,; so that we 
have as stated 
Og! 
It remains to show that 07S8/00,00, is equal to U. 
Now we have as above 


6, (82 
iS =| | Udr, dtp. 


02 (pa 02 [ay 6, (41 
s=—| Varsdt,+| | [Vile=ar dr,dt,+| | Relies: dt,d7y, 
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hence by the second theorem referred to in § 2, holding good for abso- 
lutely convergent double integrals, . 

cS My Hy 01 

an) Past (" Whang t| [Thinn drs 
except for a set of values of 0, of zero content the same for all values of 
M,; in fact, the first term is correct except for a set of values of 0, the 
same for all values of u,, the second except for a set of the same type, and 
the third, being itself independent of «,, gives a set of exceptional values 
of 6, of zero content equally independent of u,.* 


03 
But the right-hand side is equal to | Udr,, which, on the other 


hand, we know by the same theorem to be equal to 08/00, except for a 
set of values of @, of zero content the same for all values of 0). 

_The two sets of exceptional values of 0, must be identical, that is to 
say we have 49 
except for a set of values of 0, of zero content the same for all values of 
8, and for all values of «,. 


Differentiating with respect to 0, we get, since U is continuous with 
respect to 0), 2°9/00,20, = U 


except for the set of values of @, above mentioned, the same for all values 
of 8, and for all values of py. 
By interchanging the indices 1 and 2 in the preceding argument, we 


also see that 28/00,00, = U 


except for a set of values of 0, of zero content the same for all values of 
8, and for all values of sp. 

The same reasoning holds if we interchange U and V, ¢' and’. We 
therefore see, returning to ¢ and Wy, that 

Lt (p+) [Ny hgky kg 
Ny—>0, ho—>0, Ik1—>0, ko —>0 

is equal to U+-7V except for a set of values of @, of zero content the same 
for all values of 0, and for all values of «,, while the same limit, inter- 
changing the order with respect to k,, kz, is equal to U+-7V except for a 
set of values of 0, the same for all values of 6, and for all values of jg. 








* This third partial set might depend on the particular choice of the constant a). This 
clearly does not affect the argument. 


2 G9, 
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Now the order of proceeding to the limit with respect to k,, k, must be 
indifferent, as (4) is independent of the order in which &,, k, tend to zero. 
It follows that the two sets of exceptional points must coincide, which 
they can only do if they disappear. | 

In other words, we have, by (4), as desired, for the point (p,, pa): 


Ut (dott r,)|hy hgh hey = Up +iVy. 


hy—>0, hig—>0, k1—>0, ko—>0 
As a result of proceeding to the fourfold limit, we have therefore 


U+iV 


Cee Cr gay coset Uy aed PEA AE Sy Zo. 
4n?(Uy+iV,) \\ Gop Negapp 


But by hypothesis the double integral 
\{| O+6V | dz, dz, 
taken over the double circle 


=7<h, |al=nm< R, 








cal 


is bounded and less than K,. Therefore the corresponding integral 


|(U+27) | 1G 
| (pep) 3 ip Doe 


or, by the above equality, 


1G 


U,+iV, 2 
| ai thol (rp | P1|)(r2—| Po) ; 


where (A, is independent of the position of the point (p,, p.) inside the 
circle | z,| = 7,, | Z| = 10. 

If, then, we vary the point (p,, p,), we see that |U+7V| is bounded 
throughout a region 


| <p ry eee a, eri, 


and is consequently, by our Theorem I, an analytic function of the pair 
of complex variables (z,, z:), throughout this region. | 

We may remark that in the above the double circle (7, r:) may be | 
taken as near as we please to the bounding circles (R,, R,), and the double 
circle (;, pg) a8 near as we please to (71,7). With our conditions, U+iV 
us therefore analytic with respect to (2, 2) in any open region which lies, 
together with its boundary, completely inside the fundamental region 
| z1|< Ry, | Zo) < Ro. 
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5. We proceed to show that our conditions may be replaced by the 
following : 


(B’) The double integral 
Qqr (29 
\ \ | T-LiV | dO, dé, 


taken round a double circle 


laj—=n< FR, |el=m2< Re, 
exrsts. 
It is easily seen that under the condition (B’) our conditions of the last 
section are fulfilled in the region |z,| <7, | 2.|< 1. 
In fact (1) we know that if py <7, 


2a 20 
\ |(O+0V) (7, 72, 01, 9) | AO, >| | (U+2V) (71, po, 91, 9) | dO,, 


by the theory-of functions of a single complex variable, and therefore if 
\\ |U+7V | d0,d@, exists, a fortior: so does 


Qn (20 
\ |, |(O+iV(n, P2> g;; 0) | d0,d@,. 


We may therefore change the order of integration in the latter integral, 
and as for py <7, 


20 2a 
\ |CUO+AV) (11; pas 1, 99) | dO, > \ (OAV) (prs pas 1, F2) | 204, 
we similarly see that the double integral 


Qa (20 
| | |(O+2V) (pr, Pa GF 0,)| d0,d0,, 


0rd 
taken along any double circle 
; la |=pi<ry | 22] = pa <7 
exists, and a fortiors the absolute convergence of 


01 (4% 
| | | U+iV | d0,d6, 


taken along any arc of such a circle, is established. This is the necessary 
avd sufficient condition for the absolute convergence of the corresponding 
integrals of U and V separately. 

Further (2) we easily verify that, speaking generally, if P(r, 0) and 


e 
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i@(r, 0) are the real and imaginary parts of an analytic function of a 
single complex variable z = re’, and if we suppose the latter function to 
be zero at the origin, then we have, for p < 7, 


i |P(t, | dtlt << K\" P(r, 0)| dd, 
0 0 


and the same for Q, the integral on the right being taken over the circle 
of radius 7, and K being a constant depending on p. 
For expanding P and Q in the form: 


ie.2) 
P= (a,7" cos n0+ 0,7" sin 260), 
i 


io a) 
Q = = (a,7r” sin nO —b,, 7" cos n8), 
fl 
we see that we have 


[iP olate<]S {hal +1 Jp etdt <> p"{lan|+] but}. 
0 1 
ii lr 1 Qa 
Hence as jan) =| | bee. @Jeosn6d| < =. | | P(r, 0) | dé, 
0 


ary “ 


Pin 


| bn| < =| | P(r, @) | dé, 


we get by substituting in the preceding equality 





p 9, Qr ie) 27 Qr 
| | P(t, 0) |dt/t< =| | P(r, 6) | 5 (p/r)" dd = | | P(r, 6)| dé 
0 T JO 1 P) Jo 


7 (r—p) 
(pr), 
which verifies our inequality. 
Applying this, it is evident that if we suppose that U-+7V is identically 
zero when 7, = 0 and when 7,=0, as is NISMS: by a preceding remark, 
the existence of the integral 


I dd, A ON fen hn eh thet 
a a, 
implies that of in U(t,, 1% 94, 92) | 
and of ae | U(ry, te, O1, 99) | dtp (p1< 71, pe <7), 


and hence also of \ dt, \" | (Gs tas Opes), teas 
0 0 
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a fortiort the three double integrals 
1 (p2 P1 (92 Ky 
PP iS PP oie PP olan 
tL ty ty 


are bounded in any region 
| a 
lal<a<n, |al<p<‘%. 


That is to say, with a slight change of notation, the conditions of § 4 hold 
in this region. 

Now inspection shows that for the final statement of § 4, we only use 
these conditions for the closed region 


| 21 | <1 | 2. | <1 


If then we replace these conditions by the condition (B’) our statement 
becomes : 


Under the conditions (B'), U+4V ts analytic with respect to 21, 2 m 
any open region which les, together with rts boundary, completely inside 
the double circle (r,, 72), along which the integration referred to takes place. 

It is immediately evident that if this double circle may be chosen to 
lie as near as we please to the bounding circles (R,, Ry) of the region in 
which U and V satisfy the Riemann-Cauchy equations, U+7V is analytic 
with respect to (2), 2.) in the whole open region 


Tee ER OT eat Nemelah 2 


In particular, if a function of two complex variables satisfies the 
Riemann-Cauchy equations in the whole double complex plane and 
possesses an absolutely convergent integral round any double circle: how- 
ever large, it is an integral function of the pair of variables, in the sense 
that it is analytic with respect to the pair of variables in the wholezdouble 
complex plane. 

One further remark should be made, namely, that the corresponding 
result to that we have obtained appears to hold for any number of 
variables, and to be provable in the same manner. 
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ON THE CONDITIONS FOR CAUCHY’S THEOREM 
By 8. Potuarp. 


[Read February 10th, 1921.—Revised January 19th, 1923.] . 


Introduction. 


1. Let C be any closed plane curve with no multiple points. By a 
standard theorem, C encloses a connected domain A which is its interior. 
Let further z be a complex variable, and f(z) any function of it which 
exists and is single valued at every point of C and A. We do not assume 
that f(z) is analytic: if 2 and y are respectively the real and imaginary 
parts of z, then f(z) is to be considered as having the quite general form 

P(x, y)+7Q(a, y), where P(z,y) and Q(x, y) ave any single-valued real 
functions of x and y whatever. 

Cauchy’s well-known theorem states that, under certain eaten 
the integral of f(z) round the contour C is zero; the conditions being 
approximately : 


(i) f(z) exists and is finite at all points of the intervor A. 


(ii) f(z) ts continuous {in z) on C so far as values at points within 
and on wt are concerned.* 


(iii) C is a curve of bounded variation. 


Our object is to make these conditions precise, and to extend them 
wherever it is possible. To this end we proceed to state the various points 
of interest, which we shall review in order. 

Before doing so, however, let us make one or two observations. ‘The 
theorem we are considering is, like Green’s theorem, one of those which 
connect properties of a boundary with those of the region to which it be- 


* It may be completely irregular as regards the values at points outside C. 
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longs. And the appropriate conditions may be classified under the follow- 
ing heads :— 


(a) Conditions affecting the region itself. 


(6) Conditions ensuring a proper connexion between the region and 
its boundary. 


(c) A special condition to be satisfied by the boundary. 


(a) it is quite obvious we must have, for the somewhat absurdly patent 
reason that otherwise the theorem could not concern the region at all. 
(b) is necessary to ensure the possibility of the inference from the proper- 
ties of the region to those required for the boundary. But the reason for 
(c) is not quite so apparent. We require it because in theorems of this 
kind it is not possible to obtain the most general results by an argument 
directly concerned with the boundary; this, in the general case, being 
just too complicated for the success of the available methods. The argu- 
ment has first to be applied to the special case of a polygon; and then 
extended to the general case by means of a passage to the limit, the 
boundary in the latter being regarded as the limit of a sequence of 
approximative polygons. Passages to the limit not usually being valid 
without the introduction of appropriate conditions, there will in all pro- 
bability be a condition required here. ‘This is (c). 

Take now the conditions of type (a), v.e: those concerned with the 
interior A. They are somewhat remarkable in that the sufficient ones 
are considerably wider than those which are necessary.* [or the suffi- 
cient conditions known at present enable Cauchy’s theorem to be proved, 
not only for the contour C, but for every contour of a certain type con- 
tained inside it. And, this being so, it can be shownt that /(z) is 
necessarily expansible as a power series in the immediate neighbourhood 
of every point of the interior A, a fact which is considerably more than 
is required by any of the conditions initially assumed. 

Thus conditions of type (a) can be considered in one or other of 
two ways :— 


(a) As to whether they are complete, v.e. both necessary and suffi- 
cient, and, incidentally, inclusive of all other conditions. 


(8) As to how far they are the most general conditions directly 





* Usually the reverse is the case. 
+ By Morera’s theorem, No. 1, p. 87. 
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giving rise to the theorem, no regard being paid to indirect results which 
may be obtained by means of the latter itself. 


Of complete conditions there is really only one, namely, that f(z) is 
regular at every point of A. If the theorem is to hold, this must be 
true; and if this is true, then the theorem is demonstrated with ease.* 
With this point we shall not concern ourselves further. 

Of conditions of the other kind there are several: Goursat’s, to the 
effect that f’(z) exists at every point of A; Montel’s, to the effect that 
P(x, y) and Q (a, y) have first order partial derivatives which are bounded 
and satisfy Cauchy’s equations : . 


PAZ; Y) — ie, Yop ees ese ey) (1) 


and some which we are about to develop. 

In discussing these conditions the main points of interest are the 
method by means of which the theorem is obtained from them, and the 
extent to which they are “ pseudo-distinct.’’t 

The methods in existence are two: one due to Goursat and employ- 
ing the principle of repeated subdivision (the main subsidiary result of 
this method is Goursat’s famous Lemma); and one initiated by Riemann 
and based on the two-dimensional form of Green’s theorem. These two 
methods are apparently quite separate? and the interest lies in seeing 
which method gives rise to the most general set of conditions. 

The distinctness of the various conditions is obviously a matter for 
consideration. It needs no little care, and also, we may say, is a matter 
for more discussion than we give, the means at present available for 
dealing with it not being completely satisfactory. The discussion given 
here is based on the idea of differentiability ; and it is shown that 
Goursat’s conditions, if they hold at a single point only, require P(z, y) 
and Q(x, y) to be differentiable there, while this is not so for the type 
of conditions considered by the writer. 








* This seems to be the reason why Weierstrass’s theory of functions is in no way inferior 
to that which follows from Cauchy’s theorem, although, since it starts with the full assump- 
tion that f (2) is expansible in the neighbourhood of every point as a power series, it seems to 
be a good deal less general. The fact is simply that Weierstrass’s assumption is, in virtue of 
the result described in § 7, implicitly contained in that which gives rise to Cauchy’s 
theorem. 

+ Conditions are said to be “ pseudo-distinct’’ when they cannot be reconciled apart from 
Cauchy’s theorem itself, 

t It does not seem possible for Green’s theorem in the plane to be proved in anything 
like a general form by the method of repeated subdivision. 
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We may say that the second type of conditions, when regarded as 
affecting only a single point, is undoubtedly distinct from the first. It 
is only when the conditions are taken as affecting a connected domain 
that the second type becomes obtainable from the first. Though even 
then this is only so (as far as can be seen at present) in virtue of 
Cauchy’s theorem itself.* 

We pass now to conditions (b). At the outset we may say that we 
postulate continuity in order to ensure that, if II is a variable polygon 
tending to the curve C, then 


\, fladz =f S(2)dz 


This is most easily established when /(z) is continuous on C. 

It may (in certain cases it certainly will) hold when f(z) is not con- 
tinuous on C; but the method of proof is not likely to be altered in any 
essential. The result, when it is obtained in any discontinuous case, will 
be obtained by showing that the discontinuities present, though they may 
complicate, nevertheless do not invalidate the argument used in the con- 
tinuous case. 

We therefore, fcr the present, confine ourselves to the conninne case 
—regarding it as typical. 

The prime difficulty is, as one might expect, to obtain the passage to 
the limit indicated above—or the slightly more general one 


| fe sia) de> | F(adz 


where C’ is some contour of simple type (not necessarily polygonal) con- 
tained within C for which Cauchy’s theorem has already been proved. 

It looks easy enough ; but, in reality, it is one of the most difficult 
things there are in our theory. It is one of those results which are dis- 
covered by geometrical intuition ; and, as anyone acquainted with Analysis 








* The initial step towards establishing the dependence of the two sets of conditions (with- 
out Cauchy’s theorem) would be to show that Cauchy’s equations (1), when holding at every 
point of a connected domain, imply that P(x, y) and @Q(a, y) are differentiable in that 
domain. 

Another step in a similar direction would be to show that f(z) cannot exist at every 
point of a connected domain without being continuous in that domain. 

To the best of the writer’s knowledge, no one has yet come near showing either of the 


above. 
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Situs will readily admit, results of this kind have a way of defying analysis. 
Instead of being an obvious detail to be left for the reader to work out for 
himself, it is an intricacy the clue to which is by no means easy to find. © 
As far as we can see, the only way of obtaining a correct proof of the 
passage to the limit is by means of some rather delicate theorems of de la 
Vallée Poussin, the development of which requires great care and unusual 
nicety of thought... 

After all, there must be a difficulty somewhere. Cauchy’s theorem is 
an amazing theorem, with many consequences,* and we cannot obtain it 
from nothing. 

There are, apparently, only two writers who make any serious attempt 
at a proof: Goursat,+ and Watson.{ Goursat’s proof, as it stands, when 
the stringent requirements of Analysis Situs are taken into account, is 
obviously insufficient; and Watson’s proof introduces a limitation which 
we shall show is not required. : 

We give what we believe to be a correct proof in § 8. 

It may be observed in passing that Goursat’s method of proof (of the 
main theorem) avoids, to a certain extent, the somewhat awkward passage 
to the limit under discussion. The proof can be applied directly to the 
original contour provided that this is not cut by transversals parallel to 
one or other of the axes in more than a finite number of points.’ This 
constitutes a great point in favour of Goursat’s proof. 

It requires, however, several extra conditions. One is that just men- 
ticned: it is shown (§ 10) to be somewhat narrow in that contours of 
_ bounded variation§ need not satisfy it. The other is to the effect that 
j' (2 exists on C as well as in its interior. 

A brief discussion of Goursat’s proof (of the main theorem) is given 
in § 12. 

Watson’s proof (of the validity of the passage to the limit), we should 
say, does not purport to be completely general. His aim is to demonstrate 
a possibility—to show that it is really possible to give an account. of 
Cauchy’s theorem which leaves nothing to geometrical intuition—rather 
than to conduct an exhaustive investigation. 

For simplicity, his account, as far as Analysis Situs is concerned, 








* Practically the whole of the vast structure of the theory of Functions of a Complex 
Variable, not to mention a good deal of the modern theory of numbers, rests upon Cauchy’s 
theorem. . 

ta Nonls 

t No. 6. 

§ See a few paragraphs further on. 
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is based on the work of Ames. Now Ames’s proof of the fundamental 
theorem of closed curves makes use of a certain assumption, to the effect 
that the curve considered can be divided into a finite number of ares each 
of which has an equation of one or other of the forms 


y=d(z), c=vVly); 


an assumption which we shall describe as taking the curve to have the 
“Ames property.” This assumption is admitted by Watson throughout. 
The question naturally arises as to whether the assumption made by 
Ames is really necessary after all, and whether it is not introducing an 
undue restriction on the conditions for Cauchy’s theorem. 
There are two points to be considered :— 


(i) is Ames’s assumption really required for the truth of the funda- 
mental theorem of closed curves ? 


(1) if it is not, is it a consequence of any of our conditions, so that, 
although we can prove the Analysis Situs theorems without it, yet nothing 
is gained thereby when we come to consider Cauchy’s theorem ? 


On the first point we may answer in the negative at once. Correct 
proofs of the theorem on closed curves in its most general form have been 
given by Jordan,* Brouwer,+ and others. The second point is not so 
simple. 

It is fairly certain that a restriction which is essential is that the curve 
should be of bounded variation. Tbis must be so, as we show later, if the 
integral round the contour is to exist at all generally. And it might be 
imagined, this restriction being quite a severe one, that it automatically 
included the assumption required by Ames. This we show, in § 11, not 
to be the case. A curve is there given which is of bounded variation, but 
does not possess the Ames property. 

The interest now centres, naturally, in finding a contour C’ within C, 
such that 
@) | fed: =o, 


(0) | fled -| flods, 
Ch C 


* Cours ad’ Analyse, t. 1, 3rd ed. (1909), pp. 91-98. 
+ ‘* Beweis des Jordanschen Kurvensatzes’’, Math. Annalen, Vol. 69 (1910), pp. 169-175. 
Brouwer’s is a procf of wonderful elegance and simplicity. 
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on the sole assumptions that C is of bounded variation and /(z) continuous 
on it, values at points outside C being excluded. 

The complete details of this will be found in § 8. It may be not out . 
of place, however, to give here a few indications of the lines along which 
we proceed, especially as the matter is a little involved. us 

To simplify matters, let us say at once that the continuity of f(z) en- 
sures that (b) holds provided only that : 


(a) C'>C, 


(8) C’ is of uniformly bounded variation, 7.e. as C’ tends to C there is a 
fixed number G which the sum of its # and y variations (and, incidentally, 
its length) does not exceed. 


C' is most simply obtained as a polygon IL composed of parts of the 
perimeters of squares enclosing C. If the squares are small enough, and 
every one contains a point of C, then the resulting polygon will lie as near 
to C as we please, and (a) is obtained. 

For (8) we make use of the fact that, if O is the middle afin of an 
are PQ of length s, then a square with its centre at O and its side greater 
than s will completely enclose PY. Since the side of the square may be as 
near s as we please, and therefore its perimeter as near 4s, the whole con- 
tour C can evidently be enclosed in squares the total length of whose peri- 
meters is less than /& times the length of the contour, & being any constant 
greater than 4. (@) follows at once. : 

It remains to discuss the conditions of type (c), t.e. the special condi-, 
tions affecting the boundary. The first factor to be taken into account in 
determining them is evidently that they must be such as to render the 
integral of f(z) existent. This factor, as it happens, proves sufficient of 
itself to settle the matter. 

We have already assumed that /(z) 1s continuous on the contour. 
Thus the question resolves itself into the determination of what conditions 
must be satisfied by the contour in order that the integral upon it of every 
continuous f(z) shall exist. 

For this we make use of a result obtained by the writer in the course 
of an investigation of the Stieltjes integral. It runs as follows: 


The necessary and sufficient condition that the Streltjes integral 
| O(t)dyr() shall exist for all continuous integrands O(t) is that W(t) be 


of bounded variation.* 





* «The Stieltjes Integral and its Generalisations’’, Quarterly : ee: of Pure and 
Applied Mathematics, Vol, 49 (1920), p. 83. Cros 





1921.] ON THE CONDITIONS FOR CAUCHY’S THEOREM. 4638 


Now, if (= Fiv(d), x(d}, the Stieltjes integral given above and 


= 


the curvilinear integral | F(x, y) dx taken along 


e=v(t), your, 
are identical. 


It follows at once, by steps which the reader can supply for himself, 
that, if every continuous function is to have an integral on the contour, 
then the latter must be of bounded variation. This is the condition re- 
quired.* 


Analysis of the usual conditions affecting the integrand. 


2. The proof of Cauchy’s theorem usually recognised as standard is 
that due to Goursat. It rests on the hypothesis of the existence of /” (2) ; 
one that we shall refer to as hypothesis (i). 

Leaving aside all questions as to the extent of the region over which 
fT (2) exists, and omitting all details as to the nature of the contour, etc., 
let us examine this hypothesis @) with a view to ascertaining its exact 
significance. 


To begin with, by the definition of a differential coefficient, we have 
G2 J fey— FA 2) ele’ — 2]; (2) 


e being a function of z’ and z with the limit zero as z’ tends to z. 
Write f(z), f(z) in full as complex functions of x and y: 


f@™=Payt+iQ@,.y), f@ = Pie, y+iQi, y). 
Then, from (2), 
Pa’, y) +O (a, y)—P@,y)—19(@,y) © 
= { Pia, y) +70, @, y)} {2’ —a ily’ —y)} ter/ {(2’— 2+ (y’—y)’}- 
EKquating real and imaginary parts, we get 
P(a', y')—P(a,y) = Pye, y)(@'—2)-Qi@, wy’ —y) +41 (3) 
Q(2', y—Q@, y) = Qe, ya’ —2) + Pia, wy'—y) +e, (4) 





* It must be understood quite clearly that there is no absolute condition which the con- 
tour must satisfy : the conditions we seek are always those appropriate to the particular re- 
striction made upon f(z). If we care to impose additional restrictions upon f(z) (e.g. that it 
be of bounded variation) then we can relax the conditions to be satisfied by the contour, 
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where e,, ¢, are the real and imaginary parts of e, and 
p= V/{ (ea) Fay ay |e 2 


Since e, and e, tend to zero with e, and therefore with p, (8) and (4) . 
show that P(w,y) and Q(x,y) are differentiable functions of the two 
variables x, y. 


(i) thus involves, besides the well known equalities 
P.@y= May [= Pi@,y], 
Q:@,y) =—F,@,y) [= ,y)], 
the fact that P(x, y) and Q(z, y) are differentiable functions of OUP 


Some considerations on differentiabrlity. 
3. he function ¢ (x, y) is differentiable at (a, y) if 
d(a+th, ytkh)—o@, y) =A.A+B.k+ep, 


where A and B are independent of 2 and k, ep stands for ./(h?+k*), and e 
is a function of h and k which tends to zero with p. 

It is necessary for this, but not sufficient, that the derivatives ¢,(z, y). 
d,(@, y) exist. For, putting k = 0, we get 


path, y)— o@, y) = A.h+eh, 


1.€. 

> A, 
as h—>0. Thus DALY) As 
Similarly Pyles Yes 


That the mere existence of ¢,(z, y) and ¢,(z, y) is not sufficient 1s 
shown by the following example, which we quote from Pierpont,* 


bY) = Taras (ryt), or y = 0) 





* Theory of Functions of Real Variables, Vol. 1, p. 270. 
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Evidently - dx(0, 0) = ¢, (0, 0) = 0. 


But ¢(z, y) is not differentiable at the origin; for if it were we should have 


hk ABR 
VUE+R) — 0.rh+0.k+¢ep, 
' 2.e. putting kk ='picos 0}, k= p sin 0, 
cos @ sin®@ _ 
p y] 
or cos 8 sin @ > 0, 


as p—O, for all values of 8; which is not so. 

It is sufficient for the differentiability of ¢(z, y), but not necessary, 
that ¢,(z, y) and ¢,(z, y), in addition to existing, be continuous. This, 
as far as sufficiency is concerned, is a well known deduction from the 
Mean Value theorem, namely, that 


dp(eth, yth)—o(a, y) = hd(c+O,h, y+0,k) +hd,(e+0,h, y+O,h), 


where 0, and @, lie between O and 1. 
For the second part, that it is not necessary for ¢,(z, y) and ¢,(z, y) 
to be continuous, we employ an actual example. Take 


oy) =W(a)+vly), 


where Ur (ao) = 27 sin = (2 & 0) 
set) grommet (49 
RM ay lie ey td 
Then ph, k)— (0, 0) = h* sin Pe +? sin 7 


= 0.h+0.k+ep, 


BL (a Wel pach | 

where (ie 5 2 sin Tae sin = 
TE ea LA POS | 
7 Re. i ar ait pe 
—> 0 


as pO. Thus g(a, y) is differentiable at the origin. 
SER, 2. vou. 21. No. 1437. 2H 
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But x(x, y) = 2x sin = cos — (Goa) 
= 0 (x = 0), 


and thus is not continuous at the origin. Neither is ¢,(z, y), which is 
given by the same expression, but with y instead of zx. | 

Thus the differentiability of ¢(x, y) forms a sort of mean between the 
existence merely, and the existence and continuity of ¢,(a, y) and ¢,(z, y). 
It happens to be just the idea for the investigation of the conditions under 
which a function f(z) of the complex variable z has a unique derivative 
j'(2). Without the idea of differentiability, we can only state, as-is 
usually stated (or, if not explicitly stated, implied) in text-books, that, for 
f ( to exist, it is necessary that 


PAG, Y); (as Yy), Ne, Y), Jake; y) 


exist and satisfy Cauchy’s equations; and it is sufficient that they exist, 
and are continuous, and satisfy Cauchy’s equations. Conditions which are | 
both necessary and sufficient cannot be given. 


The necessary and sufficient condition for the existence of f' (2). 


4. It ws necessary and sufficient for the existence of f' (z) that P(a, y) 
and Q(x, y) be differentiable and such that their first order derivatives 
satisfy Cauchy’s equations (1). 


We have already shown (§ 2) that it is necessary. The reversal of the 
analysis there given will be found to show at once that it is sufficient. 


Cauchy’s equations by themselves are not sufficrent. 


5. We shall show, by an example, that the first order derivatives of 
P(x, y) and Q(x, y) may exist at a point and satisfy Cauchy’s equations, 
without entailing the existence of /’(z). Take 


P@e,y) = ety) 





L—-Y 
ett a= y), 
_ ety’ an 
Q(x, y) = ray (2 == — y) 
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Then PaO, 0) fe IP (0; 0) = — 1 } (5) 


_and Cauchy’s equations are satisfied for z = 0. But J (2) does not exist for 
this value of 2; since, if it did, then P(z, y¥) would be differentiable at the 
origin ; which, by the method of § 3, is easily shown not to be the case. 


A new condition. 


6. By means of the theory of integration it can be shown that 
hypothesis (i), to the effect that /’(z) exists, is replaceable by 


(i)’ The real and wmaginary parts of f(z) have partial deriwatives 
which satisfy Cauchy’s equations at all points within the contour, and 
are integrable over every rectangle within the contour—integrability 
being understood either in the sense of Riemann, or in the more general 
sense of Lebesgue. 


This is the condition which is obtained at once when Cauchy’s theorem 
is treated by the methods of Real Variable theory, 2.e. as a result involving 
x and y, and not as one involving z. 

It is stated in a restricted form by Montel,* who considers only the 
case in which the derivatives of P(x, y) and Q(x, y) are bounded. 


Distinctness of the new condition. 


7. We shall show that the new condition is distinct from the old in 
that a function may possess integrable partial derivatives and yet have 
points at which it is not differentiable. And we shall do so by the pro- 
duction of an actual example. 

Take the function, discussed in § 3, given by 

“LY 


 (&, Y) —ereeray ay (27 0, or y #0) 
= 4) (dO) 


It is not differentiable at the origin. 





* No.3. Montel assumes that P,.(x, y), Py (x, y), etc., are bounded, and then goes on 
to find conditions which are both necessary and sufficient for the truth of Cauchy’s theorem, 
His work is interesting in that he does not use the converse of Cauchy’s theorem. 


ye gs. 
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anys 
Now 2\G, Y). = Gy (iO O7 tf a) 
=u . (¢=y=0), 
3 
and (0. =a (x #0, or y #0) 


throughout. And the only discontinuity of ¢,(2, y) and also of ¢,(x, y), 
is at the origin. Thus ¢,(x,y¥) and ¢,(x, y) are each bounded functions 
with only a finite number of discontinuities, and are therefore integrable.* 
(x, y) is an “ exceptional’ function of the kind we require. 

Tf an exceptional function with more than a single point of non- 
differentiability is required, one can be obtained quite easily, by means of 
Hankel’s well known method of condensing the singularities, as follows. 

Let (dn, b,), m= 1, 2,..., be the points of any enumerable two- 
dimensional set. Write 


= /(a;,+ 62), 
and take positive constants Aj,, Ag, ..., An, «+, 
such that the series LNG ee Aan 

: n=1 n=1 


converge. And form the series 
=A Anp(—An, ¥— bn), 


where (xz, y) is the function just considered. 


Put R= J/((@—an)? + (y—bn)?], 
r= Va? +y’). 
Be 
Then | p(2—An, Y— br») | <a D0 Gy oo oh YY 


> An P(L—An, Y—On) converges absolutely for all values of x and y, and 


n=1 


represents a function, which we will denote by ® (7, y), all over the plane. 





* In the restricted sense of Riemann, as well as in the general sense of Lebesgue. 


— 
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This function ?(x, y) is an exceptional function with the points (an, b,) 
as points of non-differentiability. 
For, since 


| px(— An, yn) | <8; | py(*%— An, y— dr») cara 1 


the series 


> An Pul(f — An; Y — bn), > My hy Pm hans Users by) 
n=2 n=2 
converge absolutely and uniformly over the whole plane. 

Every term of each of these series is continuous at (a,, 6,;), and so 
they represent respectively x and y derivatives at (a,, b,) of 


V(x, y) = B(x, y)—A ¢ (@—aQ,, y—)). 


Thus V(x, y) has continuous derivatives at (a,, 6,) and must be differenti- 
able there. It follows at once that @(, y) cannot be differentiable there ; 
as otherwise ¢(%—a,, y—b,) would be, which is not the case. Hence 
(a1, 6,) is a point of non-differentiability. Similarly, so are all the points 
CARE 


Proof of Cauchy’s Theorem under the new conditions. 
8. (A). For a rectangle. 


Let & be any rectangle for which the conditions are satisfied, (a, 0) 
its lower left-hand corner, and (a, 3) its upper right-hand corner. Since 
P,(%, y) is integrable over the interior of A, which we will call D, we 
have, by Fubini’s theorem :* 


(a) | Pa, y) dx exists for almost all values of y in (), 6) ;+ 


| ye 
(0) \| P,(2, y) dx dy =| ay | P,(a, y) dz, 
D b a] 


the inner integral being considered only where it exists. 
Now Lebesgue has shown that, if a function possesses an integrable 
derivative, then it is an integral of this derivative, } 


* See de la Vallée Poussin, Intégrales de Lebesgue, p. 53. 

+ I.e, the values of y in (0, 8) for which this integral is non-existent, if there are any at 
all, form a set of measure zero. 

t Lebesgue, Le¢ons sur l’intégration, p. 123; de la Vallée Poussin, Cours d’ Analyse, 
t. 1, 3rd ed. (1914), p. 272. . 
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Thus | P,(a, y)dx = Pla, y)—P(a, y), (6) 
wherever this integral exists. Moreover, since in calculating the value of — 
B a 
| ay | JEG AS AL MIE 
+d a 
we may attribute to the inner integral any value we please at the points 
where it does not exist in the usual sense, we may take (6) to hold 


throughout without affecting (0). Thus 


8 
||_ Pee naedy =| [Pe y—Pla, May 
D b 
= | Plow). dy; 
Lt 
Similarly \\ Ore, yard uta i" O(a, y)dy, 
\\ 1G, PRG, -| AGN kee 
D R 


|), Qu naedy =—| Qe, ae, 
D R 


R being taken counter clockwise throughout. 
Whence 


| f@d = | (Pe pie, p]ide+idy) 
= ( Paleo pay til Qa, yde+ Px, yay 


=a): 
in virtue of Cauchy’s equations (1). 


(B) For any polygon II whose sides are parallel to one or other of the 
axes. 


Such a polygon can be decomposed into the sui of a finite number Sof 
rectangles R, the boundaries of which, when all described in the same 
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sense, give the boundary of II as the net result. This being so, we get 


| fdas a =| Mage iis 


R 


and the theorem is proved for the polygon II. 


(C) For any simple contour C of bounded varvation. 


C being of bounded variation, it is, by a well-known result, rectifiable. 
Let LZ be its length. Take any initial point p, and obtain the points 


Po, P3, -++» Pn Whose distances from p, measured along the curve are re- 
spectively L/n, 2L/n, ...,(n—1) L/n, n being a positive integer to be 
determined later on. Denote the ares p, pe, Po Da, ---» PrP, by 


Yi» Yor +--+» Yn Yespectively. 

_Let 6 be the minimum distance between non-consecutive y’s. Divide 
each y, in any way, into ares (at least two) of length less than 6/4/2. 
Corresponding to each of these small ares construct a square with its sides 
parallel to one or other of the axes, the centre of the square being at the 
centre of the are (regard being had to distances measured along it), and 
its side being just greater than the length of the are and less than 6/,/2.* 
The square evidently encloses the whole are. 

Since the diagonals of all these squares are less than 6/2, no square 
attached to one y can touch a square attached to a non-consecutive y. 

The squares attached to any given y overlap two by two and form 
together a connected region p entirely enclosing y and with its outer 
boundary consisting of a polygon P, whose sides are parallel to one or 
other of the axes. These regions p form, in de la Vallée Poussin’s ter- 
minology, a ‘“‘ chain”’ of which they are the “links.” Since non-consecu- 
tive links do not overlap, the chain is what is described as ‘“ 
Since p, overlaps p,, the chain is “ closed.” 

Now for regular closed chains de la Vallée Poussin has established the 
following valuable result :+ 


regular.” 


If there are five or more links in the chain, then the chain forms a 
ring bounded on the outside by a polygon wm, and on the inside by a 
second polygon 7; Both 7, and 7; contain parts of every link. 








* And also, in view of what is to come, less than the length of y,. This is evidently 
possible since vy, is divided into at least two parts. 
+ Cours d’ Analyse, t. 1, 3rd ed. (1914), p. 377. 
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By taking n> 5, we ensure the presence of at least five links, and 
may therefore apply de la Vallée Poussin’s result. | 

The inner polygon 7; we take as our polygon I. That it lies within — 
C is established by de la Vallée Poussin in the course of the investigation 
from which we have quoted. Thus 


| HOt =o 
Il 
It remains to show that, by choice of 2, we can ensure that 


| fea, f@dz|<e, | (7) 








where ¢ is any positive number given in advance. For, this being so, we 


have 
| fede |<, 
C 





and, e being arbitrary and the integral fixed, we must have 
| TAQ eae 
G 


Lemma I.—However many squares are used in the process of obtaining 
the polygon II, the total length of their perimeters, and therefore the length 
of Il, need not exceed 5L. 


For every square is associated with a definite are of the contour C; 
and it is constructed so that its side is just greater than the length of the 
are. Its perimeter is thus just greater than four times the length of the 
are, and can certainly be taken less than five times the length of the are. 
Since exactly one square is associated with each arc, the total length of 
the perimeters need not exceed 5L, 


Lemma I].—T wo consecutive regions p need not overlap except at points 
belonging to their end squares. 


Let p, be the region enclosing the are y,, and p,+1 that enclosing the 
consecutive arc y,41. Suppose the end square o of p, which abuts on 
Yr+1, and the corresponding end square 7 of p,+1, already constructed, in 
accordance with the directions laid down. They are to be made so small 
that + contains no points of y,41 outside 7, and 7 contains no points of 
yr outside o. 

The points of y, not belonging to the are associated with o will be at 
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a positive distance from 7 and also from yr. Thus, if the remaining 
squares of p, are made sufficiently small, they will all be at a positive dis- 
tance from 7 and from y,;;.. And if the remaining squares of p,41 are 
made sufficiently small they will not meet any of these last mentioned 
squares. Our lemma is demonstrated. 

It follows very simply from this last lemma that the removal from any 
vegion p of the parts common to it and one or other of the adjoining 
regions cannot divide its boundary into more than two parts. Thus the 
part of II belonging to any particular region p forms a connected piece. 
We denote the piece belonging to p, by z7,, and its end points (II being 
described in the same sense as ¢c) by q;, dr+1- 

Denote, now, by c¢, the closed (but not necessarily simple) curve 
formed by y,, the line 419741, 7, described in the sense opposite to y,, 
and the line q,p,. Evidently we have 


| ‘ feae—| (Ae = | fladz, 


the lines p,q, being described twice, once in each direction, and the in- 
tegrals along them destroying one another. 

Since some of the lines p,g, may lie partly outside C, and so the 
behaviour of f(z) on them is not altogether assured, we replace f(z) by 
an integrand ¢(z) obtained as follows. 

On y, and z,, p(z) = f(z). On p,q, $(4) 1s the linear function which 
coincides with f(z) at p, and at q,. 


Evidently = | f@Oa@=> | (ede. 


Now let /, be the value of f(z) at p,, and 7, the maximum value of 
| S@—fr | 
ag Zz varies on c,. y, will naturally tend to zero as z, is made to 


approach y,, on account of the continuity of f(z), and therefore of ¢(z), 
on the contour as far as points within it are concerned. 


We have o) =f-+lo@—frl, 


whence | |, o(z)dz = | fart [o(z)—f,]| dz. 
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Now c¢, is closed. Thus 


| fede iby 1f-dz 





= 0, 
Hence | o(z)dz = | [ (2) —f,]dz, 
| (2) dz | <b ny, 


where J, is the length of c¢,. 
Denote by 7 the greatest of the 7,’s, and we have 


|= p(z)dz| < ndi,. 





Now let us find the value of 2/,. Any particular J, consists of y,, ¢; 
and the straight lines p,q, and priidr4i. Thus 


Ll, = yp Ler 22 Gr 
< L +5£L+22p,q,. 


Now q, lies on a square whose centre is on y, and whose side is less 
than L/n, the length of y,, No point of y, is distant from p, by more 


than L/n. Thus Dr dr < 2L|n, 


=r dr < 20, 
and so Dina Ole 


This gives 


| | foal fea: 





si | > | e@d: 





< 10L.y, 


and so, since y tends to zero as » tends to infinity and therefore 7, 


approaches y,, we can secure (7) by choice of nm. The proof is completed. 


An extension of the new conditions. 


9. If we examine the proof just given, we shall see that it depends 
essentially on the fact that there are two functions, which we will call 
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A(z, y) and u(a, y), such that 


Ij, Nw, y)de dy = \ [P(a, W— Pla, y dy (= 


e 


JEG AY) dy) (8) 


mee 
al 


=i [Q(#, B)—Q(a, b)] dex ( Va, yd) yi (9) 


R 


|) me ydzdy = "CQ, Ola, Way ( =| pay) ao 
D R 


~ —|"[P@,6)—Pe, b)| dx = [. P(a, de). (11) 


Under the conditions considered in § 8 we were able to obtain the 
functions A (x, y) and u(x, y) by taking 
A(t, y) = Pile, y), ow (@, y) = Qn, y)- 


But this fact does not in any way imply that the functions A(z, y) and 
u(x, y) cannot be obtained in other ways. 

Let us investigate the conditions they require. 

Assume that (8) is satisfied, both sides being existent and equal. 


Since \) A(x, y) dx dy 
D 
exists, we know, by Fubini’s theorem, that 
\ A(w, y)dax 


exists for all values of ¥ between 0 and 8 save (at most) those of a set of 
measure zero, and also that 


B a 
\| Nee dandy — | dy | A(z, y) diz, 
D b a 


the inner integral being considered only where it exists.* 


* I.e. we take as the integrand of the outer integral the function which is equal to 
|, A(x, y) dw when this exists and to zero when it does not. This is an artifice often used in 


the Lebesgue theory, and is made permissible by the fact that we can alter the value of an 
integrand in any way we like (even to making it infinite) at each of the points of a set of 
measure zero without affecting in the slightest the value of its integral. 
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Taking into account (10), we have 
B 
i ay | Me, ae = | [P(a, —P(a, dy. 


Since the same argument holds with 8 replaced by any number {’ 
between it and b, we have 


| Now the integrand of the right-hand side is continuous. Thus 
et (Pla, J) Fore Pia, y) | dy te P(a, 6')— Pa, 6). 


Also, by Lebesgue’s fundamental theorem on the differentiability of an 
indefinite Lebesgue integral, we have 


“a \" ay | NG, a | A(z, B dz 
or all values of y between 6 and § save those of a set of measure zero. 
Hence \ A(z, y)dx = Pla, y)—Pia, y) 


for all values of y between d and 6 save those of a set of measure zero.* 
The complete investigation of this last equation seems too difficult a 
matter to be embarked on here.t We content ourselves with finding 
particular circumstances in which it is readily shown to hold. | 
It is certainly satisfied if, for the non-exceptional values of y, P(x, y) 
is the indefinite integral of A(a, y);.4.e. in virtue of a certain condition 
appropriate to this, if P(z, y) is, for the stated. y’s, an absolutely con- 


* It will be noted that it is linear measure that is meant here. 

+ The difficulty lies in the fact that we may get different exceptional sets of values of y 
corresponding to different values of a. If we are to get anything out of the equation, it is 
evident we shall have to proceed by replacing «a by a variable number a’ between it and a, just 
as we replaced 8B by a variable number pf’ between it and b; and the exceptional sets for all 
the values of a’ concerned might add up to a set of non-zero measure, 
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tinuous function of x, and A(x, y) is equal to P,(z, ¥) except at a set of 
measure zero.* OY RA ONLI? 6% 

Conversely, if P(x, y) is, for all values of y in (b, B) save those of a set 
of measure zero, an absolutely continuous function of a, and P,(2, y/), con- 
sidered where it exists, is integrable in D; then we have 


\\ P, (x, y)dz dy =| P(x, y) dy, 
D R 


as we have only to reverse the previous analysis to show. 

Under exactly similar conditions we can obtain the corresponding re- 
sults for Q,(z,y), Py(z,y), and Q,(a, y). And we are then able to 
enunciate the following extension of the condition (i)’ of § 6. 


(i). (a) Save for a set of values of y of measure zero, P(x,y) and 


Q(x, y) are absolutely continuous functions of x within the contour, with 


the corresponding condition with « and y interchanged. 


(Oe Pie, y), Pye), Ot, ys Oy, y), “considered: where they exist, 
are integrable over every rectangle lying within the contour. 


(c) P(x, y) = V2, y), Q(t, y) = — Py (2, y) 


save for a set of values of (superficial) measure zero. 


A contour of bounded variation which rs cut by a transversal in an 
infinity of pornts. 


10. Consider the contour consisting of 


y = sin — (0<x<5-), 


which we will call c,, and the three lower sides of the rectangle whose 
corners are (0, 0), (0, —2), (1/27, —2), (1/27, 0), which we will call c¢,. 


* De la Vallée Poussin, Cours d’ Analyse, t.1, 3rd ed., p. 279. It should be remarked 
that one of the properties of an absolutely continuous function is that of possessing a unique 
derivative at all the points of its interval of existence, save (possibly) those of a set of measure 
zero. This justifies our use of the derivative P, (x, y), which otherwise might not exist. 
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C, and ¢, obviously do not intersect and so form a proper contour. c¢, 18 a 
curve which is well known to be of bounded variation; that the variation 
of ¢, is bounded goes without saying. The contour considered is thus of 
bounded variation. : 

It is cut by the z-axis in the points 


which are infinite in number. 


A contour of bounded variation which does not possess the property 
required by Ames, 


11. Take numbers ¢, (1 = 0, 1, 2, ..-) as follows 
fgets  e e Or 
and define two functions g(t) and h(t by taking 


‘a = al 
g (tn) ae 3.9” 


when 7 is even and other than zero, 


ay 
aioe 
when 7 is odd ; i Or (AP 
eel 
A(t,) = a g (tn) 


when 7 is other than zero; 


HO) tigi 


and making both g(¢) and A(d) linear in the intervals (tn4+1, tn). 
Let (I) be the curve given by 


z=g(t), y=hd, 


where ¢ varies from 0 to 1. 
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In order that it may be a closed contour of bounded variation we must 
have 


(a) g(t) and A(t) are continuous for 0 Ze ale 
(b) g(t) and h(é) are of bounded variation for O<¢t <1. 


(c) There cannot be two values ¢’ and ¢” of ¢_ satisfying 
Ol Gea ha land suche that 


gt)=gt), At) = ht") 


hold simultaneously. 
(a Ghee) (Ova rican ech je—a 000), 


For (a) we may note that, apart from the origin, the two functions 
each consist of linear (and therefore continuous) pieces continuously joined 
together, and are certainly continuous. At the origin continuity is estab- 
lished at once by the inequalities 


oi 


0c hDxgO< oD 


(Oat), 


For (0) it is sufficient to show that the actual values of the total varia- 
tions of the functions concerned in the interval (0, 1) are finite. That of 
g(t) is 











sear Figg 
=2(q+qt )-2 (sats gee) 
Bea Oi AN es eat a 
Oh erga rena 
ay ED 

3° 9 

10 
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That of A(t) is 


b+ (b-atal+ pada) + (be-cte) + 








For (c) we shall show that, if 
g(t’) = g(t), 
then | ELE om eA OY 


From the first of these it follows that ¢’ and ¢” must be separated by 
at least one of the points ¢,. Let it be ¢,, so that 


Le <i BONG elena te, 


From the definition of the functions g(¢) and h(é) we obtain at once 
Mt) <—xg(t), Re) Sy x g(t; 


and therefore RO) She), 


This shows that (I) is a proper contour in that it does not cross itself. 

(d) is given at once by the definition of the functions g(t) and h(t). 

(L) is thus a closed curve of bounded variation which does not cross 
itself, and is, therefore, a suitable contour for Cauchy’s theorem. 

If possible, let it possess the Ames property; and let 7, Ty, ..., Tn 
be the parameters of the points separating the various pieces. Of these 
there will be a pair 7’ and T” such that 


Sh el es FLY, 
Let y be the are given by Omg oer 
Then y has an equation of one or other of the forms 
y=), xr=wly), 


where ¢ and w are one-valued. 
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We shall show that neither of these is possible. 
Let « be the first value of » for which 


1 
Sree 


; 1 1 
Since gta) = oeFi > g(t) and g(t,.2) = 3 ort ari Lito g 


there is a value ¢ of ¢ in the interval (¢,+2, t,+1) such that 
g(t) = g(t,). 


If y and y, are the values of y corresponding to ¢ and ¢, respectively, and 
z is the common value of g(t) and g(t,); then y and y, both satisfy 
y = o(x). But we have shown in (c) that we cannof have simultaneously 


Coe Oba) anid | Ge Ol bay 


It follows that 7 = y, and # cannot be one-valued. 
In exactly the same way we can show that v cannot be one-valued. 
The curve (I’) does not possess the property required by Ames. 


On the proof by Goursat’s lenuma. 


12. By far the most compact proof of Cauchy’s theorem is that due to 
Goursat. It obtains the result, as it were, in one step—not even the 
deduction from a special contour to the general one being required. » As 
Goursat’s proof is obviously an advantageous one to use, if seems worth 
while to give a little consideration to the conditions under which it applies. 
Not that the validity of Cauchy’s theorem will be in any way affected by 
our consideration, but simply that it is interesting to know the exact cir- 
cumstances under which the shortest and most direct proof can be used. 

What the conditions are will be apparent at once to anyone who is 
familiar with the proof, and we can state them without discussion. They 
are : 

(a) f'(z) exists at all points within and on the contour, values of f(z) 


at points outside the contour being excluded. 


(b) The contour vs of bounded variation, and is not cut by a trans- 
versal parallel to one or other of the axes in more than a finite number of 
pownts. 


bo 
rl 


SER. 2. vou. 21. No. 1438. 
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‘he new point is evidently the second half of (db). We would like to 
know, as far as possible, its exact meaning. In particular, we would like 
to know whether it implies the Ames property or not. 

As to the exact meaning of (}), that is to say its expression in terms 
of known properties of the functions involved in the equations of the 
contour, nothing much seems to be obtainable at present. But whether 
or not it implies the Ames property we can determine at once, by means 
of the contour of the preceding section. : 

It might be imagined that, if the contour is cut by transversals in only 
a finite number of points, then it ought to be capable of subdivision into a 
finite number of pieces cut by transversals in only one point, %.e. it 
possesses the Ames property. But the contour we give contradicts this. 
It is cut by no transversal parallel to the y-axis in more than three points, 
and, as we have seen, it does not possess the Ames property. 

The number of points in which the contour is cut by the transversal 
«% =a is given by the number of roots of the equation 


4 g(t) — a. 
Let v be the greatest value of for which 


1 
eo 4: 


Then an inspection of the graph of g(é) will show that the roots must lie 
in (t,41, t)-2), 2.e. there are not more than three roots. 

| The contour satisfies (b) for transversals parallel to the y-axis. 
Similarly, it does so for those parallel to the z-axis. But it does not 
possess the Ames property. 
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1. Let f(z) be a summable function, of which we form the Fourier 


Series, | 


and let s, denote the first y-+1 terms, 


S, = 4a)+ y (Gm cos mx-+ b,, sin 72). 
m= 


Then at a point z, where 


S=3 i f@t+0+fe- 0) | 


exists, we have by the well known theorem of Fejeér, 


n 


(1) ding SS) =,0. 





v2) 
F(x) ~ say + XY (An cos ma+bm sin m2), 
=) 


In the case of functions whose squares are summable, Hardy and 
Littlewood* have obtained the further results 


(2) lim 
n>? 
(8) lim 
non 


1 
n+l1 





aS 


2 {s—/@}* = 


5 


= | —f@) | = 0, 


each of which is true almost everywhere. 








* Comptes Rendus, t, 156 (1913), p. 1307. 


©) ara? 
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These last relations show that the average value of s,—f(x) tends to. 
zero, not because of the cancelling of positive and negative terms, but 


W 
because the number of terms in the sum {s,—f(a)} which are not 
v=0 


themselves small, is small compared with ». By considering the average: 
value of higher powers of |s,—/(x)|, it is possible to draw further infer- 
ences about the size of the terms in this sum. 

We may remark that, if 





lim 


n—>an 1 oy > | 5» — f(a) |" = 0, 


for a =a, then the relation is also true for O<a< a; for, by a well 
known inequality due to Holder, 


n n ae n (ayg—«)/ a0 
Elst | 3 loser ae an 


v=0 


HN 15 ay 








and so 


ae E | | so —F@) fe 


a 


Our principal object in this note is to prove the following theorem :— 


Tueorem 1.—If s,is the sum of the first v+1 terms of the Fourier 


series of a summable function f(x), and for a particular value of x, 


§ 
(4) | lfle-+o+fe—)—2fa) | dt = of), 


5 
(5) \ { Fat) +fla—t)—2f(z)\2dt = O(6), 


when 6—>0, then 





lim 


Innogy mine 
u—>an 1 es ot a »— fla) | “t 0, 
for every positive value of k. 


For a function f(x) of summable square, the conditions of the theorem 
are satisfied almost everywhere. For 


| Viatotf(a—b—2f(e)}? dt 
<2} eros @ yjratpal (f@—)—f(@)}* at, 





: 
7 
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and (taking the first term on the right only) 
1 § 
=|, feto-seo Pat 3 
it 5 ¢ 
= +) e+} 





5 
\ fletodt+ (fa), 


and lim “ | f(atoddt =f(2), lim > a} {f(a+t) }?dt= {f(a)}? 


almost everywhere, so that the right-hand side is 0(1). The other condi- 
tion is satisfied almost everywhere, since f(x) is summable.* Hence we 
shall prove that, ¢f the square of f(x) vs summable, then 


> | s,—f(x)|* = 0, 





Mee nie 


for almost all values of x, and all positive values of k. 


2. We now proceed to the proof of Theorem 1. It is evident, from the 
remark which precedes the enunciation, that it is sufficient to prove the 
theorem when & is an even positive integer 29. We may without loss of 
generality take the particular value of x considered to be x=0. We 
may suppose further that f(z) = 0 for »<|z|< 7, so that we may take 
the square of /(z) to be summable throughout (—7z, 7), and not merely in 
the neighbourhood of « = 0. _ In fact, 


(6) S@) = fi@®)+fo(), 


wheres /)(6) — Uvtorcy <0 |—<osr, 3fo(2) —='0. for |x| < 7: 
Ii we denote the corresponding partial sums by s,, s, we have 


San ol a 
Sy FPP Sy-F5S,, 


and by an inequality due to Minkowski, t 


cae [2p { = ‘ : e eaten ( y At a 
M {Zlo-fOl*y  <[Zle-~Orry +2161”) 








* See H. Lebesgue, ‘‘ Sur la convergence des séries de Fourier’’, Math. Annalen, Bd. 61, 
pp. 276, 277. 

+ See F. Riesz, Les systémes d’équations linéaires a une infinité d’inconnus, Paris, 1913, 
p. 45. 
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Now for z = 0, live isjass 
vn 
S |e — 
Hence iim - a 2 Se 0, 
so that lim : ya Ss »—f (0) |?? = 0, 
US an n+1 v=0 
eae lone S pecan, ea th 
: > n+1 , 
Writing 20) = fO+7(—)—2fo), ; 

the conditions of the theorem take the form 

6 ‘ 
(8) | 1g |dé = 00), 

8 
(9) (leor dt = O(6). 
Now 


i sin(v+4)t 


(10) sy—f(0) = BO eee 


0 


: sin vt cot $t h(t) dt 


\ cos vt @(é) dt 
se Ge Foe) 


Using the Minkowski inequality again, 


n 1/2 
(1) {2 Ja—fo|?) 


{ S ore {s eee Ss cate 
s pe ) +4 2 |8r| ) BE poe > | > 


and our problem is reduced to the consideration of the three sums 





> | a, |”, > Peines S beales 
v=0 v=0 v=0 


a 
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8. (i) 2 | a,|?.—For 0<t<6, 
v=0 


|sin vé.4 cot $¢| < v{1+o(1)}, 


where the symbol o refers to 6-0, and implies a constant independent 
of y. Hence 


De een. 
la,| = — | sin vt.4 cot $¢.d()dt | 
Tv 0 


2y 8 
<= from} | joe lac 


= v.o(d), 

ro eae. ee 
and DR) ap < 1 a pe j 0 (0) 

F v=0 ) ; v=0 
<< (n2Pt1)1/2P 0 (6), 

or simply 

( oT) 2 ) Hep : 
(12) > | ct, | “P | == mt HeP ofa). 

v=0 / 


(ii) > | y,|??.— We have 
v=0 


be | 
vanes \ cos vt p(t)dt, 


so that p(x) ~ yot2 y Vv COS VX, 
1 


and, since ¢ is of summable square, 


Fa) 1 (7 
(13) yit2 S y= 2 | ooprae 
v=) igs) 0 
D [ea) ) P 
Hence Ge | a ly? j lt OL) 
v=0 v=0 
and so 
( # nh 1/2p 
(14) ee OO). 


(iii) 8 | 8. \??.—We proceed now to prove that 
v==0 


3 18.1” = 0 (3). 


(15) o, (s) = 3 | sin vt f(t)dt. 
7 Jo 
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Then c,(s) is the typical Fourier coefficient of ¢.(z), where 
‘o(@) = $(@) | (0 <a <8), 
ps(a) = 0 (s<a< 7), 
and ps(—@) = — (2). 
From 


(16) P(t) ~ S c,(s) SIN vx, 


y= 


Ls : 
we deduce 4;(e+y)~ 2 c,(s)(sin vx cos vy+ cos ve sin vy), 
p= 


and 


WD 


4 7 
(17) 2, s(x) = =| by) ps(e+y) dy = = {¢,(s)}? cos va, 
this series being absolutely convergent. 
Similarly 


ioe) 
x {¢,(s)}? sin vx, 
a 


Vv 


6.0 =|" g.Wgpetydy = 


and so, generally, hop, (2) == 2 c,(s)} FP? eosye, 
v= 


the functions ¢,, ,(z) being defined in succession by the formule 
3 uae 
(18) dn+1, s(t) = 5 dn, sy) p:atydy (n= 1, 2, ...), 


where we write for uniformity 


Pi, s (x) a s(x). 
In particular 


<2) 


(19) = {¢,(s) | (os P2p, s (0). 

Let 

(20) [i v@idt=p@, | polar =a. 

Phen |p| <= ||” fonitay | tpcotw tay > 


= =! hy) dy 2 0(s). 
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| Bon he 
Hence | ps, (a) <= | | pz, sy) || os@+y)| dy 


2 e : 
S za O(s) \ | os@+y)| dy 


= (=) 46) pt, 


and proceeding in this way, we get 
9, 2p 
| Pap, sw) | < = A(s) (p(s) )P-. 
( 
In particular this is true for « = 0, which gives 


7) ie 2 2p—1 F. 
(21) »3 { Cy (s)}? <a (=) 0(s) TO) a 
yal 
Now 9 ( 
heh dee on | sin vt.4 cot $¢.d(0) dt 
8 


= — 4 cot 4d.c, +4 | ¢ c,(t) cosec? 4¢. dt, 


on integrating by parts; and so 


2 EP» 


p= 





(Ee (6) dt, 


= 








i 8) 
< 460 bad 2 


€,¢, (6)| +4 \ cosec? HE 


il Ms 


for any values of the é’s for which the right-nand side exists. 


Suppose Se ee eel nei! 
v=l 
e fe ) 1/2p 
Then Mees DN Ye hWag A |= | a, | 2 j 
peg! v= 








if the right-hand side is convergent ; and this is so if 


beeen Tak 
Hence 


1/2p 


(a2) {>-18,| | 
( Nh ) 


aa 5 latte 
~ | c, (6) | # J 


Ti 


f r ane 2) 1/2p 
< 4cot 46 +4 | cosec” 4¢ DP cy bere dt, 
5 ered 


a relation which can also be obtained by an extension of the Minkowski 
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inequality. Now 


(238) NAP Quigg O(s) << Kgs. 
D 9, bees 
Hence E fo(s)}% < (=) K,s(K,8)°-?, 
yest 
nD Vay 
and so = {e,(s)} a Pe iG END 
v=1 


where each K is an absolute constant. Hence 


. ) 1/2p K' 


res 5 |B? Fee EE ea 


<K' SUK! py  s- Ver 
=< 0 gue 


We have thus obtained an equality for each of the three sums in 
~ question; and combining the results (11), (12), (14), (24), we have 


n 1/2p 
| E | —f(0)[") <n!" 0(8) + Kps-¥” 4. O(L), 
v=0 / 





or 

Baik aise Daler K K 
(25) faeT yl | nse re ch cape 
‘where e(6) =o0(1) when 6->0. 


The conclusion is now immediate: take 
Oca ate 
where 0 is large enough to make 
Kpb-l? < te, 
and then 7 large enough to make 


be(S)+ Kn? < de, 





where now e(d) =e (—-) —-0O when n>o. 
Hence lim { 1 S | s —7(0) |” | a ee? 
pes ( nN + iL opti Fae ) : 





| 
a 
. 
| 
: 
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and so, since e is as small as we please, 


tim Sry 2, |e 7 = 0. 


Theorem 1 is therefore established. 


4. By taking the number 7 of equation (6) sufficiently small, we can 
make the constant K, of (23), and so the A of (25), as small as we please. 
Then the preceding analysis easily leads to the following result :—to every 
e there corresponds a py = Pole) such that 


1 
nm+1, 


for p> py and all values of n. 


26) 





= |s,—f(O) |?” < e?.p!, 


From this inequality we can deduce immediately the following 
theorem :— 


THeorem 2.—If f(x) ts subject to the conditions of Theorem 1, then 


: Se ee 
an char oe aoe 





for all values of a.* 
In fact (taking again the particular value of x considered to be « = 0) 


een ea Eos. 
n+l, ==) el p! n+1 ,= 0 








sy—f(0)|?. 


If we take « so small that |ea|< 1, then it follows from (26) that the 
series on the right converges uniformly with respect to n; so that the 
hmit of the sum when n> © is the sum of the limit of the separate 


terms ; 2.¢. Be de 
lim —— » e#!4-7O! — 1, 


> an nm+1 v=0 
We conclude with the following remark. Let Q(n, 7) be the number 
)| for which 


| s,—f (0) | i bs 


2 


of terms in > 











* From Theorem 2 we conclude immediately the following corollary: if the square of 
f(x) is summable, then s, = 0 (logm) almost everywhere. This is a particular case of a 
theorem proved by Hardy [Proc. London Math. Soc., Ser. 2, Vol. 12 (1913), pp. 365-372). 


5 t Ase ae Pe i" Lay 4 : 
J { 2 > Wy 
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Then under the conditions of Theorem 1, there is a number /' = l'(a) 
such that 

(28) O(n, l) <(n+1)e%, 

(Ol ee he 


This is a corollary to (26); in fact it follows from that relation that 


O(n, DP < (n+l) p!, 


Dn! 
for p> po. Hence Qn, D < (n+1) a 

Py} . 
and choosing p so as to make “5 a minimum, we obtain a result of the 


form (28). 
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ON TRIGONOMETRIC SERIES INVOLVING ALGEBRAIC 
NUMBERS 


By L. J. Morpew. 


[Received June 23rd, 1922.—Read November 9th, 1922.] 


In a very recent number of the Gottingen Nachrichten, Siegel in a. 
paper entitled* “ Uber die Diskriminanten total reeller Korper” has found 
some rather interesting trigonometric series involving algebraic numbers. 
Apart from their own interest, the series seem to have important applica- 
tions ; for example, Siegel proves Minkowski’s theorem that the discrimi- 
nant of an algebraic field 1s greater than unity for the particular case of a 
totally real field, 2.e. when the field and all of its conjugates are real. 

Let, then, & be a totally real algebraic field of degree n>1, d>1 
its discriminant, and ay, dy, ..., d, the base of an ideal A in K. De- 
note the  conjugatest of a number a in K by a, a®, ..., a, and 
suppose that (A‘) is the matrix reciprocal to (a*), (Ly Pl DR Be aye | Lt 
is well known then that A,, A,, ..., dn are the base of a fractional ideal 
(1/AD) in K, where D is the grund ideal whoge norm is d, the discrimi- 
nant of K. His formule involve three sets of 2 variables, say 


WE QU) IRIS ea (2 


occurring in a function F(s, w, k), and the symbol NF indicates the product 
of all the expressions obtained from F by giving the variables s, w, z and 
also any number of K occurring in # upper indices (1), (2), ..., (2) simul-. 
taneously. Then Siegel’s{ result is 
Bel? 1 sin r(w—A)a ]? 
SON { e2tivev (¢— Wea! SY : | 
et iH N(A)d? qyjany|a mi — A) 


Alp 





* Read November, 1921, 
+ a) is the same as a. 
t In the Mathematische Annalen, Vol. 87 (1922), he has shown that an immediate deduc- 


tion from this result is Minkowski’s theorem on linear forms, 1.e. if & = @,)%+...+Qin @n, etic. 
are 7 linear forms with real coefficients and determinant D > 0, and if &,, f, ..., f, are any 
n positive numbers with product D, then 7 integers ~, %, ..., %, not all zero can be found 
to satisfy the m inequalities 

l&}<st, bél< ty. peal < be. 
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where Pa x, ..., 2 are n positive numbers, 
w), w, ..., wo are n real numbers, 
the symbol = indicates that « runs through all the numbers of the ideal 
| ‘ 
A [whose nan is N(A)], and | «| < 2 that u is such that the » differences 
2P—[ pO], og ee —] a | 


are all positive. From the special case 


10 = a Re) One A ea eet 
5 sin 7A\2 
d= 1+ >? N ea) : 
(1/D) |r 7A 


the X’ denoting that X = 0 is excluded in the summation, showing imme- 
diately that d>1 1f n> 1. 

He proves it by contour integration applied to an expansion communi- 
cated to him by F. Bernstein. I shall now prove it in a much simpler 
way which also shows how any number of such formule can be written 
down. Changing 4 into 1/AD, the result becomes 

1 en gin 7 (w—A) ia 


oS NW Pree pS & NI 
N(A)@? ajar) | u : m1)} Aja a (w—X) 


The values of A on the right-hand side (say &) are given by 
AO = 7A, +T2dgtT3Agt..-, 


where 71, T,... take all integer values from —© to © and ay,Q,Q3,... are 
the base of the ideal A. The series & converges absolutely and uniformly 
in the real variables w of which it is a continuous function, since if we take 
any positive integers 91, do, ---» Yn, the number of solutions in A of the 
n inequalities q <|w—A|<q-+1 is finite and independent of g and w. 
Hence # is less than a multiple of the convergent series N 2, q~*, where 
= 

when g = 0, the corresponding term is replaced by x” since sin? rk < 7**a 
1is Ona pme. 1 

Moreover this also applies to the series obtained by differentiating FR 
any number of times with respect to the w’s, since by Leibniz’s theorem 
for the differentiation of a product 


cd baer elo Re 


if XN is large. No difficulty arises if 0 <|w—A| <1. 


2 
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Further, if new variables € are introduced by means of 
Pas AP ae 1 
wO = ae Pe (Ce 


w = OP Eo ay 505) + veey 


eee 


FR becomes a periodic function in each of the variables &,, &, ... 


495 


with a 


period unity in each of them, since a change of €, into €,+1 is equivalent 
to a change of 7, in the summation to 7,+1. Hence S can be expanded 


in the usual Fourier series for €,, &, ..., 


+a 
pads Qi (p1é, + poéot..-) 
S= 2 Aan pe cnt so fle ) 
Ply P2Qy +s. 
If . 2 
sin 7(w—A)x mee, PE 
wHOroemed Ato | | > N ne | Gare Ple ea ha) AE deo ver. 
0OJ0 AIA Tuo — \) 


The right-hand side is the same as 


TW 


wm © D) 
SIN TWX Sepa s of s 2 
iD cater — \| N — e 2ri (p1é, + p2ko +...) dé, a& ee 
— 0 


since the series under the integral sign converge uniformly in &. 
Replacing the integration in € by integration for w, we have 


UU Ua Ne, Ceo... 
= N(A)d' déidé, ...; 
and Priditpofat--- =o Wito Wet... say. 
oF agra | eet aior 
Hence ie MON Bae N(A)ad i eee é dw 
eal (° 2 sin? rwex cos Arrow 
- ~~ N(A)d? N\ rw" UD 
The right-hand integral is 
il \, 2. cos 2ow — cos 2w(x+o)— cos 2w(x—o) 
SOT ee eae dw, 
JES} Ww 
and since \ cs SO RO ase litle 
0 W 2 


if x is real, it becomes, when o and ~ are both positive, 


—43[2c0—43(4+c)—3(x4—c)|] = a—<, 


= 
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if «>o. If, however, o > 2, the corresponding value is 
—4$[20—43(2+0)—1}(c—2)] =) {(). 


Hence, since the integral is an even function of c, 


* 


A N(x—|e|) or 0, 


ke 1 
Pls P2s... ~ N(A)d? 


according as |o|~< « or not, so that 


Dp 2 Nero eetinirt= ¥ x [anew Ney 





N(A)d? ee AIA a (w— dr) 
But as Pr bit poke ++. = FW pa gWot..., 
we have pi = 0,4 +o,0")-+-o,08 +..., 


poo, ay +o a +-o,a0-+..., 


so that by solving for a}, oo, ete., 
o = pi A, +prdy + pg4g ---5 
pen Ppa ces. apie Mee 


But as A,, Ao, ... are the base of the ideal 1/AD and p,. po, ... are any* 
integers, a1, 7, ... are a conjugate set of numbers, o, being any number 
of the ideal (1/A D), and the required result follows, 


a<w ° 9 
1 Riera ek ee sin 7 (w—A) x 
wate 3 N(ae— erri (oi +o2W....) — ys n[ | ; 
N(A)@ ayap)\o \ Jol) Ala 7 (w—A) 
As this result is practically equivalent to the expansion 
+o = 2 
S a Scie toe [SO a | } 
= @—|operr = > [ee (v > 0) 


jo|<a 


in one real variable w, or to the fact that 1f z and o are both real 


oo : 9 
sin? rwx 
Bee aes Ths 


. | 
en 2riow dw = |x | —| o| or 0, 
1 


according as |o|<|z]| or |o|> |], it isclear that any number of similar 
expansions can be written down. 

If the field is not totally real, -w—NA| occurs in the corresponding 
formule, which are not so simple as those proved above. 
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RECORDS OF PROCEEDINGS AT MERTINGS. 


SESSION NOVEMBER, 1921-JUNE, 1922. 
Thursday, November 17th, 1921. 
ANNUAL GENERAL MEETING. 
Mr. H. W. RICHMOND, President, in the Chair. 


Present eighteen members. 

Dr. J. Prescott was elected a member of the Society. 

Messrs. H. D. Anthony, W. F. Beard, H. Bohr, J. C. Burkill, A. Buxton, 
J. J. Castelain, W. L. Marr, W. N. Richardson, G. Smeal, G. C. Steward, 
CG. E. Wright, and Miss G. D. Sadd were nominated for election. 

The Treasurer presented the accounts for the year. Lt.-Col. A. 
Cunningham was appointed Auditor. 

The Officers and Council for the ensuing year were elected. The 
list is as follows :—President, Mr. H. W. Richmond; Vice-Presidents, 
Mr. J. EH. Campbell, Mr. A. L. Dixon, Prof. W. H. Young; Treasurer, 
Dr. A. E. Western ; Secretaries, Prof. G. H. Hardy, Dr. G. N. Watson ; 
other members of the Council, Dr. T. J. VA. Bromwich, Prof. L. N. G. 
Filon, Prof. H. Hilton, Miss H. P. Hudson, Prof. A. E. Jolliffe, Mr. J. E. 
Littlewood, Mr. E. A. Milne, Dr. J. W. Nisholson, Mr. F. B. Pidduck. 

Prof. H. Hilton read a paper ‘‘ On Plane Curves of Degree 2n with 
Tangents having Bi-n-Point Contact.’’* 

Dr. W. F. Sheppard read a paper “ Reciprocal Correspondence of 
Differences and Sums.’’* 

Dr. T. Stuart made a communication “The Parametric Solutions and 
Minimum Numerical Solutions of «*+y'+2* =u'+v',” which was followed 
by a discussion. 


* Printed in this volume. 
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The following papers were communicated by title from the Chair :— 
*An Example of an Orthogonal Development whose Sum is every- 
where different from the Developed Function: Dr. 8. Banach. 
*Expansions ‘aud Functions reduced to Zero by the Operator 

sinh D—cD: Prof. A. C. Dixon. 

A Table of Values of 30 Eulerian Numbers, based on a New 
Method: Mr. C. Krishnamachary and Mr. M. Bhimasena Rao. 
On the Number of Solutions in Positive Integers of the Equation 

yetezatay =n: Mr. L. J. Mordell. 
*Sur les séries entiéres a coefficients entiers: Mr. G. Polya. 
Some Applications of Integral Equations to the Theory of Differ- 
ential Equations: Prof. H. J. Priestley. 
Generating Regions of a Quadric in Space of » Dimensions: Mr. 
R. Vythynathaswamy. 
*Proofs of some Formule enunciated by Ramanujan: Mr. B. M. 
Wilson. : 





ABSTRACTS. 
Incerse Correspondence of Differences and Sums 
W. F. Sueppaxn. 


The main purpose is to find the sums corresponding to divided or ad- 
justed differences, v.e. to the differences which occur in Newton’s interpo- 
lation formula for data corresponding to values of a variable at irregular 
intervals. ‘he inquiry is made by two methods (a) by treating summa- 
tion as the inverse of differentiation, (6) by considering the set of quantities 
which correspond inversely to the set of differences. The converse problem 
of finding a set of quantities corresponding inversely to a given set of 
linear functions of sums, such as the moments, is also considered. 





On the Number of Solutions in Positive Integers of the Hquation 
y2+er+ry =n. 
L. J. Morpe.u. 


The number of solutions, reckoning as 4 those for which one of the 
unknowns is zero, is three times the number of classes of binary quadratics 





* Printed in this volume. 
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of determinant —n, the classes (4, 0, k) and (2k, k, 2k) being reckoned 
as 4 and 4 respectively. For example, if n= 19, there are twelve solu- 
tions, six of which arise from the permutations of 1, 8, 4; three from the 
permutations of 1, 1, 9; and three from the sir permutations of 0, 1, 19. 
Also there are four classes of binary forms, namely (1, 0, 19), (2, Let O}3 
and (4, +1, 5). 

The result for » a prime was given in a slightly different form by Bell 
in the Tohoku Mathematical Journal, May 1921, Vol. 19, pp. 105-116. 
His method of proof is entirely different from mine, and his remarks 
indicate that he is not aware of such a simple solution when n is composite: 

My paper will, I hope, be published in the American Journal of 
Mathematics. 


Some Applications of Integral Equations to the Theory of 
Differential Hquations 


H, J. PRiESTuEY. 


Section I establishes the fundamental existence theorem and expresses 
the solution of the general linear equation as the solution of a Volterra 
Integral Equation. 

Section II applies the Integral Equation to the investigation of those 
solutions of a second order equation, of Fuchs’ type, which remain regular 
at the singularities of the equation. The results are summarised in the 
fiecords of Proceedings of the meeting on January 13th, 1921. 

Section III discusses the equation 


5 | 9 Lavy = = Heyy (1) 


where /(7) is a rational algebraic function of n with real coefficients. It 
is shown that if $(x) contains a factor (c—c)", where k < 2 and if W(x) is 
regular at x = c, then, if 


by CHP VO) 9 Ly CHOPS] & 9 


LG p (x) poet ad © p (x) Se hate 


the solutions y,(#) of (1) which satisfy 


Yn(C) = 0 or plo) © ro Yn (c\eeaU) 
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d 
and PYn(Q) +9 He Ona), 


where p and g are real constants, are real for all real values of z. 

Further there is only one such solution y,(x) for each possible value 
of n. 

Finally, any function which is continuous and has continuous first and 
second derivatives in the range a< z2<c, and which satisfies the same 
conditions as y,(c) at «=a and «=c, can be expanded in a series of 


Yn (x). 





A Method of Solving certain Linear Partial Differential 
| Hquations 


T. W. CHAUNDY. 


The method for certain classes of linear equation obtains a solution in 
series of a generalised hypergeometric type, expresses this series as a 
definite integral by use of the integrals for the I’- and the @-functions, 
and replaces arbitrary powers of certain expressions by arbitrary functions 
of them. In this way solutions are obtained with arbitrary functions 
equal in number to the order of the equation. ‘The method is applied to 
equations of only two terms and to Laplace’s equation and certain exten- 
sions of it. 


Note on Gauss’s Quadratic Identity 
Panpit OupH Upapayaya. 
Gauss discovered the identity 
AX = Y?—(—1)?@-) pZ?, 
where p is an odd prime, 
X = eta? ?A+ tet, 
and Y and Z are polynomials in x with integral coefficients. * 


Legendre proved that Y = 2(x—1)?”-” (mod p), 





- * Disquisitiones Arithmeticae, § 357. 
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and erroneously stated in his Théorie des Nombres (8rd ed., 1880, § 512) 
that, for all values of p, Y might be found by expanding 2 (a—1)?”-”, and 
reducing each coefficient to its absolutely least residue, mod. p. He after- 
wards corrected his mistake. It is now known that Legendre’s rule holds 
good up to p = 81 inclusive, and that it fails for p = 61.* The author 
has proved that this rule holds good for p= 37, and that it fails for 
p=41. The coefficient of x in Y for p = 41 is 29, while, if Legendre’s 
rule applied, it would be —12. 





Thursday, December 15th, 1921. 
Mr. J. KE. CAMPBELL, Vice-President, in the Chair. 


Present thirty-five members and five visitors. 

Messrs. H. D. Anthony, W. F. Beard, H. Bohr, J. Cs Burkill, 
A. Buxton, J. J. Castelain, W. L. Marr, W. N. Richardson, G. Smeal, 
G. C. Steward, C. E. Wright, and Miss G. D. Sadd, were elected members 
of the Society. : 

Messrs. K. P. Dé, J. M. Keynes, J. Littlejohn, C. A. Stewart, and Miss 
M. T. Budden were nominated for election. 

Messrs. J. C. Burkill, I. O. Griffith, E. A. Milne, and Miss G. D. 
Sadd were admitted into the Society. 

The Auditor’s report was received and the accounts adopted. A vote 
of thanks to the Auditor (Lt.-Col. Cunningham) was adopted unanimously. 

Mr. J. H. Jeans delivered a lecture “The New Dynamics of the 
Quantum Theory.” 


The following papers were communicated by title from the Chair :— 


+The Relations between Apolarity and Clebsch’s Mapping of the 

Cubic Surface in a Plane: Prof. W. P. Milne. 

The General Theory of Notational Relativity: Mr. H. F. Shaffer. 

(1) Note on Gauss’s Quadratic Identity, (2) A General Formula in 
Cubic Forms: Pandit Oudh Upadhyaya. 

Gibbs’s Phenomenon in Fourier’s Series and Integrals: Prof. J. R. 
Wilton. 

On certain Types of Plane Unicursal Sextic Curves: Miss G. D. Sadd. 





* Mathews, Theory of Numbers, 1892, §§ 193-5, and references there given. 
{ Printed in this volume. 
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Specian GeNeRAL MEeEtING. | 
Mr. J. HE. CAMPBELL, Vice-President, in the Chair. 


Present thirty-five members. 


The following Resolutions were put to the meeting and carried 
unanimously :— 


(1) That the following new Article be adopted :-~ 


20a.—The Council shall have power to agree with any Mathematical 
Society situate outside the United Kingdom, that members of such Society 
who are resident outside the United Kingdom, and who are members of 
the London Mathematical Society, shall be liable to pay an Entrance Fee 
and an Annual Subscription or a Life Composition Fee of such amounts 
as may be agreed in lieu of the Entrance Fee and Annual Subscription 
specified in Articles Nos. 19 and 20, and the Life Composition Fee for 
the time being payable under the By-laws. Provided that such reduced 
amounts shall not be less than one-half of the respective amounts which 
would be payable apart from this Article. Provided also that such other 
Society shall agree to admit members of the London Mathematical Society 
not resident in the country in which such Society is situate on such re- 
duced terms below their ordinary Entrance Fee and ordinary Subscription 
as may be considered satisfactory by the Council. Any such arrangement 
shall continue for such period as may be agreed by the Council on behalf 
of the Society and by such other Society. 


(2) That the following new Article be adopted :— 


20sn.—The Council shall have power to reduce the Entrance Fee and 
Annual Subscription payable by members resident outside the United 
Kingdom, and elected in or after November, 1921, to such amounts as the 
Council shall from time to time think fit. Provided that there shall not 
be more than twelve members at any one time who shall be entitled to 
reduction under this Article. 


ABSTRACTS. 
On certain Types of Plane Unicursal Seatic Curves 
Miss G. D. Sapp. 


The sextics dealt with in this paper are those of zero deficiency which 
have all their double points concentrated at either a double or triple point 
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of the curve. There are four cases to consider, since the third branch at 
the triple point may meet each of the others in one, two, or three points 
at the singularity. 

The equations of these sextics have been obtained from the following 
considerations. In every case there is a pencil of conics meeting two of 
the branches four times each at the singularity. By choosing this pencil 
suitably, and considering its intersections with the general sextic, simple 
relations between the coefficients are obtained. If two branches of the 
sextic have (at least) 8-point contact, there is also a pencil of cubics meet- 
ing each of these branches in eight points. A suitable choice of this 
pencil results in a further simplification. Other relations are obtained 
by “‘ analysis’, sufficient in all to determine the equation of the sextic 
completely. 

The pencil of cubics has also been used to find the parametral coordi- 
nates of any point on the curve, whence it becomes evident that there is 
no real unicursal sextic having all its double points coincident at a single 
double point of the curve. 


The Parametric Solutions of the Indeterminate Quartic 
ri+ty*+24 = 2w* 
in the Rational Field. 


T. Sruarr. 


A solution of this equation, homogeneous quadratics in two parameters, 
has been previously obtained by many arithmeticians.* These are all 
embraced by the formulation 


(p* + 2pq)*+ (¢?-+ 2pq)*+ (p?—9@°)* = 2 (p?+pqt+q', 


or variants thereof, and are clearly connected by x t+y+2=0. This solu- 
tion is thus only a special solution, and, geometrically, represents a planar 
locus, viz. w= a’+tayt+y’?, z=+(e¢+y); consequently no new para- 
metric solution can be deduced. The author, utilising the above well 
known solution, has obtained one rational solution of degree 18, parametric 








* A. Cunningham, Math. Questions, Educ, Times, 1908, and also Messenger of Mathe- 
matics, 1908-9; F. Ferrari, L’intermédiaire des math., Vol. 16 (1909), p. 88; E. Miot, 
L’intermédiaire des math., Vol. 18 (1911), pp. 27, 28; A. Martin, L’intermédiaire des 
math., Vol 2 (1910), p. 351; A.Gérardin, Assoc. fran¢g., 1910; Sphinx-Oedipe, 1910, 1911, 1913, 
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dn two variables, viz. 

a = (15, 60, 50, 4, —154, —172, —142, 4, 23, 24)(a, b)’, 

y = (24, 28, 4, —142, —172, —154, 4, 50, 60, 15)(a, 5)’, 

z = (2427) {(9, 52, 88, 52, —14, 52, 88, 52, 9)(a, d)*}, 

w = (2-+tr+7) {(21, 20, 46, 20, 74, 20, 46, 20, 21)(a, B)8|, 
where azP—7, 6 = 77°4+2i-. 


-From this solution the author at once deduces, using his chain 
formule, eight new parametric solutions. In none of these solutions are 
the variables connected by the relation xt+y+z2z=0, 

A very slight modification of the formule give, at once, corresponding 
solutions of the equation 


tt yttz = 2A%W!, 


provided A is of the form a?+a8+ 6" or composed of prime factors of 
this form; and also in other special cases, given by quartic forms. The 
author hopes that he will soon present to the Society an exhaustive paper 
on the complete solution of 


xi+y*t2t — 04. 


with x, y, 2 quadratics in two parameters. This will include, as a parti- 
cular case, the problem discussed above, and will, it is hoped, contribute 
materially to the final elucidation of Huler’s problem 


ai ty*+z24 — w', 


which has hitherto baffled analysis. 

The Hight Chain Formule can be easily obtained; but their exact 
formulation in a symmetrical form still presents difficulties which the 
author has not been able to overcome. 


Specral Note. 


The two minimum numerical solutions obtainable by this formula are 
116745*+155873'+575528* = 2 (484818)*, 
(287848505)* + (127201828)*-+ (946086833)* = 2 (796419057). 
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Thursday, January 12th, 1922. 


Mr. J. EH. CAMPBELL, Ex-President, and Mr. A. L. DIXON, 
Vice-President, in the Chair. 


Present nineteen members and two visitors. 

Messrs. K. P. Dé, J. M. Keynes, C. A. Stewart, and Miss M. T. Budden 
were elected members of the Society. 

Messrs. W. R. Dean and B. C. Laws were nominated for election. 

Prof. G. N. Watson (Hon. Sec.) reported as to the number of members. 
The number on November 1st, 1919, was 312. 41 new members were 
elected in the Session 1919-20, and 25 in the Session 1920-21. 14 have 
died and 15 have resigned in the course of those two Sessions. The 
number on November 1st, 1921, was 849. 

Miss G. D. Sadd read a paper ‘“‘ Rational Plane Sextic Curves.’’* 

Mr. J. E. Campbell read a paper ‘‘ On a Class of Surfaces in Kuclidean 
Space which Generate an Expression for the Space Time Interval in 
Kinstein’s Geometry of a Particular Form.’’* 

Prof. G. H. Hardy communicated a paper by Dr. F. Lettenmeyer 
‘Neuer Beweis des allgemeinen Kroneckerschen Approximationssatzes.’’* 

Dr. T. Stuart made a communication ‘‘ Parametric Solutions of certain 
Diophantine Equations.” 


The following papers were communicated by title from the Chair :— 


*A Theorem concerning Fourier’s Series: T. Carleman (communi- 
cated by G. H. Hardy). 
*Apolarity and the Weddle Surface: W. P. Milne. 


ABSTRACTS. 


On certain Types of Plane Unicursal Sextic Curves 
Miss G. D. Sapp. 


The sextics discussed are those which have all their ten double points 
concentrated at a single point of the curve, which may be either a double 


* Printed in this volume. 
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oratriple point. The equation of the former type, obtained by the method 
of analysis, shows that there are only two distinct curves, and these are 
_ both unreal, as is evident from the expressions for the parametral coor- 
dinates. 

Of the three types of rational plane sextic having a single triple point 
and no other point-singularities, one only is discussed in detail, 7.e. the 
one whose third branch does not touch the other two at the singularity. 
There are again only two distinct curves of this type, both real. 





Neuer Beweis des allgemeinen Kroneckerschen Approaimationssatzes 


Fritz LerrenmMeyer (communicated by G. H. Harpy). 


The paper contains a new and particularly simple proof of the follow- 
ing theorem of Kronecker :— 


If 6;, Oo, --+) Om are linearly independent irrationals, i.e. if there vs 
no relation 


ay O1'-+- do Gate. + Om Om Ont — 0 


in which the a’s are integers, not all zero, and uf (@) denotes the least 
positive residue of x to modulus unity, then the points 


12-2 |) Gehl (UNE Bee MCP A LS aril aD a Ne) 
lie everywhere dense wn the “ cube” 
SN) ea eet aici 


The central idea of the proof is as follows. We consider the aggregate 


of vectors 
(a Pr+r) (n = 1, ra A r=, eee); 


and those among them whose length is less than e: these we call “ e- 
vectors.”” We then show that it is in general possible to find m e-vectors 
issuing from P, and not all lying im the same (m—1)-fold. From these 
we construct a “ parallelogram-net”’ of points P, ; and every point of the 
cube is within a distance e of one of the lattice-points of the net. This 
proves the theorem in the general case. The exceptional cases are 
examined, and shown to correspond to linear relations between the 6’s. 
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A theorem concerning Fourier’s series 
T. Caruteman (communicated by G. H. Harpy). 


Suppose that f(r) is real, summable in (0, 27), and continuous for 
x = a, and that s, is the sum of the first n+1 terms of its Fourier’s 
series for c =a. It was shown by Fejér that 


BS a7 eNO: 
NM v=0 
when n— ©. 


Later, it was shown by Hardy and Littlewood that 
1 VW = “lh n iz 
1 2 [s,—f(a) ? > 0, A = | s,—f(a)| > 0. 
Here it is shown, by a quite different method, that 
1 n 
— ¥ |s,—f(a |? >0 
NM v=0 


for every p > 1, and indeed 
1 


ss 3 ec! -F@! — 1 
NM y=0 
for every c>0. These results state the more the larger are pandc. The 
hypothesis of continuity for « = a is also generalised. 
The interest of such results lies in the light they throw on the possible 
modes of oscillation of s, about its average value f(a). 





Thursday, February 9th, 1922. 


Mr. H. W. RICHMOND, President, in the Chair. 


Present eighteen members and three visitors. 

Messrs. W. R. Dean and Bb. C. Laws were elected members of the 
Society. 

Messrs. R. F. Budden, A. EH. R. Church, H. J. Davis, H. V. Lowry, 
W. P. D. MacMahon, J. L. Navarro, 8. W. P. Steen, and T. Thompson 
were nominated for election. Prof. Dr. W. Wirtinger, of the University 
of Vienna, was nominated for election under By-law 20s. 
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Prof. H. Hilton read a paper ‘‘ Conics on the Pseudosphere.”’ 
Mr. W. P. D. MacMahon read a paper “ The Design of Repeating 
_ Polygons in Euclidean Space of Two Dimensions.” 

Mr. J. E. Littlewood (with Prof. G. H. Hardy) made a communication 
‘* Dirichlet’s Series with Lines of Singularities.” 





ABSTRACTS. 
Dirichle?s Series with Lines of Singularities 
G. H. Harpy and J. KE. Lirrnuewoop. 


In a remarkable memoir published recently in the Abhandlungen aus 
dem math. Seminar der Hamburgischen Universitat (Vol. 1, pp. 54-76), 
Herr E. Hecke has considered the analytic properties of the function 
f, (s) = f,(s, @) defined, when o = 38(s) > 1, by the Dirichlet’s series 
An 


Fils) se S 


rth 
Here @ is a quadratic irrational, and 
An = an(0) = {nO} = nO—[n0]—F. 


The properties of the function are intimately connected with the 
problem of the distribution of the numbers x? to modulus 1. Hecke 
shows that f,(s) is meromorphic all over the plane, and that its only 
possible singularities are simple poles at the points 


§ = —A2m+Bkhart (ma ='0, 1, 2,...; k =..., —1, 0, —1, ...), 


where a is a number depending on 0. 
It is interesting to discuss the properties of f,(s) for general values. of 
0. We suppose then that @ is any irrational between 0 and 1, and that 


fait ees 
~~ A, +A, + a3+...’ 
g=- 6-— 


a, +6,’ ; a+ A.” 
We say that 6 is of class X if X is the least number such that 


(00, ... On —a)* 


0, at 
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for every positive «, or (what is the same thing) such that 
| nitd+ (sin nO} > 0 - 


for every positive e. A quadratic irrational is of class 0; and any alge- 
braic number is of finite class, in virtue of a classical theorem of Liouville. 
We write 


I 4o?.— 


oe 
HO) = fii) => 22 F3(8) = a> 


ni’ ns 





the functions of a, which occur in the numerator being Masui) 
Bernoullian functions. Our conclusions are that 


ih OG DA ae 
(a) fis 1S TEGULaY FOr Gc i> o, —ML een 


(b) of XN>O, the line o =cy 18 a singular line for fy(s).* 


In particular, f,(s) is regular for o > A/(1+A), and o =A/(1+A) isa 
singular line when A\>0O._ It is also the line of convergence of the series. 
It appears then that the case considered by Hecke is entirely exceptional. 

It appears very probable that o =o, is singular even when A = 0, 
except when @ is quadratic ; but this we are unable to prove. 


The Theory of Closed Repeating Polygons in Huclidean yuo 
of Two Dimensions 


W. P. D. MacMauon. 


The object of these investigations is to determine the conditions that 
must be satisfied by a closed rectilinear figure in order that it may be 
assembled, in side-to-side contact with other closed rectilinear figures 
identical with it, so as to cover continuously two-dimensional Euclidean 
space. 

In the present communication such polygons only are considered as 
have no angle equal to 180°. 


(1) An analysis of the different kinds of side-to-side contact to which a 
repeating polygon may be subjected in an assemblage, shows that a 
closed polygon is a repeat when and only when | 





* We have proved this completely only when p = 1 or p = 2. 
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(a) its angles are such that they may be distributed into sets of 2, 3, 
or 4 differently lettered angles, the sum of the angles in each set being 
equal to 7 or 27 (this is called the law of angle distribution); 


(6) certain lateral conditions closely associated with the law of angle 
distribution are satisfied. 
A general table of these sets for all orders of repeat is drawn up from 
which among others the following facts are immediately in evidence. 
(i) Every triangle and every quadrilateral is a repeat. 


(ii) No general case exists for repeats whose order is greater than the 
fourth. 


(iii) Repeats of order 2m (m > 2) exhibit three distinct types; those 
of order 2m-+1 (m > 1) two distinct types only. 


(iv) Every pentagon having two alternate sides equal and parallel is 
a repeat. 

(v) Every hexagon having either two alternate or two opposite sides 
equal or parallel is a repeat. 


(vi) A convex repeat polygon of order greater than the sixth does 
not exist. 


(vii) A repeat polygon having. « re-entering angles does not exist for 
an order greater than 2«+2 or less than 2«-+6. 
(viii) A repeat polygon of order 2m has either m—38, m—2, or m—1 
re-entering angles. 
(ix) A repeat polygon of order 2m+1 has either m—2 or m—1 re- 
entering angles. 


(x) Five consecutive orders of polygon exhibit, as repeats, polygons 
with any specified order of concavity. 


According to the lateral conditions satisfied, the various types of 
repeat admit of sub-division. An example of each type or sub-type, from 
the third to the sixth order, is constructed and assembled. 


On Conics on the Pseudosphere 


Haroup HIton. 


There is a geometry of algebraic curves on the pseudosphere, for which 
the constant Gaussian curvature AK = —1/R?, somewhat similar to that 
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of algebraic curves on the plane and sphere. The equation of such a curve 
in geodesic polar coordinates is obtained on replacing 7 by tanh r/R in the 
polar equation of a plane algebraic curve. 

The properties of pseudospherical conics are analogous to those of 
sphero-conics, The principal types are the circle, ellipses with two (real) 
foci, ellipses with two foci and directrices, hyperbolas with two foci and 
directrices, hyperbolas with no foci but two or four directrices, conics with 
one focus, conics with one focus and directrix, and conics with neither focus 
nor directrix. 











Thursday, March 9th, 1922. 


Mr. H. W. RICHMOND, President, in the Chair. 


Present twenty-one members. 

Messrs. R. F. Budden, A. E. R. Church, H. J. Davis, H. V. Lowry, 
W. P. D. MacMahon, J. L. Navarro, §. W. P. Steen, and- T. Thompson 
were elected members of the Society. 

Prof. Dr. W. Wirtinger was elected under By-law 200. 

Messrs. W. Cowan, H. Cramér, H. A. Hazden, J. B. Homer, H. C. 
Plummer, and D. Wootton were nominated for election. 

Prof. Dr. L. Fejér of Budapest, Prof. Dr. E. Lindeldf of Helsingfors, 
Prof. Dr. F. Riesz of Szeged, and Prof. Dr. W. Sierpinski of Warsaw were 
nominated under By-law 200. 

The President stated that the date of Prof. Hardy’s lecture would be 
May 11th. 

Prof. W. H. Young read a paper “‘ On the Theory of Functions of Two 
Complex Variables.’’* 

Col. R. L. Hippisley read a paper ‘‘The Nodes of the Three-Bar 
Sextic.’’* 

Lt.-Col. A. Cunningham read a paper ‘‘ On Least Primitive Roots.’’* 

Mr. R. F. Whitehead made a communication ‘The Number of Solu- 
tions in Positive Integers of the Equation yz+z¢r+ay =n.” 





* Printed in this volume. 
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The following papers were communicated by title from the Chair :— 


The Determination of the Criterion to prevent “Hunting” in 
Hartnell’s Governor: T. Stuart. 
The Average Value of a Functional: N. Wiener. 





ABSTRACTS. 
The Nodes of the Three-Bar Sextic 
Col. R. L. Hirrisuey, C.B. 4 


A proof is given of the theorem that the line joining the other extremi- 
ee of the principal chords passing through a node passes through the 
other two nodes. From this the sum of the arguments of the elliptic 
functions by which the coordinates of the nodes can be expressed is de- 
termined. A relation is also given between the two arguments for a node. 
A relation between the areas of the parallelograms of the triple generation 
theorem when the tracing point is at a node is given, and certain theorems. 
regarding the Simson lines of the nodes. 





On Least Primitive Roots 
Lt.-Col. Anuan Cunnineuam, R.E.; H. J. Woopsun; and T. G. Creak. 


‘The paper contains a table of the least primitive roots, both positive 
and negative, of the 2800 odd primes < 25410. 
The table shows two important results— 


(1) The maximum least primitive roots for the 2800 primes are 
+31 (occurs twice only) and —39 (twice). 


(2) The small numbers } 12 supply 2637 of the positive roots and 
2688 of the negative roots out of the totals of 2800. 


As the use of primitive roots in computation involves very frequent multi- 
plication by the root itself, these results are of great practical importance. 
‘These results seem new, inasmuch as Jacobi used 29 primitive roots >100: 


SR oe ee Ole Le C 
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in computing the Canon Arithmeticus, which extends only to primes 
< 1000, for which + 21 is the highest really required: and Desmarest in 
a table giving one primitive root for all primes < 10000 gives 386 roots » 
> 1000. 

The process used by the joint authors for finding the least primitive 
roots is described: it is far shorter than that described in Mathews’s 
Theory of Numbers, Vol. 1, Art. 20. 


On the Number of Solutions in Positive Integers of the Hquation 
yetee+ry =n. 


R. F. WaHiIrExeap. 


In an abstract of a forthcoming paper, which appeared in the Records 
of Proceedings for November 17th, 1921, Mr. Mordell has stated that 
the number of solutions is equal to three times the number of classes of 
binary quadratics of determinant —mn, reckoning as 4 each solution in 
which one of the unknowns is zero, and counting each class (k, 0, 4), 
(2k, k, 2k) as 4 and 4 respectively. 

An elementary demonstration of these results may be derived from 
the consideration that the equation is equivalent to 


(a+ y)(e-+2) = 2?-+n. 


Ifeg. zy, then a+z2< «+y<{2z, and therefore (¢+y, +2, 
z-+z) is a reduced form. 

There are thus generally six solutions derived by permutation, corre- 
sponding with two classes. If, however, one unknown is zero, there is 
only one class for the six solutions. If two of the unknowns are equal 
and the third not equal to them or to zero, there are three permutations 
and one class, since the forms (2a, +a, c) are equivalent, as also the forms 
(a, +6, a); but if the third unknown is zero there are three solutions 
with one corresponding class. Finally, if « = y = z, there is one solu- 
tion with a corresponding class, the forms (2a, +a, 2a) being equivalent. 
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On Gauss’s Quadratic Identity 
W. i. H. Berwick. 


The polynomials Y(x), Z(x), with which Mr. Upadhyaya’s note* is 
concerned, are to be found tabulated as far as py = 101 in Dr. Hermann 
Teege’s Inaugural-Dissertation “Uber die 4(p—1)-gliedrigen Gaussischen 
Perioden,” Kiel, P. Peters, 1900. When Mr. Upadhyaya’s result for 
p = 37 was communicated to Natwre (June 9th, 1921), in a letter by 
Dr. G. B. Mathews, similar results for p = 41, 48, 47, 58, 59, 61 were 
ealeulated by Dr. H. C. Pocklington and Father J. Cullen, who were 
evidently unfamiliar with Dr. Teege’s work, and printed in Nature of 
July 7th. I drew attention to Dr. Teege’s work in Nature of July 21st, 
and a further letter by Mr. R. F. Whitehead appeared in the issue of 
‘October 13th, 1921. 





Thursday, April 20th, 1922. 


Mr. H. W. RICHMOND, President, in the Chair. 


Present ten members. 

Messrs. W. Cowan, H. Cramér, H. A. Hazden, J. B. Homer, H. C. 
Plummer, and L. Wootton were elected members of the Society. 

Prof. Dr. L. Fejér (Budapest), Prof. Dr. E. Lindelof (Helsingfors), 
Prof. Dr. F. Riesz (Szeged), and Prof. Dr. W. Sierpinski (Warsaw) were 
elected under By-law 20s. 

Dr. S. Beatty, Mr. W. L. Ferrar, Miss L. E. Hardcastle, and Miss M. 
Stimson were nominated for election. 

Prof. Dr. C. Runge (Gottingen) was nominated under By-law 20s. 

Messrs. R. G. Cooke and W. P. D. MacMahon were admitted into the 
Society. | 

The President referred to the loss sustained by the Society in the 
death of Prof. G. B. Mathews. 


* See Records of Proceedings at Meetings for January 12th, 1922, 
c 2 
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Prof. Hardy communicated a paper by Prof. H. Bohr, “ Another Proof 
of Kronecker’s Theorem.’’* 

Prof. Hilton made an informal communication “ On a Lamé Family 
of Surfaces.” 

Lt.-Col. Cunningham announced the publication at Nancy of an eX-~ 
tensive table of indices. 


The following papers were communicated by title from the chair :— 


*On Water Waves due to Disturbance beneath the Surface: H. 
Lamb. 
Cauchy’s Theorem on the Integral of a Function between Imaginary 
Limits: G. Mittag-Leffler. 


ABSTRACT. 
On a Lamé Family of Surfaces 
Haroup Hinton. 


Suppose wu, v, w are functions of the rectangular Cartesian coordinates. 
x, y, 2 of any point, and that 

dx*+day+d2? = adw+bdv?+cdw?+2fdvdwt2gdwdut2hdudv, 
so that a=aityita, f= xetetyoygtro%s, &C. 


where suffixes 1, 2, 3 denote partial differentiation with respect to wu, v, wv 
respectively. 

Write a for (bg —fh)/(ab—h?*), 8 for (af—gh)/(ab—h’). Then w = con- 
stant is a Lamé family, forming a triply orthogonal system with two other 
singly infinite families of surfaces, if 


lin, dileg (Ol 
where at dg—A,a—d, 8B —aa,+aB8,—2h8,, 
h! = hg—hya—h,B—aa,—bh,, 
"= b,—b,a—b,8+ ba, —b8,—2hay ; 


il 





* Printed in this volume. 


RECORDS OF PROCEEDINGS AT MEETINGS. Xxiil 


and a", h", b" are derived from a’, h’, b’, a, 8 in the same way as a’, h’, b’ 
are derived from a, h, ), a, 8. 





Thursday, May 11th, 1922. 
Mr. H. W. RICHMOND, President, in the Chair. 


Present thirty-three members and five visitors. 

Dr. 8. Beatty, Mr. W. L. Ferrar, Miss L. E. Hardeastle, and Miss M. 
Stimson were elected members of the Society. 

Prof. Dr. C. Runge (Gottingen) was elected under By-law 20s. 

Mr. E. C. Francis was nominated for election. 

Prof. Dr. E. Schmidt (Berlin) was nominated under By-law 20s. 

The President referred to the loss sustained by the Society in the 
death of Sir A. B. Kempe, formerly Treasurer (1883-1891) and President 
(1892-18983). 

Prof. G. H. Hardy delivered a lecture ‘‘ The Elements of the Analytic 
Theory of Numbers.” 3 


The following papers were communicated by title from the Chair :-— 


On the Displacement of tensors: P. Dienes. 

Some Limiting Forms in the Theory of Integral Equations: A. C. 
Dixon. | 

On Harmonic Equations and in particular the Equations asso- 
ciated with Parabolic and Cireular Boundary Problems: E. L. 
Ince. | 

*Sextactic Cones and Tritangent Planes of the same System of a 
Quadri-Cubic Curve: W. P. Milne. 

*On the Integer Solutions of the Equation y? = az?+ba’?+cx+d: 
L. J. Mordell. 

*On the Manner of Divergence of the Legendre Series of an In- 
tegrable Function: B. M. Wilson. | 

On the Fundamental Theorem of Integration for Multiple 
Integrals: W. H. Young. 





* Printed in this volume. 
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ABSTRACTS. 
Some Limiting Forms in the Theory of Integral Equations 
A. C. Drxon. 


1. For the integral equation (Kellogg, Math. Ann., Vol. 58) 


pr oo {cot (t—a)+a} dt = f(x), 


the special values of X are +1/:7, 1/az7, and the special functions are: 
for aljir 6°" 97 — aA, es eee 
for limi) envi = TL Von one), 
OTe Uitykeray > Ub 


2. The equation ¢(z)—A |, 60 a ey 


(4) - ey 
is satisfied by (a) = f(x 2) Et ue at TAC) A oe dt, 


if sin bt = Az and the real part of 6 is between 0 and 1; the index 1—b 
is to be changed into —1—0 if the real part of 6 is between O and —1. 
The solution fails if A is a pure imaginary. 


3. Some other types of functional equation may be treated as limiting 
forms of integral equations. 


For instance, take ¢(x)—Ad(x+a) = f(a), (Oren) 
where ¢, f are supposed to have the period z, and a is real. Since 
d(a+a) — +. a | CaO) ae 
4‘ n=—c JO 
the equation has the form of an integral equation. 
If f(z) is expanded in a Fourier series 2A,,e?"”, (x) is 


SS 7 bis Caer L —erm4), 


The solution fails when \ = e~*"'*, n being integral, unless f(x) is such 
that 


| ce Ben Wine = 10). 
0 
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and when this condition is satisfied the coefficient of e?" in (x) is 
arbitrary. 
If v(x) is another function with period 7, 

\ ip(@)—Ag(e@+a)} (a) dx = \ iv (2)—A-(a@—a)} pa) da, . 


and thus the associated equation is the similar one 


We (@)—Av (a —a) = g(x). (3. 2) 
The special values of X for which the solution fails are all on the circle 
|’ | = 1, whereas in ordinary cases the sequence of them tends to in- 


finity. 
Similarly take the equation 


p(x) —A¢d' (2 +a) = f(z), (3. 8) 


where ¢, f are still periodic and ¢'(a+a) may be written 
dh » | Inver Att) Ade. 
Te anne ANY 


The solution here is, if f(z) = 2A,e?”*, 
Geo) Pam XA, 67" /(1—Qr Podeban (Sasa) 


The special values of AX are e~?""/2n, mn being integral; for this 
special value the solution fails unless 


\ 0" f(x) dx = 0, 


*J0 


and if this condition is fulfilled the coefficient of e’"” in ¢(x) is arbitrary. 
The associated equation is the similar one 


Ve (2) +AW' (w@— a) = 9 (2). (3. 4) 
When a = 0, the equation (3 . 3) becomes the differential equation 
p(x) —Aq' (x) = f(a). (3. 5) 
The value of ¢(z) given by (8 . 5) contains a complementary function 
CO etl, 


in addition to the terms of (8.81). 
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The complementary function has not, however, the period 7, unless 
\ has one of the special values included in the form 


1/2n, 


and thus the two results are reconciled. 
The special values of A in this case form two sequences tending to 
ZeYO. 


On the Integer Solutions of the Hquation y* = aa?+ba?+cx+d 
L. J. MorDELL. 


In a paper appearing shortly in the Messenger of Mathematics, I have 
civen a very simple proof that this equation has only a finite number of 
solutions in integers. The present paper contains another proof which I 
hoped would enable me to prove the obvious extension to the quartic. It 
led me, however, to a proof of a far more important proposition—namely, 
that the method of infinite descent applies to the indeterminate equations 


(of genus unity) 
2 = axtt+ba®ytca*y’?+day?+ey?, 
or to 0=f/(z, y, %), 
where f is a ternary cubic in z, y, z; that is to say, that if either of these 
equations has an infinite number of integral solutions, all of them can be 


expressed rationally in terms of a finite number. So all the rational solu- 


tions of 
y = 42° —9ox— Gs 


are given by Fe P (UU) ee Pe 
with U = MU Mg Ug... Mn Un, 
for a finite number of values of w,, wg, .2., where mm, Mm, ... take all in- 


teger values, positive, negative, and zero. An account of this will be given 
in a paper “ On the Solution of the Indeterminate Equations of the Third 
and Fourth Degrees,’ to be presented shortly to the Cambridge Philo- 
sophical Society. 
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Thursday, June 8th, 1922. 
Mr. H. W. RICHMOND, President, in the Chair. 


Present twenty members. 

Mr. EK. C. Francis was elected a member of the Society. 

Prof. Dr. E. Schmidt (Berlin) was elected under By-law 20s. 

Mr. L. C. Piggott was nominated for election. 

Mr. R. F. Budden, Mr. C. E. Wright, and Miss M. Stimson were ad- 
mitted into the Society. 

The President spoke briefly concerning M. Camille Jordan, late honorary 
member of the Society. 

It was announced that the Annual General Meeting was fixed for 
November 9th, 1922. 

Mr. L. J. Mordell communicated two papers (1) “On Gauss’s Sums and 
the Law of Quadratic Reciprocity in any Field,” (2) ‘“‘On the Integral 
Solutions of the Equation ey? = axz®+bx°+cx+d.’’* 

Mr. J. KE. Campbell read a paper “‘ The Deduction of the Ground-Form 
of Einstein’s Statical Gravitational Field from Gauss’s Expression for the 
Ground-Form in Ordinary Two-Way Space.’’* 

Prof. G. H. Hardy read a paper (written in collaboration with Mr. 
J. HK. Littlewood) ‘‘ Fourier’s Series and Power Series.” 

Lt.-Col. A. Cunningham read a paper “‘ On Pellian Chains.” 


The following papers were communicated by title from the chair :— 
*Commutative Ordinary Differential Operators: J. L. Burchnall 
and T. W. Chaundy. 
The Displacement of Tensors: P. Dienes. 
*On the General Invariant Theory of Quadrics: H. W. Turnbull. 
Surface Waves on Limited Sheets of Water: J. Vint. 
The Euclidean Geometry of Angle: D. K. Picken. 


*A Relation between Bertrand’s and Kelvin’s Theorems on Impulses : 


Cool Layior 








. * Printed in this volume. 
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ABSTRACTS. 


On Gauss’s Sums and the Law of Quadratic Reciprocity in any 
Feld 


L. J. Morpett. 


In a recent number of these Proceedings I have proved very simply 
Hecke’s reciprocity formule for the Gauss’s sums in a quadratic field. I. 
notice now that the proof becomes much simpler and more symmetrical 
by the use of a contour integral involving two variables of integration in- 
stead of one. Moreover, the new method gives the corresponding formule 
for any algebraic field, so that an easy and elementary proof of the law of 
quadratic reciprocity in the field can be deduced. 

Hecke, it may be noted, has proved the reciprocity formule very ele- 
gantly, by assuming the law of Quadratic Reciprocity in the field, and also. 
his functional equation for the Dedekind Zeta-function. 


On Pellian Chains 
Lt.-Col. Anuan Cunnineuam, R.E. 


This paper develops the chain-relations among the elements (7’, v’), 
(r, v) of the Pellian equations 
te Dy sa he, — Dv? = +1. 
A chain-sertes is a series of composites Ny = £,M,, Ng = LoMg, &e., 
which are similar functions of two elements z,, y,, such that 


Mos Tae = Bom ive luessOie) s 
By the substitutions 


mnoHV/k.syity), uk. tity d/VD, 
aie) Up ee ALL 


Ty 





* The only values of k used are such as are the middle terms of the series of partial 
quotients in the expansion of “D as a continued fraction: they are the last entries in the 
second lines of each D in Degen’s tables. 
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it is shown that the following numbers (N) are chain-series :— 
Nee Duy Ne Tt Du, 
NO = hel?+Dolt, NY = ke!? Do! 
Further that the following Aurifeuillians are chain-series :— 
N=, +4y,4, N, = 7¢+40t, 
N,. = (7,5 +3870, (7 27+8u,7), Ny = (78+8°0%)/ (72+ 8v?). 





On the General Invariant Theory of Quadrics 
H. W. Turnsvtt. 


The property of equivalence which gives rise to a prepared system of 
symbolic factors in terms of which the concomitants of three quadrics ‘can 
be expressed (see Proc. London Math. Soc., Ser. 2, Vol. 20, p. 472) holds 
for any number of quadrics. With the same notation a2, (Ap)*, u2 to de- 
note a quadric f in point, line and plane coordinates, and with similar sets: 
for an indefinite number of other quadrics f’ = 82, f"=c, fl’ = d?, ..., 
it may be shown that the necessary types of factor for a prepared system 
noe Gr, Way (abcd), (aByd), (abcu), (aBya), 


(A,A,), (04,9), 
(AT AS Ano), a0 eo. 
(OAT AS ao). 
where A; denotes one of the symbols p, A, B, ...; 0, @ denote two of 
u, x, a, a, b, 8, ...; and where certain simple restrictions hold. 

Thus the total degree of a bracket is a multiple of four, reckoning w, a 
of degree one; p, A of degree two; x, a of degree three. Again, no two 
symbols in one bracket may be alike, except 6 and ¢. Also when three 
or more A, A.A; occur they may be interchanged as in a determinant. 


These brackets may be readily expressed in terms of the original 
symbolic factors. For example, if A = (aa’), C = (cc’), H = (ee’), then 


(ABCDEF) = Z(@Be)(c' De)(e' Fa’), 


the sum extending to eight terms obtained by permuting aa’, cc’, ee’ 
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separately. Similarly, to illustrate the structure of a (0, #) bracket, 
(aBCDEp) = X(aBc)(c' De) on 


-a four-term series. 

Finally, this prepared system shows clearly the principle of duality, 
‘answering to geometrical reciprocation. The three brackets on the left 
are self-reciprocal. Those on the right are reciprocal in pairs when 0, ¢ 
are both of type a or both of type a; but they are self-reciprocal when 
an even number of A symbols occur. 


The Huclidean Geometry of Angle 
D. K. Picken, 


The paper is based on the figure consisting of two intersecting straight 
lines, intermediate between straight line and (complete) triangle. ‘This 
figure is called in the paper ‘“‘ the complete angle,” and for it the notations 
(Z,, 2.) or (AB, CD), or, simply 4OB—equivalent to (OA, OB)—are used. 
Congruence of complete angles, expressed by 4OB = A’O'B’, is shown to 
be the proper characteristic angle relation of elementary geometry; by 
use of it geometrical theory is both simplified and made more general. 

The following propositions, e.g., are quite general :— 


ABC = ABD implies that B, C, D are collinear, 


ABC = DCB AB is parallel to CD, 

ABC = ADC i A, B, C, D are concyclic, 

ABG = DAC RA AD is tangential to the circle ABC, 
ABC = CDA iy the circles ABC, ACD are congruent ; 


and every congruence PQ = UVW, obtained by using 3-permutations 
of A, B, C, D, can be given immediate general geometrical interpretation. 
These facts provide a most powerful elementary method in geometry, of 
wide applicability. | 
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Fourier Series and Power NSevies 
G. H. Harpy and J. E. Lirrnuewoop. 


The ‘‘ convergence problem ”’ for Fourier’s series is still unsolved: no: 
one has succeeded in stating any simple system of conditions both necessary 
and sufficient for the convergence of the Fourier series of a given function 
J(x). The same is true of the problem of the summability of the series by 
Cesaro’s means, so long as the order of the means considered is fixed. 
Thus continuity is a sufficient condition for summability (C, 1), but not a 
necessary condition; and, in general, none of the known sufficient condi-. 
tions is necessary, and none of the necessary conditions sufficient. 

There is, however, a problem which does admit a simple and complete: 
solution. We may ask, not “‘ when is the series summable (C, 1), or: 
summable (C, k), for some definite * ?’’ but ‘‘ when is it summable by some 
Cesaro mean?” ‘The solution of this problem is contained in the follow- 
ing theorem. 


THroreM 1.—In order that the Fourier sertes of f(x), for c=a, should’ 
be summable by Cesaro’s means, to sum s, vt is necessary and sufficient that 


fp Ua) ee Ai I dx, | ' diy aa ae ALK -1 | ie p(x) xp, 


DePha  .o Bp 0 Le—1 JO 








where p(c) = $41 fiata)+f(a—x)—2s}, 
should, for some value of k, tend to zero with «. 


We may express this more tersely by saying that vt 7s necessary and 
sufficient that p(x) should be continuous on the average for « = 0, 

There is a similar theorem for power series 2a,x” on the circle of 
convergence. 


THEOREM 2.—In order that Xa, should be summable by Cesro’s means;. 
to sum 8, vt is necessary and sufficient that 


(1) fv) = 2anx” should be of finite order for |x| <t1, that ts to. 
say that 
f(@) = O0—|a|)-* 


for some value of K ; 
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1 1 1 1 
(2) ae : | a dis oot | oe I (xx) dry 
LK -2 ES 


Wt Jy Oy ae eel 








should tend to s when x tends to 1. 


The wntegrations are rectilinear; but x may tend to 1 in any manner 
from inside the circle. 


The condition (1) is equivalent to 
(3) Vi OF 
for some ZL. 


These theorems may recall Bohr’s work in the theory of Dirichlet’s 
series 2Ya,n~*, where a similar phenomenon may be observed. The 
“convergence problem ”’ defies solution, and so does that of summability 
(C, k) for any particular k; but the problem of summability by some 
mean has a definite solution. The series is summable for c>o,, by some 
‘Cesaro mean, if and only if the function f(¢+2t)=/(s)=2a,n~* is 
regular, and of finite order in ¢, for « > a». 


LIBRARY 


Presents. 


Between December 31st, 1921, and December 31st, 1922, the follow- 
ing presents were made to the Library by their respective authors and 
publishers :— 


Boussinesq, J.—Cours de Physique Mathématique de la Faculté des Sciences, Compléments 
au Tome 3, 

Cunningham, Allan.—Haupt-Exponents, Residue Indices, Primitive Roots, and Standard 
Congruences. 

Freund, Margarete.—Uber das Potential mehrfach belegter Flichen. 

Gutzmer, A.—Zum Jubilaum der Logarithmen. 

Juvet, G.—Introduction au Calcul Tensoriel et au Calcul Différentiel Absolu. 

Lévy, Paul.—Lecons d’ Analyse Fonctionnelle. 

Numair, V.—Calculating Prodigies, and a Clue to the Evolution of Arithmetic. 

See, T. J. J.—New Theory of the Aether, 5th and 6th papers. 


Abo Academy : Acta Math. et Phys., no. 1. 

Brussels : Académie Royale de Belgique, Bulletin de la Classe des Sciences, tome 7, nos. 11, 12 ; 
tome 8, nos. 1-7. Annuaire, 1922, 

Calcutta: Institution of Engineers (India), Journal, vol. 2, April. List of Members. 

L’Enseignement Mathématique, 22me année, nos. 1-4. 

Erlangen : Physikalisch-medizinische Sozietat, Sitzungsberichte, bande 52, 43. 

Fundamenta Mathematicae, tome 3. 

Gottingen: K. Gesellschatt der Wissenschaften, Nachrichten, Philologisch-historische Klasse, 
1921, heft 1. Geschaftliche Mitteilungen, 1921. 

Internationale Mathematische Unterrichtskommission, Berichte und Mitteilungen, erste folge, 
heft 12. 

Kansas University : Science Bulletin, vol. 13, nos. 1-9. 

Kyoto: Imperial University, College of Science, Memoirs, vol. 4, nos. 7, 8; vol. 5, nos. 1-6, 

Masaryk University: Faculté des Sciences, Publications, nos. 8, 11-15. 

Mathematical Gazette. vol. 11, nos, 156, 157. 

Nation and Athenzeum, vol. 30, nos. 15-26 ; vol. 31, nos. 1-27; vol. 32, nos. 1-11. 

Nautical Almanac, 1924. 

Sendai: Tohoku Imperial University, Science Reports, vol. 10, nos. 5, 6; vol. 11, nos. 1-3. 

Sendai: Tohoku Mathematical Journal, vol. 20, nos. 1-4; vol. 21, nos. 3, 4. 

Tokyo: Physico-Mathematical Society of Japan, Proceedings, vol. 3, no. 11; vol. 4, nos. 
1-10. 

Zeitschrift fiir Mathematischen und Naturwissenschaftlichen Unterricht aller Schulgattungen :; 
Sonderabruck, Jahrgang 46, hefte 1, 5. 


Hachanges. 


American Journal of Mathematics, vol. 44, no. 1. 
Bologna: Reale Accademia delle Scienze, Rendiconti, vols. 24, 25. 
Bologna : Unione Matematica Italiana, Bollettino, anno 1, no. 1. 
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Boston (Mass.) : American Academy of Arts and Sciences, Proceedings, vol. 57, nos. 11-14. 

Bulletin des Sciences Mathématiques, vol. 46, nos. 1-11. 

Cambridge Philosophical Society, Proceedings, vol. 21, pts. 1-3. 

Copenhagen: K. Danske Videnskabernes Selskabs, Oversigt, June 1919, May 1920; Mathe- 
matisk-fysiske Meddelelser, vol. 2, nos. 1, 2, 3, 5, 12; vol. 3, nos. 1-11. 

Dublin: Royal Irish Academy, Proceedings, vol. 36, Section A, nos. 1-4. 

Edinburgh : Royal Society, Proceedings, vol. 41, pt. 2; vol. 42, pts. 1, 2. 

Firenze: Bibliotica Nazionale Centrale, Bollettino, nos. 246-257. 

Hamburg University: Abhandlungen aus dem Mathematischen Seminar, band 1, hefte 2-4. 

Jahrbuch iiber die Fortschritte der Mathematik, band 45, heft 3. 

Journal fiir Mathematik, band 152, hefte 1, 2. 

Lancaster, Pa.: American Mathematical Society, Bulletin, vol. 27, nos.9,10; vol. 28, nos. 
1-6. Transactions, vol. 23, no. 1. : 

La Plata: Universidad Nacional, Contribucién al Estudios de las Ciencias fisicas y matemAticas,, 
no. 52. 

London: Physical Society, Proceedings, vol. 34, nos. 1-5. 

London: Royal Astronomical Society, Monthly Notices, vol. 82, nos. 1-9. 

London: Royal Society, Philosophical Transactions, vol, 222, nos, 598-609. Proceedings, 
vol. 100, nos. 705-707 ; vol. 101, nos. 714-716. 

Madras: Indian Mathematical Society, Journal, vol. 13, no. 6; vol. 14, nos. 1-4. 

Massachusetts: Institute of Technology, Journal of Mathematics and Physics, vol. 1, no. 2. 

Mathematische Annalen, bande 85, 86, 87. 

Mathematische Zeitschrift, band 11, hefte 3, 4; band 12, hefte 1, 2; band 13, hefte 1-4; band 
14, hefte 1-4; band 15, hefte 1, 2. 

Milan: Reale Instituto Lombardo, Rendiconti, vol. 54, fasc. 2-20; vol. 55, fase. 1-15. 

Naples: Accademia delle Scienze Fisiche e Matematiche, Rendiconti, vol. 26, fase. 7-12 ;. 
vol. 27, fase. 1-12; vol. 28, fasc. 1-8. 

National Physical Laboratory : Collected Researches, vol. 16; Report for 1921. 

Nature: vol. 109, nos. 2723-2747; vol. 110, nos. 2748-2772. 

Oporto: Academia Polytecnica, Annaes Scientificos, vol. 13, no. 4; vol. 14, nos. 1-3. 

Palermo: Rendiconti del Circolo Matematico, tomo 46, fasc. 1. 

Paris: Ecole Polytechnique, Journal, cahier 21. 

Paris: Société Mathématique de France, Bulletin, tome 49, fasc. 1-4 ; tome 50, fasc. 1, 2. 

Philadelphia : American Philosophical Society, Proceedings, vol. 60, nos. 2-4; vol. 61, nos. 1-3 ; 
List of Members. 

Prague: Casopis pro pestovani Mathematisky a Fysiky, Rocnik 44-48, 50, 51. 

Rome: Reale Accademia dei Lincei, Atti, Rendiconti, vol. 31 (lre sem.), nos. 1-12; vol. 31 
(2me sem.), nos. 1, 2. 

South African Journal of Science, vol. 18, nos. 1-4. 

Toronto: Royal Canadian Institute, Transactions, vol. 13, pt. 2; vol. 14, pt. 1. 

Toulouse University : Faculté des Sciences, Annales, série 3, tomes 11, 12. 

Upsala: Royal Society of Sciences, Nova Acta, vol. 5, fasc. 1. 

Washington: National Academy of Sciences, Proceedings, vol. 1, no. 12; vol. 38, no. 6; vol. 5, 
no. 10; vol. 8, nos. 1-11. 

Washington: U.S. Naval Observatory, American Ephemeris and Nautical Almanac, 1924. 

Zeitschrift fiir angewandte Mathematik und Mechanik, band 2, hefte 3-5. 

Ziirich : Naturforschende Gesellschaft, Vierteljahrsschrift, jahrgang 66, hefte 3, 4; jahrgang 67, 
hefte 1, 2. 


Purchased. 


Mathematische Annalen, band 83, hefte 3, 4; band 84, 85, 
Messenger of Mathematics, vol. 50, nos. 4-12 ; vol. 51, nos, 1-10; vol. 52, nos. 1, 2. 
Quarterly Journal of Mathematics, vol. 49, nos, 2, 3. 


LIST OF MEMBERS. ELECTED DURING THE SESSION 1921-1922. 


+ indicates that the Member has paid the life-composition, and is a Member for life. 


ANTHONY, Rev. HERBERT Dovuatas, M.A.; The College, Richmond, Surrey. 

Bearp, W. F., M.A4.; The Grammar School, Wakefield. 

Beatty, SAMUEL, M.A., Ph.D.; The University, Toronto, Canada. 

Bour, Dr. Haratp; St. Hans Tory 24, Copenhagen, Denmark. 

BuppvEN, Mary T.; Newnham College, Cambridge. 

BupDEN, RAYMOND FREDERICK, B.A.; 21 Elmwood Gardens, Acton Hill, London, W. 3. 
+BurRKILL, J. C.; 43 Defoe Avenue, Kew, Surrey. 

Buxton, ARNOLD, M.A.; The Technical College, Cardiff. 

CASTELAIN, JEAN JOSEPH; Avenue Labowrdonnais, Quatres Bornes, Mauritius. 


+CHurcH, AterRt EpG@ArR Ropert, M.A.; Sir John Cass Technical Institute, Jewry Street, 
London, E.C. 3. 


Cowan, WittiaM, B.Sc.; The Technical College, Bradford, Yorkshire. 
Cramer, Haratp; Morby, Stocksund, Sweden. 
Davis, Haronp Jamzs, B.A.; 37 Bradshaw Lane, Holmfield, Halifax. 
Dé, Rai Sahib K. P.; University College, Rangoon, Burma. 
Dean, WILLIAM REGINALD, B.A.; 47 Kitto Road, New Oross, London, S.E. 14. 
Fesbre, Prof. Dr. Leopotp; Falk-Miksa-utca 15, Budapest V, Hungary. 
FERRAR, WILLIAM LEONARD, M.A.; University College, Bangor, North Wales. 
Francis, H. C., B.A.; Trinity College, Cambridge. 
Harpcastie, Lucy Emma, M.Sc.; Green Rock House, Blakenall, Walsall. 
HaypeEN, Harotp A., B.Se.; University College of South Wales, Cardiff. 
Homer, J. B., B.Sc.; 48 Stretton Road, The Fosse, Leicester. 
Keynes, JoHN MaynarpD, M.A., C.B.; King’s College, Cambridge. 
Laws, BERNARD CourtNEY, D.Sc., A.R.C.8c.; Claverton, Cheam Road, Sutton, Surrey. 
LINDELOF, Prof. Dr. Ernst; Sandrikskajan 15, Helsingfors, Finland. 
Lowry, Hucu Vernon, B.A.; 7 Madeira Road, Bournemouth. 
MacMauon, WitniaM Percy Dartrey, Ph.B.; Shafto House, Bilton Road, Rugby. 
Marr, WILLIAM Law, D.Sc.; High School for Girls, Aberdeen. 
NavaRro, Justo Lorgez; P.O. Bow 1220, Manila, Philippine Islands. 
PLuMMER, HENRY Crozier, M.A., F.R.S.; 41 Half Moon Street, London, W.1. 
Prescott, JoHN, D.Sc.; College of Technology, Manchester. 
RIcHARDSON, W1ILLIAM Norman; 4 Bath Island Road, Karachi, India. 
Rissz, Prof. Dr. Friepricw; University of Szeged, Hungary. 
RunGeE, Prof. Dr. C.; University of Géttingen. 
Sapp, GrRacE Dororuy, B.A.; Bedford College, Regent's Park, London, N.W. 1. 
Scumipt, Prof. Dr. HRHARD; Altonaerstr. 30, Berlin, N.W. 23. 
SIERPINSKI, Prof. Dr. WALTHER; Uniwersytet Warszawski, Varsovie, Poland. 
SMEAL, GLENNY, B.Sc.; 51 Clarendon Road, Leeds. 
STEEN, STOURTON WILLIAM PEILE; 28 De Freville Avenue, Cambridge. 
STEWARD, GEORGE CoTAN, B.A.; The University, Leeds. 

+StewaRt, CALEB ANDREW, M.A., B.Sc. The University, Western Bank, Sheffield. 
Stimson, MarGareEtT, M.A.; 30 Gunter Grove, Chelsea, London, 8.W. 10. 
THompson, THomAsS, B.A.; 61 Meldon Terrace, Heaton, Newcastle-wpon-Tyne. 
WIRTINGER, Prof. Dr. WinHELM; IX Strudlhofgasse 4, Vienna, Austria. 
Woorton, Davin, B.Sc.; The Secondary School, Weymouth. 
WRIGHT, CHARLES Epwarb, M.Sce.; 7 Carlton Villas, Belle Grove, Welling, Kent. 
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The following changes of address have been notified :-— 


BENNETT, AGNES EnizABETH; 18 Willoughby Road, llampstead, London, N.W. 3. 
Britt, Joun; Connaught Club, 75 Seymour Street, London, W. 2. 

CULLEN, Rev. James, 8.J.; Wimbledon College, 8.W.19. 

Datias, Ropert Joun, M.A.; 197 Brecknock Road, Tufnell Park, N.19. 

Daruine, H. B. C.; The Ridge, Redlynch, Wilts. 

Hicks, Wiitiam Mircuinson ; The Crowhurst Hotel, Crowhurst, Surrey. 

Lone, MargorixE; c.0. The Librarian, Bedford College, Regent’s Park, London, N.W. 1. 
Proupman, Josepn, M.A., D.Sc., F.R.A.S.; Stapley, Grassendale Park, Liverpool. 
Ross-Innzgs, J.; Royal Institution, W.1. 

TurRNBULL, H. W., M.A., F.R.S.E.; 2 Queen’s Terrace, St. Andrews. 


Members deceased during the Session 1921-1922 :— 


ERNEST CARPMAEL. 

CAMILLE JORDAN (honorary member). 
ALFRED BRAY KEMPE. 

JAMES McManown. 

GEORGE BALLARD MATHEWS. 

Max NoetHER (honorary member). 


CORRIGENDA. 


The list of members dated November, 1921, should be corrected as follows :— 


Page 17. Professor MILLER’s address is 1208 W. Illinois Street, Urbana, Illinois, U.S.A. 


Page 20. The name of Professor ROSEVEARE is spelt incorrectly. 
Page 21. Professor STEGGALL should be described as “‘ Professor,” not as ‘late Professor.” 
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MAX NOETHER. 


Max NoxrrHer passed away on December 13th, 1921, at Erlangen, 
where he had been Professor of Mathematics for nearly fifty years. He 
was born at Mannheim on September 24th, 1844, and took his doctorate 
at Heidelberg in 1868. He was a corresponding or honorary member 
of many learned societies, including the Academies of Berlin, Gottingen, 
Munich, Budapest, Copenhagen, Turin, the Royale Accademia dei Lincel, 
and the Institut de France. He was elected an honorary member of the 
London Mathematical Society in 1913 at the same time as Adolf Hurwitz, 
Paul Painlevé, Corrado Segre, and Woldemar Voigt. He seldom, if ever, 
visited England, but expressed his regret that he was unable to attend 
the International Congress of Mathematics at Cambridge in 1912. as he 
had reached an age when he was averse from travelling. 

Although not so well known to fame out of his own country as some 
other famous mathematicians, he was deservedly held in the highest 
esteem, and after the death of Clebsch became the recognised leader of 
the algebraic-geometric school in Germany. He brought himself early to 
the front by his celebrated and fundamental “Satz aus der Theorie der 
algebraischen Functionen ” (Math. Annalen, Vol. 6), which he followed in 
the next volume with the classical memoir ‘“ Ueber die algebraischen 
Functionen und ihre Anwendung in der Geometrie,” written in collabora- 
tion with A. Brill. This memoir formed the solid foundation, and gave rise 
to the name, of ‘‘ Geometry on a Curve,” which has been developed and 
extended, especially in Italy, into a geometry of greater depth and power 
than anything preceding it. How remarkable these developments have 
been is clearly shown in H. F. Baker’s fascinating review “‘ Some Advances 
in the Theory of Algebraic Surfaces,” published in our Proceedings, Ser. 2, 
Vol. 12, pp. 1-40. 

Noether’s mind was naturally intuitive, but he mistrusted intuition, 
and was apt to let anything suggested by it pass out of his thought. It 
seemed as if this cramped his powers to some extent in his later years. 
He found perhaps in his subject that intuition was often liable to mislead. 
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He was of course never content without algebraic or arithmetic proof, but 
had sometimes to be satisfied with an incomplete proof. Although 
naturally impatient he would take infinite pains to understand the thought 
of others, and to give them abundant help out of his own ample re- 
sources. There are many, including the writer of this note, who are 
erateful to him for his help. He had searching and peculiar methods of 
his own for testing the truth of things. | 

His name will always be intimately associated with the greatest of 
mathematical journals, the Mathematische Annalen. Scarcely a year 
passed from the appearance of the 2nd volume in 1870 till the 83rd in 
1921 in which he did not make an important contribution to its pages. 
With the publication of the 42nd volume in 1893 he formally joined the 
editorial staff, and an obituary notice at the beginning of the 84th volume 
bears eloquent testimony to the great value of the services he rendered it. 
He contributed greatly to the advancement of mathematical science in 
three distinct ways: by the new and fruitful ideas contained in his 
original researches, by the patient investigation and encouragement he 
gave to other writers, and by his acutely critical and detailed historical 
work. The last consisted of the great work which he and A. Brill com- 
piled in 1894, “‘ Entwicklung der Theorie der aigebraischen Funetionen 
in alterer und neuerer Zeit,’ for the third volume of the Jahresbericht 
der Deutschen Mathematiker Vereingung; and elaborate memorial 
surveys of the work of many famous mathematicians, beginning with 
Cayley and Sylvester and ending with Zeuthen, which he contributed to 
the pages of the Math. Ann. The “ Entwicklung, etc.” may be regarded 
as the completion and rounding off of his algebraic-geometric work, and 
in it the Noetherian Theorem comes fully into its own. 

Of Noether’s original (as distinguished from critical and historical) 
work the most interesting, because of its far reaching developments, is 
that which was published in Vols. 6 and 7 of the Math. Ann., to which 
reference has already been made. This work is<still so little known in 
England, notwithstanding that it is fully reproduced in Clebsch’s 
‘“Geometrie,”’ that there seems good reason to give an account of what 
it contains. In his first communication to the Math. Ann. (Vol. 2, p. 298) 
he makes use of a theorem which, up till then, had been taken for granted, 
viz. that a plane curve f which passed through all the points of intersec- 
tion of two given curves ¢, W had an equation of the form 


f=AGtBy = 0. 


The real question was whether these purely geometrical conditions were 
sufficient, and he there gave a formal proof that they were sufficient in 
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the case in which all the points were simple and finitely separated. He 
was thus led to consider the more general and fundamental problem as to 
- what were the simplest and sufficient conditions which would require a 
curve f to take the form A¢?+BwW, when ¢, % had common multiple 
points with contact of any degree of complexity. To this question he 
gave the answer in Vol. 6, p. 851 (which had been previously published in 
the Gottingen Nachrichten, 1872, p. 490), in a form which soon came to 
be known as Noether’s fundamental theorem. He recognised intuitively 
that the problem was one of approximation, and that the answer to it 
could be formulated thus :—The necessary and sufficient conditions that f 
must satisfy in order that it may be of the form 4¢+Bv, are that / 
should be capable of being written in the form 4A’¢?+B’~ when the 
origin is moved in succession to each and every point of intersection of 
¢@, Y; where A’, B’ are ordinary power series which are, for each common 
point of ¢, vy, quite independent of what they may be for all the other 
points. This approximation of f with A'’é+B'W will have been carried 
far enough when, on equating coefficients of the terms in f and A'’é+B'W 
of a sufticiently high degree, the undetermined coefficients of A’, B’ can- 
not all be eliminated so as to give a new relation among the coefficients of 
f alone, z.e. a relation which is independent of all the similar relations 
obtainable from the equating of coefficients of terms of all lower degrees. 
It will be noticed that no conditions have to be satisfied at infinity. 

To the proof of this he added a simple rider, of fundamental import- 
ance for its applications, that if ¢, Y% have no common tangent at a 
common multiple point, of order 2 for ¢ and 7 for vw, then all the relations 
for the coefficients of f alone corresponding to that intersection of ¢, vv 
come from the equating of coefficients up to degree 1+)7—2, so that it is 
sufficient (but of course not necessary) for f to have a multiple point of 
order 2+7—1 at that point. At a later time he extended this, the so-called 
‘simple’ case, to the case where ¢, Ww have higher singularities at a 
common point, which can be resolved by repeated transformation of type 
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into separate common multiple points coming under the “simple” case. 
Though much has been written about the theorem these are the only 
important additions that have been made to it, beyond its extension in 
various ways to surfaces and hyperspaces. Of these the Lasker-Noether 
(named by Lasker the Noether-Dedekind) theorem is the most general and 
fundamental (Math. Ann., Vol. 60, p. 51; and Cambridge Tracts win 
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Brill and Noether’s classical memoir ‘‘ Ueber die algebraischen Funce- 
tionen, ete.,’ in Vol. 7 of the Math. Ann., is founded essentially on the 
investigation of the properties of point-groups gf? on a given curve f = 0 
cut out by a linear system of curves Aydy tA, fit... +A-g- = 0, where 
do, Pi, +++, Gr ave given linearly independent curves of the same order. 
Any fixed points common to /, ¢o, $j, .--, dr are left out of account, and 
R denotes the number of simple points in each group, while r is the /ree- 
dom of the linear series g, i.e. the number of the R points which can be 
chosen at will to determine a particular group Gp of the series g“. Thus 
the curve f of order » can be birationally transformed to a curve I’ of 
order & by means of the transformation equations 
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and this is possible so long as 7 >2. (The only exceptions are curves for 
which the genus p=0, 1, 2, which require separate treatment; and 
hyperelliptic curves, or curves on which exist a series g\, since in this 
case the transformation is not birational.) Hence one important problem 
is to find the least value of R for which a series g¢ exists, as this value 
of & gives the lowest value of the order of a curve F into which f can be 
birationally transformed. 

{t was shown that the series g“ on f which were of the createst 
interest and importance were those which were cut out by a linear 
system (d , $1, ---, gr) adjowned to f, especially when the curves 
dy Pu ++. Pr were of order m—3. A curve ¢. adjoimed to f is 4a 
curve having a multiple point of order 7—1 at each ordinary multiple 
point of order 2 on f, and a corresponding higher singularity at 
each point of higher singularity on f. If Gp is any given group of & 
points on /, the series gt of greatest freedom 7, having Gr as one of its 
sroups, can be found by drawing any adjoined curve through Gp to cut f 
again in a group Gg (apart from the multiple points of f)., Then the 
whole system of adjoined curves through Gg of the order of ¢ will cut out 
on f the required series g of greatest freedom. This series gf is a fixed 
serves, independent of the particular group Ge by means of which it is 
derwed, 1.e. 1 is a serves uniquely dependent on any one of its groups Gr. 
This is one way of stating the Brill-Noether theorem of residuation, and 
is proved by the help of the rider to Noether’s theorem mentioned above. 
This series g“ is called a complete coresidual series (every one of its 
eroups being residual to any group Gg to which any one of its groups. 
Gp is residual) or the linear series of wnrestricted freedom which any: 
given group Gp determines. 


Max Noeruer. xh 


We will suppose now that any series denoted by g‘? is a series of un- 
restricted freedom 7 unless the contrary is stated. In any group Gp of 
g points can be chosen freely, and the remaining R—r points are de- 
pendent on the 7 points. Also R—r <p, where p is the genus of the 
curve f. Further, if R—r <p, the group Gr les on an adjoined curve of 
order n—8. (This is still more true if the freedom 7 is restricted, for, on 
removing the restriction, 7 would increase and R—r diminish ; but with 
restricted freedom we may have R—r>p and yet Gr on an adjoined 
curve of order »n—3.) Now, taking R—r <p, and drawing all the ad- 
joined (x—3)-ics which pass through a fixed group Ge of g%, we determine 
the series cae of freedom q, which is residual to the series g°), where 
Q+hk =2p—2. The two mutually residual series g‘?, g™ may be con- 
sidered together; or g® may be considered alone, in which case g must be 
regarded as.a number not less intimately associated with the series g‘” 
than r is; for ris the freedom of the series g°? on f, while g is the freedom 
of the whole system of adjoined (n—3)-ies through any fixed group Gp of 
J. The numbers R, r, q, p are connected by the relation 
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This theorem is called the Riemann-Roch theorem for plane curves, and is 


also known under the more definitive title of the Brill-Noether reciprocity 
theorem. Other ways of stating the theorem are 

i) Q-R=2q—-7), Q+Rh = 2(p—)), 
and Gl) 2h 27 0-27 — p—q—7r—l & 0. 

In seeking the number of relations that must exist between the points 
of a group Gp on f, in order that the unrestricted series g@ determined by 
Gr may be of freedom 7, Brill and Noether obtained the formula (¢-+1) ;, 
or r(p+r—fF). This was got by counting equations of condition, and is 
only valid under stringent limitations, as also the inequality 

p> (¢+F)Hr+)) 

derived from it. It is possibly correct for curves f of given genus which 
are general of their kind, and in the memoir it is only applied to such 
curves, but it requires a strict proof. Assuming the correctness of the 
formula, then, in fixing the group Gr on f there are 7(p+r—R) points 
dependent on the rest by the equations of condition and R—r(p+r—R) 
which can be chosen freely. This cannot fall below 7, since a group of 
g\? has r free points even after Gz has been fixed. Hence 


L—r(p+r—f) >. 


This inequality determines the least value R can have for a given value 
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of in a series g. When 7 = 2, it becomes R >23(p+3). Hence a 
general curve f of given genus p can be birationally-transformed into a 
curve F of order R equal to the integral part of 2(p+4). A curve of less 
order with given genus p, such as a quintie with p = 5, 6 or an 7-ic with 
less than 4 (2—2)(n—4) double points, is not a general curve of genus p. 

The above result is not only interesting, and even surprising, in itself, 
but gains additional interest from its relation to Riemann’s theorem that 
a curve f of genus p (general of its kind) can be birationally transformed 
to a curve F' whose coefficients depend on 3p—3 parameters or moduli. 
A curve f of order x and genus p has $n(2-+3) coefficients, which can be 
reduced to 4n(n+38)—8 by a collinear transformation ; these satisfy a 
number of independent relations equal to the number of the double points, 
viz. 4(n—1)(n—2)—p, leaving 38n+p—9 effective constants for f. The 
curve f can be transformed to a curve F of order & as above, and the 
process of transformation admits of imposing 0, 1, 2 additional geometrical 
conditions on / (such as requiring it to have 0, 1, 2 points of undula- 
tion) according as p =0, 1, 2 mod 8. The number of effective constants 
left for # are therefore 3h-+p—9, 3h+p—10, 83Rk+p—11, 1.¢. 83p—8 in 
all three cases, since 3R = 2p+6, 29+7, 29-+8 when p = 0, 1, 2 mod 38. 
This really only shows that the number of moduli can be brought as low 
as 8p—8, not that it cannot be brought lower; but other proofs of the 
result are given in the memoir. 

We have dwelt at length on these two memoirs because of their funda- 
mental and historical importance. The greater part of Noether’s original 
work may be said to have been a natural continuation of them. He con- 
tributed much besides to the theory of elimination, higher singularities, 
the geometry of hyperspace, and Abelian and Theta functions. 

1 daper Lil. 
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CAMILLE JORDAN. 


CamMILLE JoRDAN was born at Lyon on January 5th, 1838. His father, 
Alexander Jordan, was an engineer of bridges and roads, and deputy of 
the National Assembly. His mother, née Joséphine Puvis de Chavannes, 
was a sister of the well known painter. Huis great-uncle Camille was the 
famous orator and politician. As a boy he studied at the College d’Oullins 
and Lycée de Lyon. He entered the Ecole Polytechnique in 1855, and 
was a mining engineer for some years at Privas and then at Paris. He 
married Isabelle Munet in 1862. He had six sons, two daughters, and 
numerous grandchildren. His latter years were clouded by bereavement. 
He lost a daughter in 1912, and his wife in 1918. His sons Charles and 
Pierre fell in 1914, while a third son was badly wounded about the same 
time ‘and fell in 1915. The eldest child of his son, Prof. Jordan of 
the Sorbonne, was killed in 1916. 

Camille Jordan made his mark early as an able mathematician, and 
his career was full of distinction. He obtained his doctorate in 1861, was 
examiner at the Ecole Polytechnique in 1873 and _ professor there 1876 to 
1917, besides being titular professor at the College de France, 1883 to 
1912. He succeeded Chasles as Membre de |’Institut in 1881; and was 
vice-président of the Académie des Sciences in 1915, and président in 
1916. He was vice-président of the Fourth International Congress of 
Mathematicians at Rome in 1908, and président d’honneur at the recent 
Congress at Strasbourg. His fame was recognised by the conferment of 
several honours by universities and learned societies in other lands. 

In 1885 he succeeded Résal as editor of the Journal de Mathematiques, 
and till his death earned the gratitude of mathematicians for his invaluable 
work in that capacity. His published work was almost entirely mathe- 
matical, but he retained an interest in classical studies and was no narrow 
specialist. He died of sudden heart-failure on January 20th, 1922. 

His earliest published papers seem to have been four on topography in 
1866. In these he extended the definition of symmetrical polyhedra 
to those whose general arrangement of edges and angles, apart from 
their magnitudes, appears the same to an observer, no matter at what 
vertex he may be stationed. Topography was a subject to which he re- 
turned at intervals, and his studies on “ Jordan curves,” dividing the 
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plane into two distinct portions, are celebrated. It was fitting that his 
last paper also should have been on the same subject; in the Jowrnal de 
Mathématiques for 1920 he discusses the number of paths joining given 
points, no one of which crosses itself. | 

For the next few years Jordan was a most prolific writer. Hxcept for 
the papers on Analysis Situs above mentioned, and two in 1868 and 1875 
on the oscillations of a body about its position of equilibrium, his work 
seems to have consisted entirely of investigations on group-theory leading 
up to his Trazté des Substitutions, published by Gauthier- Villars in 1870 ; 
followed by a series of articles ate and amplifying the results con- 
tained in that book. | 

Jordan ascribes his interest in Algebra to Serret’s Cours d Algebre 
supérieure. The object of his book was “to develop the methods of 
Galois and to create a theory of them by showing how easily they permit 
us to solve all the principal problems of the Theory of Equations.” The 
Travté, modestly described as “‘a commentary on Galois’ works,’ was of 
first-rate importance and high originality, It was divided into four books, 
the first on congruences in the theory of numbers, the second on permu- 
tation-eroups and the properties of linear substitutions, the third on irra- 
tionals with applications to elliptic functions and geometry of curves and 
surfaces, and the fourth on the solution of algebraic equations. 

Among papers not subsequently incorporated into the T'raité the most 
important was that in the Annals di Matematica for 1869, on “‘ Groups 
of Movements,” which formed the basis of all subsequent work on the 
theory of crystal structure as developed by Sohncke, Fedorow, Schoenflies, 
Barlow, &c., and which has received recently important applications in 
“X-ray analysis’ of crystalline media. Jordan’s paper was written solely 
from the point of view of the pure mathematician, but his use of technical 
crystallographic terms shows that he realised to some extent the important 
application which might be made of his results. 

As years passed on, Jordan’s interest in Algebra seems to have de- 
veloped in the direction of abstract groups and linear substitutions; for 
after 1875 he wrote little on permutation-groups or theory of equations. 
Noteworthy are papers on the canonical shape of bilinear and quadratic 
forms. His first attempt in 1914 at obtaining all polynomials invariant 
under a given linear substitution proved incorrect, but he returned to the 
problem shortly after with success. Huis proof that groups of order p”q° 
are composite, marked an important advance in the solution of a problem 
which was finally solved by Prof. Burnside, who showed that the same was 
true for any group of order p”q”. 

Karly in his career Jordan was led by his interest in the theory of 
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substitutions to consider applications to the solution of differential equa- 
tions and the properties of hyperelliptic and doubly periodic functions. 
This, and his continued interest in problems of Analysis Situs, bore fruit 
later in the work by which he is now probably most widely known, his 
famous Cours d’ Analyse, which has run through three editions and has 
played an important part in the education of every analyst of the present 
‘day. This work, first published in 1882-7, is, like other French works of a 
somewhat similar kind, no ordinary textbook, but contains the fruit of a 
mass of original research, which as time went on absorbed Jordan’s atten- 
tion more and more. It was the first extensive work which contained a 
serious account of the theory of aggregates, a really rigorous discussion of 
the fundamental double limit problems of the integral calculus, and an 
account, in the modern spirit, of the theory of Fourier’s series. A good 
deal of it has now been superseded by the work of Borel and Lebesgue, 
but it remains a source of inspiration for every student. 

T'wo parts of the book stand out, perhaps, for originality and power. 
The first is the part which deals with Jordan curves and the problems of 
Analysis Situs to which they give rise. ‘‘Jordan’s theorem,” already re- 
ferred to, that a simple closed Jordan curve divides the plane into two 
distinct connected regions, is one of the most justly famous in modern 
mathematics. In the discussion of questions of this and a similar kind, 
connected with areas and lengths of curves, Jordan was led to formulate 
the concept of a ‘function of bounded variation,’ which has played a 
fundamental part in the later theory of Fourier’s series and allied develop- 
ments. The concept is a generalisation of that of a steadily increasing 
function; a function is of bounded variation if, and only if, it is the 
difference of two increasing functions. But the generalisation is one of 
those which bring wholly new light and unity into a theory, for functions 
of bounded variation form a group for the elementary operations, whereas 
monotonic functions do not, and it would be difficult to exaggerate the 
importance, in all the modern theory of functions of a real variable, of 
Jordan’s illuminating idea. 

To the end of his life he was a resear ae though naturally the labour 
involved in his editorship of an important periodical prevented his output 
being quite as rapid of late as it was in his earlier years. 

He was elected an honorary member of the London Mathematical 
Society in 1907; but. never contributed to the Proceedings. 

Ele Ee 
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GEORGE BALLARD MATHEWS, 1861-1922. 


GrorGe Bartarp MatHews was born in London on February 28rd, 
1861. His father, George Mathews, was the son of a Herefordshire 
yeoman farmer, and engaged for many years with a London business” 
house. His mother’s maiden name was Harriet Ballard, daughter ot 
George Ballard, Secretary to the Board of Inland Revenue, and a remark- 
able man, from whom Mathews inherited much of his personality and 
intellect. From his mother he inherited his literary and musical abilities, 
his interest in general subjects, and his powers of calculation. 

The family returned to Herefordshire in 1866, and Mathews, in 1872, 
entered Ludlow Grammar School, where his brilliant intellect soon asserted 
itself. Records of 1875 state that he was first in the top form with prizes 
in Mathematics, French, Drawing, Form Prize, and Parents’ Prize. During 
the four years, 1874-78, he was captain of the school. From the Rev. 
W. C. Sparrow, one of the most successful Head Masters of the school, he 
received instruction in Hebrew as well as in Greek and Latin. 

There followed a year at University College, London, of which body he 
afterwards became a Fellow, during which he attended Henrici’s lectures 
on geometry and began to study Sanskrit. In 1879 St. John’s College, 
Cambridge, offered him the senior scholarship of his year in either Mathe- 
matics or Classics. Carrying out his intention of reading for the Mathe- 
matical Tripos, he became a private pupil of Mr. W. H. Besant of St. 
John’s. The keen competition for leading places in the Tripos of this 
period bad brought fame to Mr. EK. J. Routh as acoach. All the abler can- 
didates went to Routh as a matter of course, for Routh had a long series 
of Senior Wranglers to his credit. However, Mathews’ name was read out 
first in the list of 1888, this being the only break in a succession of about 
thirty consecutive seniors trained by Routh. 

In 1884, Mathews was appointed to the Chair of Mathematics in the 
newly constituted University College of North Wales at Bangor, and in the 
same year was elected to a Fellowship at St. John’s. His colleagues at 
Bangor were all of the same generation as himself, and included such men 
as Profs. Andrew Gray, James Dobbie, and the late Henry Jones, under 
the leadership of Principal Harry R. Reichel (the last three named have 
all since been knighted). Writing in Nature (June 3rd, 1922) of the 
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period which followed, Prof. Gray says: “|Mathews] came full of eager 
enthusiasm for the teaching of mathematics and for original mathematical 
work, and for ten years laboured hard in the hope of founding something 
like a school of mathematical study in North Wales. But, alas! these 
hopes were dashed. Perhaps he was a little impatient, and I certainly did 
my best to counsel him to wait, and to find out the effect of the new Welsh 
University on the studies of the place, but without effect. The best of the 
Welsh students were at that time attracted by the Neo-Hegelian philosophy, 
and some of them, as seems to be the way with such students, seemed not 
a little proud that their mental tendencies were not mathematical. To 
this curious type of intellectual pride Mathews referred eloquently in the 
posthumous paper published in Natwre of April 22nd. In that paper, he 
lamented the revival of the fallacious arguments for the supremacy of the 
Latin-Greek classics as an educational instrument; but he in no way 
under-valued classical culture, only he thought that, to an Englishman, 
the inheritor of a copious and flexible language, and of a literature un- 
paralleled in the past, a training in Latin and Greek was far from indis- 
pensable and might have its disadvantages.” 

The Bangor Chair was resigned in 1896, and shortly followed (1897) 
by Mathews’ election into the Royal Society, on the Council of which he 
served for a year. He also served on the Council of our Society from 
1897 to 1904. Having returned to Cambridge he was first appointed to 
be Mathematical Lecturer at St. John’s and afterwards to be University 
Lecturer, and also acted for a year (1904-5) as Mathematical Secretary to 
the Philosophical Society. The Cambridge appointment, like the earlier 
one in Bangor, was resigned on account of temperament, and he returned 
to live in Bangor. Since 1911 he held a special Lectureship in the North 
Wales College, and again acted as Professor there during the two Sessions 
1917-19. Whe honorary degree of LL.D. was conferred by Glasgow 
University in 1915. 

While thoroughly familiar with all branches of pure mathematics, 
Mathews’ main interests were in the theory of numbers and projective 
geometry. The theory of numbers, which, in its widest sense, is the 
theory of discrete, as opposed to continuous, magnitude, has passed 
through four well-defined stages of, development. First there came the 
period of Diophantine Analysis proper, of which the greatest exponents, 
after Diophantos among the ancient Greeks, were Fermat and Kuler. In 
this, the general problem is to determine all the solutions in rational 
numbers of a system of m(< n) algebraic equations 
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Next came the discovery of the law of quadratic reciprocity which 
rendered possible a discussion of quadratic arithmetical forms, so ably 
expounded by Gauss in the Disquisitiones Arithmetice. Such writers as 
Lejeune- Dirichlet, Eisenstein, and Stephen Smith added much to what 
Gauss had done, and a scholarly introduction to the whole theory was 
given by Mathews in his Theory of Numbers of 1892. 

The third stage was marked by Dedekind’s discovery of his theory of 
ideal numbers, which completely restore to a system of algebraic numbers 
certain factorisation properties of ordinary integers that appear at first to 
be lost. Mathews’ was probably the first mind in England to realise the’ 
far-reaching effect of Dedekind’s discovery, two papers by him on the 
subject appearing in the London Mathematical Society's Proceedings 
of 1892. 

The last stage is the analytical theory, which is intimately bound up 
with certain transcendental functions of a complex variable. This theory 
had little attraction for Mathews, though his book contains an account of 
Riemann’s classical memoir on the distribution of primes, Unfortunately 
Mathews wrote in 1892, four years before the proof of the prime-number 
theorem. Riemann had actually proved but little, beyond some formal 
properties of the ¢-function, and the modern analytical theory, as de- 
veloped by eee Hadamard, de Ja Vallée Poussin, Landau, Hardy and 
Littlewood, has diverged entirely from his original line of attack. 

The tract Algebraic Equations on a kindred topic, written fifteen 
years later, contains a masterly exposition of Galois’ theory, completed by 
Jordan and others, showing how the different types of irrationality which 
can be defined by an algebraic equation are associated with different types 
of group. 

Written in collaboration with Prof. Andrew Gray and mainly con- 
cerned with physical applications, the Treatise on Bessel Funetions (1894) 
is still a standard work. The Projective Geometry (1914), inspired by 
Henrici’s lectures in London many years before, contains two unusual 
features: first, an exposition of the logical groundwork of the subject ; 
and, secondly, an account of Staudt’s theory of complex elements (whereby 
a real involution defines a complex point or line). Mathews also brought 
out a new edition (1904) of R. F. Scott’s Determinants, and contributed 
articles on ‘‘Number’”’ and ‘‘ Universal Algebra’ to the 1910 edition of 
the Encyclopedia Britannica. 

Most of Mathews’ technical papers appeared in the London Mathe- 
matical Society's Proceedings or in the Messenger of Mathematics. Some 
of the earliest, beginning in 1886, are connected with Fermat’s Last 
Theorem, a question which absorbed much of his attention at intervals 
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during the rest of his life. Being firmly convinced of the veracity of 
Fermat’s statement, he tried to approach the problem by such methods as 
might have been devised in Fermat’s day. His last contribution to the 
subject appeared in a review published in Nature of January 5th, 1922. 

A few of the earlier papers deal with geometrical subjects, such as 
twisted quartic curves, geometry on a quadric surface, and_ porisms. 
Nearly all the rest have an arithmetical bearing. Several papers discuss 
points connected with the Gaussian theory of quadratic forms, the subject 
of his book. In 1892 he wrote on quadratic forms with complex coeffi- 
cients, a subject to which he returned twenty years later. In early days 
he corresponded freely with Cayley and Sylvester. 

Among the specialised branches of the higher arithmetic Mathews was 
mainly interested in the complex multiplication of elliptic functions. 
Being an assiduous disciple of Dedekind and Klein, he fully realised the 
fundamental character of the absolute invariant j() and of the type of 
irrationality involved in it. Papers written in, the nineties, when Sir 
George Greenhill and Mr. Russell were working at the subject too, give 
special detailed properties of the lemniscate functions. He also showed 
the significance of Klein’s principal moduli and calculated some new class- 
invariants. Returning to the subject in later years, he produced a fuller 
manuscript on the lemniscate functions: its publication has been delayed 
by the war and his subsequent illness. 

Ever since the mid-eighties Mathews was a frequent contributor to 
Nature on mathematical topics. His articles and reviews, most of which 
appeared over the initials “G. B. M.,”. were, always written in a careful 
and scholarly style; they contained his considered opinion on the book or 
point concerned. His keen yet kindly criticism was undoubtedly of the 
greatest service to the many writers whose work passed through his hands. 
In conversation with the present writer he once expressed the opinion that 
some of his best work had appeared in Nature reviews. 

A man of simple tastes and naturally retiring by disposition, Mathews 
expressed sound judgment on both men and affairs. Some of his views 
were those of an idealist and hardly feasible in the domain of practical 
politics. His capacity for maturely grasping everything with which his 
mind came into contact made him unique in the experience of his friends. 
Only one or two sides of so versatile a man’s brilliant intellect really 
appealed to most people. When he was appointed Professor of Mathe- 
matics at Bangor, at the age of twenty-three, it was manifest that he 
could equally well fill four or more chairs in the College. Again, to quote 
Prof. Gray: “Mathews had a knowledge of Latin and Greek as minute 
and accurate as that generally possessed by professional classical scholars. 


| OBITUARY NOTICES 


He wrote pure and elegant Latin. I remember his amusing himself by 
turning into Latin prose an original philosophical dissertation which had 
happened to come into his hands and had arrested his attention. I re- 
member also some Latin verses which he published anonymously, and 
which were much praised by a very eminent scholar. He wrote also 
charming Hnglish essays in the style of Charles Lamb, of whom he was 
a great admirer. These, I fear, are lost, but one of them, ‘On a Cock- 
loft,’ was a perfect gem, a charming piece of the most natural and simple 
prose.”’ 

A humorous controversy in Latin Elegiacs between Profs. Arnold and 
Mathews, in which Mathews did not come off second best, inspired Principal 
Reichel’s epigram, addressed, in the College Magazine, to a mathematical 
student who had been reading Mathews’ verses :— 

Versibus an numeris noster praestantior anceps 
Mattius ; attonito cur puer ore siles? 


(ui numeros dicit vult idem dicere versus, 
Testibus innumeris, o numerose puer. 


In the early days at Bangor Mathews began to learn Arabic, and spent 
much time of later years in reading and translating Arabic poetry. His 
translations are full of the spirit of the original lines; it is to be hoped 
that some of them will be published later. ty il 

Mathews’ knowledge of music, again, was fully as advanced as that of 
most professional musicians. His copies of Gauss and Bach were placed 
together on the same shelf, and he considered some of Sir Edward Elgar’s 
compositions to be as fine as the work of Beethoven and Handel. 

Undoubtedly, the strength of his numerous interests prevented him 
from making the most of his mathematical work. His name will be 
mainly remembered in connection with the higher arithmetic. 

The last three years of his life were clouded by a series of operations 
for cancer, which finally gained the mastery. He died, unmarried, in a 
Liverpool nursing home on March 19th, 1922. Siena yeh 1gy 


Ohe London sathematical Society. 
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Thursday, March 9th, 1922. 
Mr. H. W. RICHMOND, President, in the Chair. 


Present twenty-one members. 

Messrs. R. F. Budden, A. E. R. Church, H. J. Davis, H. V. Lowry, 
W. F. D. MacMahon, J. L. Navarro, 8. W. P. Steen, and T. Thompson 
were elected members of the Society. 

Prof. Dr. W. Wirtinger was elected under Bye-law 200. 

Messrs. W. Cowan, H. Cramér, H. A. Hazden, J. B. Homer, H. C. 
Plummer, and D. Wootton were nominated for election. 

Prof. Dr. L. Fejér of Budapest, Prof. Dr. E., Lindelof of Helsingfors, 
Prof. Dr. F. Riesz of Szeged, and Prof. Dr. W. Sierpinski of Warsaw were 
nominated under Bye-law 200. 

The President stated that the date of Prof. Hardy’s lecture would be 
May 11th. 

Prof. W. H. Young read a paper “ On the Theory of Functions of Two 
Complex Variables.”’ 

Col. R. L. Hippisley read a paper ‘The Nodes of the Three-Bar 
Sextic.”’ 

Lt.-Col. A. Cunningham read a paper “ On Least Primitive Roots.”’ 

Mr. R. F. Whitehead made a communication “The Number of Solu- 
tions in Positive Integers of the Equation yz+za+ay =n.” 


The following papers were communicated by title from the Chair :— 


The Determination of the Criterion to prevent “Hunting” in 
Hartnell’s Governor: T. Stuart. 
The Average Value of a Functional: N. Wiener. 
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ABSTRACTS. 
The Nodes of the Three-Bar Sextic 
Col. R. L. Hierisuey, C.B. 


A proof is given of the theorem that the line joining the other extremi- 
ties of the prineipal chords passing through a node passes through the 
other two nodes. From this the sum of the arguments of the elliptic” 
functions by which the coordinates of the nodes can be expressed is de- 
termined. A relation is also given between the two arguments for a node. 
A relation between the areas of the parallelograms of the triple generation 
theorem when the tracing point is at a node is given, and certain theorems 
regarding the Simson lines of the nodes. 





On Least Primitive Roots 
Lt.-Col. Annan Cunninenam, R.E.; H. J. Woopatu; and T. G. Crwax. 


The paper contains a table of the least primitive roots, both positive 
and negative, of the 2800 odd primes < 25410. 
The table shows two important results— 


(1) The maximum least primitive roots for the 2800 primes are 
+31 (occurs twice only) and —39 (twice). 


(2) The small numbers } 12 supply 2687 of the positive roots and 
2688 of the negative roots out of the totals of 2800. 


As the use of primitive roots in computation involves very frequent multi- 
plication by the root itself, these results are of great practical importance. 
These results seem new, inasmuch as Jacobi used 29 primitive roots >100 
in computing the Canon Arithmeticus, which extends only to primes 
< 1000, for which + 21 is the highest really required: and Desmarest in 
a table giving one primitive root for all primes < 10000 gives 36 roots 
> 1000. 

The process used by the joint authors for finding the least primitive 
roots 1s described: it is far shorter than that described in Mathews’s 
Theory of Numbers, Vol. 1, Art. 20. 
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On the Number of Solutions in Positive Integers of the Hquation 
(Te tag wet IVa FNS 


R. EF. Warreneap. 


In an abstract of a forthcoming paper, which appeared in the Records 
of Proceedings for November 17th, 1921, Mr. Mordell has stated that 
the number of solutions is equal to three times the number of classes of 
binary quadratics of determinant —n, reckoning as 4 each solution in 
which one of the unknowns is zero, and counting each class (k, 0, 4), 
(2k, k, 2k) as 4 and 4 respectively. 


An elementary demonstration of these results may be derived from 
the consideration that the equation is equivalent to 


(@+y)(z-+2) = 27-7. 


Ifeg. zt y<2, then +2 a+y< 22, and therefore (c4+y, +2, 
x+z) is a reduced form. 

There are thus generally six solutions derived by permutation, corre- 
sponding with two classes. If, however, one unknown is zero, there is 
only one class for the six solutions. If two of the unknowns are equal 
and the third not equal to them or to zero, there are three permutations 
and one class, since the forms (2a, +a, c) are equivalent, as also the forms 
(a, +0, a); but if the third unknown is zero there are three solutions 
with one corresponding class. Finally, if « = y = z, there is one solu- 
tion with a corresponding class, the forms (2a, +a, 2a) being equivalent. . 


On Gauss’s Quadratic Identity 
W. E. H. Berwick. 


The polynomials Y(x), Z(x), with which Mr. Upadhyaya’s note* is 
concerned, are to be found tabulated as far as p= 101 in Dr. Hermann 
Teege’s Inaugural-Dissertation “Uber die 4(p—1)-gliedrigen Gaussischen 
Perioden,” Kiel, P. Peters, 1900. When Mr. Upadhyaya’s result for 





* See Records of Proceedings at Meetings for November 17th, 1921, 
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p = 87 was communicated to Nature (June 9th, 1921), in a letter by 
Dr. G. B. Mathews, similar results for p= 41, 43, 47, 58, 59, 61 were 
calculated by Dr. H. C. Pocklington and Father J. Cullen, who were 
evidently unfamilar with Dr. Teege’s work, and printed in Nature of 
July 7th. I drew attention to Dr. Teege’s work in Nature of July 21st, 
and a further letter by Mr. R. F. Whitehead appeared in the issue of 
October 18th, 1921. i 
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SESSION NOVEMBER, 1921-JUNE, 1922. 
Thursday, April 20th, 1922. 


Mr. H. W. RICHMOND, President, in the Chair. 


Present ten members. 

Messrs. W. Cowan, H. Cramér, H. A. Hazden, J. B. Homer, H. C. 
Plummer, and L. Wootton were elected members of the Society. 

Prof. Dr, L. Fejér (Budapest), Prof. Dr. EK. Lindeléf (Helsingfors), 
Prof. Dr. F. Riesz (Szeged), and Prof. Dr. W. ghar (Warsaw) were 
elected under By-law 20s. 

Dr. 8. Beatty, Mr. W. L. Ferrar, Miss L. E. Hardcastle, and Miss M. 
Stimson were nominated for election. 

Prof. Dr. C. Runge (Géttingen) was nominated under By-law 20s. 

Messrs. R. G. Cooke and W. P. D. MacMahon were admitted into the 
Society. 

The President referred to the loss sustained by the Society in the 
death of Prof. G. B. Mathews. 

Prof. Hardy communicated a paper by Prof. H. Bohr, ‘ Another Proof 
of Kronecker’s Theorem.”’ 

Prof. Hilton made an informal communication ‘ On a Lamé Family 
of Surfaces.”’ 

Lt.-Col. Cunningham announced the publication at Nancy of an ex- 
tensive table of indices. 


The following papers were communicated by title from the chair :-— 


On Water Waves due to Disturbance beneath the Surface: H. 
Lamb. 

Cauchy’s Theorem on the Integral of a Function between Imaginary 
Limits: G. Mittag-Leffler. 
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ABSTRACT. 
On a Lamé Family of Surfaces 
Prof. Harotp Hixton. 
Suppose wu, v, w are functions of the rectangular Cartesian coordinates 
x, y, 2 of any point, and that 
dx?+dy?td2 = adw+bdv?+cdw*+2fdvdw+2gdwdu+2hdudv, 
so that a=eV+yit+z, f= wMmetgtyoystoZg, &C. - 


where suffixes 1, 2, 3 denote partial differentiation with respect to wu, v, w 
respectively. 

Write afor (bg —fh)/(ab—h’), B for (af—gh)/(ab—h?). Then w = con- 
stant is a Lamé family, forming a triply orthogonal system with two other 
singly infinite families of surfaces, if 


A | aL 
qq h" b" 
dg— A,a—a,B—aa,+aB,—2hB,, 
h’ = hs—h,a—hy 8 —aa,—bB,, 


b! = b—bja—beB+ba, —bBy—~2hag; 


where hh coms 


and a", h", b” are derived from a’, h’, b’, a, B in the same way as a’, h’, b’ 
are derived from a, h, b, a, 6. 
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SESSION NOVEMBER, 1921-JUNE, 1922. 
Thursday, May 11th, 1922. 
Mr. H. W. RICHMOND, President, in the Chair. 


Present thirty-three members and five visitors. 

Dr. 8. Beatty, Mr. W. L. Ferrar, Miss L. E. Hardcastle, and Miss M. 
Stimson were elected members of the Society. | 

Prof, Dr. C. Runge (Gottingen) was elected under By-law 20s. 

Mr. E. C. Francis was nominated for election. 

Prof. Dr. E. Schmidt (Berlin) was nominated under By-law 20s. 

The President referred to the loss sustained by the Society in the 
death of Sir A. B. Kempe, formerly Treasurer (1883-1891) and President 
(1892-1898). 

Prof. G. H. Hardy delivered a lecture ‘“‘ The Elements of the Analytic 
Theory of Numbers.” 


The following papers were communicated by title from the Chair :— 


On the Displacement of Tensors: P. Dienes. . 

Some Limiting Forms in the Theory of Integral Equations: A. C. 
Dixon. 

On Harmonic Equations and in particular the Equations asso- 
ciated with Parabolic and Circular Boundary Problems: KE. L. 
Ince. 

Sextactic Cones and Tritangent Planes of the same System of a 
Quadri-Cubic Curve: W. P. Milne. 

On the Integer Solutions of the Equation y* = az?+bz?+ca+d: 
L. J. Mordell. 

On the Manner of Divergence of the Legendre Series of an In- 
tegrable Function: B. M. Wilson. 

On the Fundamental Theorem of Integration for Multiple 
Integrals: W. H. Young. 
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ABSTRACTS. 
Some Limiting Forms in the Theory of Integral Equations 
A. C. Drxon. 


1. For the integral equation (Kellogg, Math. Ann., Vol. 58) 
p(x) =r \ p(t) {cot (t—x)+a} dt = f(z), 


the special values of A are 41/17, 1/az, and the special functions are 
for jim wei ee Le ees 
fOten— iim eo ya 
fone yam el. | 


2. The equation ¢(7)—A | p(t) noe = f(z), 


tan br [ Fo) (Syme) & 


0 g*—f 


is satisfied by (x) = f(z)+ dt, 


x 
- 

if sin b+ = Aw and the real part of b is between 0 and 1; the index 1—d 
is to be changed into —1—d if the real part of b is between 0 and —1. 
The solution fails if A is a pure imaginary. 


3. Some other types of functional equation may be treated as limiting 
forms of integral equations. 


For instance, take ¢(x)—Ad¢(x+a) = f(a), (Srl) 


where ¢, f are supposed to have the period 7, and a is real. Since 


ica) 


peta) == > J amcere-9 godt, 


the equation has the form of an integral equation. 
If f(z) is expanded in a Fourier series 2A, e?", (x) is 
XA,e"*/(1—re*"). 


The solution fails when \ = e7*"*, » being integral, unless f(@) is such 
that 


| ea ena F(x) da = 0, 
0 
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and when this condition is satisfied the coefficient of ¢"" in ¢(x) is 
arbitrary. : 


If W(x) is another function with period 7, 


ig 
0 


\ {p(z)—Ag(x+a)} W(x) da = (w(x) —AY (x —a)} (x) dz, 


and thus the associated equation is the similar one 


Vy (2) —Ave (a2—a) = g(a). (3. 2) 
The special values of X for which the solution fails are all on the circle 
|X| = 1, whereas in ordinary cases the sequence of them tends to in- 


finity. 
Similarly take the equation 


$(x)—A¢g' (w@+a) = f(x), (3. 3) 


where ¢, f are still periodic and ¢'(c-++a) may be written 
its > | Qe (442-0) b(t) dt. 
(icon) () 


The solution here is, if f(x) = 2A,e”"”, 
d(x) = LA, e7"*/(1 — Qr €?”"), (B13) 


The special values of A are e~?"*/2n, mn being integral; for this 
special value the solution fails unless 


\ Paros Fig dx —_ 0, 
0 


and if this condition is fulfilled the coefficient of e*"” in (zx) is arbitrary. 
The associated equation is the similar one 


We (2)-+ AYP! (4—a) = 9 (2). (3 . 4) 
When a= 0, the saeilsioe (3. 3) becomes the differential equation 
p(x) —AP' (x) = f@). (3 . 5) 
The value of ¢(x) given by (3.5) contains a complementary function 
Cel, 


in addition to the terms of (8.31). 
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The complementary function has not, however, the period 7, unless 
d has one of the special values included in the form 


1/2n1, 


and thus the two results are reconciled. 


The special values of X in this case form two sequences tending to 
Zero. 


On the Integer Solutions of the Equation y? = ax?+ba?+ce+d 
L. J. Morpeuu. 


In a paper appearing shortly in the Messenger of Mathematics, I have 
given a very simple proof that this equation has only a finite number of 
solutions in integers. The present paper contains another proof which I 
hoped would enable me to prove the obvious extension to the quartic. It 
led me, however, to a proof of a far more important proposition—namely, 
that the method of infinite descent applies to the indeterminate equations 


(of genus unity) 
2 = ax'+be*ytca°y’+day>+ey', 


or to 0 = f(x, Yy; 2), 


where f is a ternary cubic in z, y, z; that is to say, that if either of these 
equations has an infinite number of integral solutions, all of them can be 
expressed rationally in terms of a jintte number. So all the rational solu- 


tions of 
y? = 42° —goa—gs 


are given by t=P(u), y= eu), 
with U = My Uy HMg Ug... Mn Un; 
for a finite number of values of 1%, %,, ..., where m,, mg, ... take all in- 


teger values, positive, negative, and zero. An account of this will be given 
in a paper ‘“‘ On the Solution of the Indeterminate Equations of the Third 
and Fourth Degrees,” to be presented shortly to the Cambridge Philo- 
sophical Society. 
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SESSION NOVEMBER, 1921-JUNE, 1922. 
Thursday, June 8th, 1922. 
Mr. H. W. RICHMOND, President, in the Chair. 


Present twenty members. 

_ Mr. E. C. Francis was elected a member of the Society. 

Prof. Dr. E. Schmidt (Berlin) was elected under By-law 20s. 

Mr. L. C. Piggott was nominated for election. 

Mr. R. F. Budden, Mr. C. E. Wright, and Miss M. Stimson were ad- 
mitted into the Society. 

The President spoke briefly concerning M. Camille Jordan, late honorary 
member of the Society. 

It was announced that the Annual General Meeting was fixed for 
November 9th, 1922. 

Mr. L. J. Mordell communicated two papers (1) “‘On Gauss’s Sums and 
the Law of Quadratic Reciprocity in any Field,” (2) “On the Integral 
Solutions of the Equation ey? = aa?+bx?+ca+d.” 

Mr. J. E. Campbell read a paper ‘‘ The Deduction of the Ground-Form 
of Einstein’s Statical Gravitational Field from Gauss’s Expression for the 
Ground-Form in Ordinary Two-Way Space.”’ 

Prof. G. H. Hardy read a paper (written in collaboration with Mr. 
J. EH. Littlewood) “ Fourier’s Series and Power Series.” 

Lt.-Col. A. Cunningham read a paper ‘‘ On Pellian Chains.” 


The following papers were communicated by title from the chair :— 


Commutative Ordinary Differential Operators: J. L. Burchnall 
and T. W. Chaundy. 

The Displacement of Tensors: P. Dienes. 

On the General Invariant Theory of Quadrics: H. W. Turnbull. 

Surface Waves on Limited Sheets of Water: J. Vint. 

The Euclidean Geometry of Angle: D. K. Picken. 

A Relation between Bertrand’s and Kelvin’s Theorems on Impulses : 
G. I. Taylor. 
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ABSTRACTS. 


On Gauss’s Sums and the Law of Quadratic Reciprocity in any 
Field 


Mr. L. J. Morpe.u. 


In a recent number of these Proceedings I have proved very simply 
Hecke’s reciprocity formule for the Gauss’s sums in a quadratic field. I 
notice now that the proof becomes much simpler and more symmetrical 
by the use of a contour integral involving two variables of integration in- 
stead of one. Moreover, the new method gives the corresponding formule 
for any algebraic field, so that an easy and elementary proof of the law of 
quadratic reciprocity in the field can be deduced. — 

Hecke, it may be noted, has proved the reciprocity formule very ele- 
gantly, by assuming the law of Quadratic Reciprocity in the field, and also 
his functional equation for the Dedekind Zeta-function. 


On Pellian Chains 
Tit eal ALLAN CunnineuaM, R.E. 


This paper develops the chain-relations among the elements (7’, v’), 
(r, v) of the Pellian equations 


7?2*— Duy? = Fk, PHD +1. 


A chain-series is a series of composites N, = L,M,, Ng = Le2My, &e., 
which are similar functions of two elements 2,, y,, such that 


Miya Le 7AM aiken (LOLA LM VOLILGS) OLR als 
By the substitutions 
SVE AY Fy), un =Vk yi tyD/VD, 
TH BY); 1 = Fy—y VD, 





* The only values of & used are such as are the middle terms of the series of partial 
quotients in the expansion of “D as a continued fraction: they are the last entries in the 
second lines of each D in Degen’s tables. 
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it is shown that the following numbers (N) are chain-series :— 
Pee a SL '2 nat 2 
N 5 = Tr + Dv, ’ Nitsa eta , 
PA aca EE 3 19 7 (ames eae 2 19 
aan tus NG Tom) Uw 


'- Further that the following Aurifeuillians are chain-series :— 
Ni = rit-4uls, Ny = haul, 
Ny = (78 +8°u,5) /(r2+8u,2), N= (758%) /(72+ 80). 


On the General Invariant Theory of Quadrics 
Prof. H. W. TuRNBULL. 


The property of equivalence which gives rise to a prepared system of 
symbolic factors in terms of which the concomitants of three quadrics can 
be expressed (see Proc. London Math. Soc., Ser. 2, Vol. 20, p. 472) holds 
for any number of quadrics. With the same notation a2, (Ap)*, u2 to de- 
note a quadric f in point, line and plane coordinates, and with similar sets 
for an indefinite number of other quadrics f' = 02, f° = 2, f''’ = da? ..., 
it may be shown that the necessary types of factor for a prepared system 


rR Any Ua, (abcd), (aBys), (abcu), (aByx), 
(A,A,), (04,9), 
(A4,4,A434,A;Ap), (04,A,9), 


ile ey he a 
(OATALS MA voy, 


where A; denotes one of the symbols p, A, B,...; 6, ¢ denote two of 
Uu, £, a, a, b, 8, ...; and where certain simple restrictions hold. 

Thus the total degree of a bracket is a multiple of four, reckoning wu, a 
of degree one; p, A of degree two; x, a of degree three. Again, no two 
symbols in one bracket may be alike, except 6 and ¢. Also when three 
or more 4,A4,A, occur they may be interchanged as in a determinant. 

These brackets may be readily expressed in terms of the original 
symbolic factors. For example, if A = (aa’), C = (cc’), H = (ee'), then 


(A BODEF) = S(aBc)(c' De)(e' Fa’), 


the sum extending to eight terms obtained by permuting aa’, cc’, ce! 
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separately. Similarly, to illustrate the structure of a (0, ) bracket, 
(aBCDEp) = =(aBc)(c' De) e,, 


a four-term series. | 

Finally, this prepared system shows clearly the principle of duality, 
answering to geometrical reciprocation. The three brackets on the left 
are self-reciprocal. Those on the right are reciprocal in pairs when 6, ¢ 
are both of type a or both of type a; but they are self-reciprocal when 
an even number of A symbols occur. 





The Huclidean Geometry of Angle 
Prof. D. K. Picken. 


The paper is based on the figure consisting of two intersecting straight 
lines, intermediate between straight line and (complete) triangle. This 
figure is called in the paper “the complete angle,” and for it the notations 
(Z,, 2) or (AB, CD), or, simply 40B—equivalent to (OA, OB)—are used. 
Congruence of complete angles, expressed by AOB = A'O'B', is shown to: 
be the proper characteristic angle relation of elementary geometry; by 
use of it geometrical theory is both simplified and made more general. 

The following propositions, ¢.g., are quite general :— 


ABC = ABD implies that B, C, D are collinear, 


GAC, ¥ AB is parallel to CD, 

ABC = ADC h A, B, C, D are concyelic, 

ABC = DAC . AD is tangential to the circle ABC, 
ABC =CDA os the circles ABC, ACD are congruent ; 


and every congruence PQR = UVW, obtained by using 3-permutations. 
of A, B, C, D, can be given immediate general geometrical interpretation. 
These facts provide a most powerful elementary method in geometry, of 


wide applicability. 
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Fourter Series and Power Neries 


Prof. G. H. Harpy and Mr. J. E. Lirtnewoop. 


The “ convergence problem ” for Fourier’s series is still unsolved: no: 
one has succeeded in stating any simple system of conditions both necessary 
and sufficient for the convergence of the Fourier series of a given function 
f(z). The same is true of the problem of the summability of the series by 
Cesaro’s means, so long as the order of the means considered is fixed. 
Thus continuity is a sufficient condition for summability (C, 1), but not a 
necessary condition ; and, in general, none of the known sufficient condi- 
tions is necessary, and none of the necessary conditions sufficient. 

There is, however, a problem which does admit a simple and complete 
solution. We may ask, not ‘‘ when is the series summable (C, 1), or 
summable (C, k), for some definite k ?”’ but ‘‘ when is it summable by some 
Cesaro mean ?”’ The solution of this problem is contained in the follow- 
ing theorem. 


THEoREM 1.—In order that the Fourier series of f(x), forx=a, should 
be summable by Cesiro’s means, to sum s, it is necessary and sufficient that 


gu(e) =e ee ee gee da, 
) 


0 % Jo Xg 0 Lie—1 
ee o(e) = 4 {flatz)+fa—ax)—23s;, 
should, for some value of k, tend to zero with &. 


We may express this more tersely by saying that it 7s necessary and 
sufficient that o(x) should be continuous on the average for « = 0. 

There is a similar theorem for power series 2a,x” on the circle of 
convergence. 


THErorEM 2.—In order that Da, should be swummable by Cesaro’s means, 
to sum 8s, it is necessary and sufficient that 


(1) f(z) = Lanz” should be of finite order for |x| <1, that is to 
say that 
f(x) = O(—|2|)-* 


for some value of K ; 


vi RECORDS OF PROCEEDINGS AT MEETINGS. 





1 1 1 1 
(2) fila) = | | a | Set F (xx) dy, 


to Jee a, eo ee 
should tend to s when « tends to 1. 


The integrations are rectilinear; but x may tend to 1 in any manner 
from inside the circle. 


The condition (1) is equivalent to 
(3) One Orn 
for some L.. ) 

These theorems may recall Bohr’s work in the theory of Dirichlet’s 
series 2@,n~*, where a similar phenomenon may be observed. The 
‘“‘ convergence problem ”’ defies solution, and so does that of summability 
(C, k) for any particular k; but the problem of summability by some 
mean has a definite solution. The series is summable for ¢>«), by some 
Cesaro mean, if and only if the function f(¢+2t) = f(s) = 2a,n* is 
regular, and of finite order in ¢, for o > ap. 
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SESSION NOVEMBER, 1922-JUNH, 1928. 


ANNUAL GENERAL MEETING. 
Thursday, November 9th, 1922. 


Mr. H. W. RICHMOND, President, in the Chair, and later 
Prof. W. H. YOUNG, President, in the Chair. 


Present thirty members and two visitors. 

The President announced that the Manchester Mathematical Society 
had made a donation of £10 to the Society. 

The President announced that a reciprocal agreement had been made 
with the American Mathematical Society for a reduction of subscription, 
as follows :— 

1.—Members of the London Mathematical Society not residing in the United States or 
Canada will be admitted to full membership in the American Mathematical Society by pay- 
ment ofthe entrance fee of $5 and one-half of the full annual dues (at present $6), such mem- 
bership carrying with it the Bulletin without extra charge. If any such member desires the 


Transactions in place of the Bulletin, he shall pay annual dues of $5; if he desires both the 
Bulletin and Transactions, he shall pay half the full annual dues plus $5. 


2.—Members of the London Mathematical Society not residing in the United States or 
Canada, who are life members of the American Mathematical Society, may obtain the Tran- 
sactions by payment of $5 annually. 


3.—Members of the American Mathematical Society not residing in Great Britain and 
Ireland will be admitted to full membership in the London Mathematical Society by payment 


of the entrance fee of £2. 2s. and one-half of the full annual subscription (at present £2. 2s.). 


4,—Any person, who is a member of both Societies, shall not be entitled to the reductions 
above mentioned as regards both Societies, but shall pay full dues or subscriptions to that one 


of the two Societies of which he first became a member. 


5.—The above arrangements take effect as regards the London Mathematical Society for 
the year beginning November 1st, 1921, and as regards the American Mathematical Society 
for the year beginning January 1st, 1922. 


The Treasurer of the London Mathematical Society will, so far as practicable, give effect 
to these arrangements when he next apples for subscriptions due. But any member who is 
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entitled to reduction in the London Mathematical Society’s subscription, and who may be 
asked to pay the full subscription, is requested to write to the Treasurer, as cases will pro- 
bably arise where the Treasurer will be unaware of rights to reduced subscription. 

Members of the London Mathematical Society not residing in the United States or Canada, 
and who are at present subscribing members of the American Mathematical Society, are re- 
quested to communicate direct with the latter Society at 501 West 116th Street, New York, 
U.S.A., with regard to their subscriptions, and also as regards their options to receive the: 
Transactions or the Bulletin, or both. 


The Treasurer presented his Report for the Session 1921-22, which 
was duly received. 

Lt.-Col. Cunningham was appointed Auditor. 

Mr. L. C. Piggott was elected a member of the Society. 

Messrs. W. E. Baker, P. N. Dé, A. E. Ingham, R. E. C. Kennedy, 
H. Thomas, E. C. Titchmarsh, A. G. Willox, Sir John Heaton, and Mrs. 
EK. B. Veitch were nominated for election. 

Prof. Dr. A. Korn, of Berlin, was nominated for election under 
By-law 20s. 

Mr. W. L. Ferrar was admitted into the Society. 

The meeting proceeded to the election of a Council and Officers. The 
ist is as follows :—President, W. H. Young; Vice-Presidents, A. L. Dixon, 
A. E. Jolliffe, H.W. Richmond; Treasurer, A. E. Western; Secretaries, 
G. H. Hardy, G. N. Watson; other members of the Council, J. EE. 
Campbell, L. N. G. Filon, H. Hilton, Miss H. P. Hudson, J. EK. Little- 
wood, A. E. H. Love, E. A. Milne, L. J. Mordell, F. B. Pidduck. 

The retirmg President then vacated the Chair, which was taken by 
Prof. Young, and delivered an address on ‘“ The Mathematical Problems. 
of Sheil-Flight.” 


The following papers were communicated by title from the Chair :-— 


Asymptotic Expansions and Generalized Hypergeometric Func- 
tions: W. R. Burwell. 

Determinants whose Elements are Determinants: W. L. Ferrar. 

Transformation of Variables in a Multiple Integral: A. Kerekjarto. 

(i) The Properties of certain Numbers, (ii) Contribution to the 
Evaluation of Persymmetric Determinants’: C. Krishnamachari 
and M. Bhimasena Rao. 

On Trigonometric Series involving Algebraic Numbers: lL. J. 
Mordell. 

Analogues of Waring’s Problem for Rational Numbers: H. W. 
Richmond. 

Weber’s Integral Theorem: E. C. Titchmarsh. 
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ABSTRACTS. 


Determinants whose Hlements are Determinants 
W. L. Ferrar. 


If A denote the determinant formed by taking the first » rows of an 
array of » columns and n-+m rows (columns a, b, ..., k) 


b) 


A, the minor of a, in A, 


Ai,, the determinant obtained by replacing in A the p-th row by the 
(7-+1)-th row of the array, 


1 7 ° . ° ° ° ° ° e 
A,” the minor of a, in this determinant, with similar notation for 
other determinants. 


The paper uses the relation 
Ae ae el res (1) 
and its analogues to express a determinant such as 
Ag ebe Dai hos ey He 
as a product of the A’s. 
Theorem C of Prof. KE. T. Whittaker’s paper (1918) (Proc. Edin. Math. 
Soc., Vol. 86, pp. 107-115) gives a particular case. 
The relation (1) is also used to give a short proof of a theorem given 
by Cayley (without proof).* 
In conclusion, an extension of Bazin’s theorem is obtained by use of 


previous results, and Theorem B of the paper quoted above shown to 
follow easily from the mode of proof here used. 


Commutative Ordinary Differential Operators + 
J. L. Burcunaut and T. W. CHaunpy. 


We consider the problem of the form of two operators ¢(D), yv(D) 
polynomial in D, such that their alternant vanishes identically. We solve 
the problem for the case of #(D) a quadratic operator, hyperelliptic fune- 
tions being in general necessary; when, in addition, y(D) is cubic, then 
¢(D) y = 0 is effectively Lamé’s equation. 


* Muir, History of Deternunants, Vol, 2, p. 15. 
+ Read at the Meeting of June 8th, 1922, 
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It is also shown that any two such commutative operators are linked 
by an algebraic identity f{¢(D), y-(D)! =0, and that from #(D), W(D) 
can be developed a group of commutative pairs obeying the same identity. 
The close connection of the theory with the theory of adjoint operators is 
exhibited. 





Weber's integral Theorem 
Ki. C. TircumarsH. 


This paper contains a proof of the following theorem :— 
If c>a>0 and 4/t f(t) is summable in the infinite interval (a, ©), 
and /(¢) is of bounded variation in a neighbourhood of t = 2, then 


\ pt udu | Neha vat t f(t)dt = 4{f(@+0)+/f(e—0)}, 


when J, and Y, are the Beeeet functions of the first and second kinds of 
order vy, and 
Ci(cu, au) = J,(xu) Y,(au)— Y, (xu) J, (au). 





A Theorem concerning Summable Series 
G. H. Harpy and J. KE. Lirrtewoop. 


The results concerning power series and Fourier series, stated in a 
former communication to the Society,* depend on the following general 
arithmetic theorem, which has many interesting applications. 


The necessary and sufficient condition thut the series Da, should be 
summable (C, r) ws that the series. Xb,, where 


ar hn An+1 Hen 
nee et mem (C, r—1) 


should be summable (C, r—1). 


This holds for all positive integral values of r; and, if a series Ne awis 


said to be summable (C, —1) when it converges and 2a, = 0 (1), then it 
holds for 7 = 0. 
_* See Records, June 8th, 1922. 
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SESSION NOVEMBER, 1922-JUNE, 1923. 
Thursday, January 18th, 1923. 


Prof. W. H. YOUNG, President, in the Chair. 


Present thirty members. 

The minutes of the last meeting were read and confirmed. 

Messrs. J. P. Gabbatt, S. F. Grace, and C. G. F. James were elected 
members of the Society. 

Prof. G. A. Bliss and Prof. O. E. Glenn were nominated for election. 

Messrs. W. EK. Baker, P. N. Dé, Sir John Heaton, A. E. Ingham, E. C. 
Titchmarsh, F’. P. White, and R. F. Whitehead, were admitted into the 
Society. 

Mr. L. J. Mordell delivered a lecture on “An Introduction to the 
Arithmetic Theory of Algebraic Numbers and its Modern Developments.” 


The following papers were communicated by title from the Chair :— 


The Rational Linear Algebras of Maximum and Minimum Ranks: 
L. EK. Dickson. 

The Zeros of Mathieu Functions: Einar Hille. 

Plane Homaloidal Families of General Degree: Miss H. P. Hudson. 

Abel’s Theorem and its Converse (II): G. H. Hardy and J. E. 
Littlewood. 

A Linear Differential Equation with Periodic Coefficients: HE. L. 
Ince. 

A Property of the 24 Inflexional Tangents of the Non-Singular 
Plane Quartic: A. E. Jolliffe. 7 

The Algebraic Two-Two Correspondence: R. Vaidyanathaswami. 

An Application of Pfeiffer’s Method of a Problem of Hardy and 
Littlewood: B. M. Wilson. 

On Successions with Sub-Sequences Converging to an Integral: 
W. H. Young. 
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ABSTRACTS. 
The Zeros of Mathieu Functions 


Ernar Hw. 


A Mathieu function is defined as a solution of the differential equation 
w'+(a+b cos 2z)w = 0. 


The main purpose of the paper is to describe the distribution in the 
complex plane of the zeros of these functions when @ and 0 are real. 
Assume 6 <0, and divide up the plane in simply infinite parallel strips. 
by means of the lines y = 0 and x = (2k+1)47, where & takes on all 
integral values. Then the general solution has infinitely many zeros in 
each strip; the zeros forming a point-set of simple structure. For each 
strip there are two linearly independent solutions which are free from zeros 
in the strip. These solutions have interesting asymptotic properties. The 
periodic solutions which include the functions of the elliptic cylinder are 
treated at some length. , ; 

The investigation is based partly upon considering a transformed 
equation, asymptotic to a sine-equation in the sense of Boutroux, partly 
upon applying integral equalities of Sturmian nature. ) 


Note on a Theorem concerning Fourier Series 
G. H. Harpy and J, Hi. Lirruewoop. 


Dr. Marcel Riesz has indicated to us a material simplification in the 
proof of Theorem X of our paper ‘“‘ Abel’s Theorem and its Converse’’ in 
Vol. 18 (1918) of the Proceedings (see in particular pp. 229-231). 

It is a question of proving that, if 


4.=0(2) 


and XA, converges to A, then 


sin Na 
— 
na 





P(a) = ZA, AD 


when a—O. 
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We may suppose 4 = 0 and |nd,| <1 for all values of mn. Given 6, 
then, we can choose mu so that 





(1) 2 4. <6 
1 : 

and 

(2) Pw bal Leen 








if ux<v<v'. We write 


o= eee S — &,+2,-+9,;, 
1 1 


w+l m+ 
where (jie |=]. 
a 
We have first 
i Bae 1 9 
(3) }es1< De Oe = ma a Ha@ ne 


by choice of K. When K has been fixed, the function (sin na)/na has, in 
the range of summation covered by ®,, a finite number #(A) of maxima 
and minima, all numerically less than unity. Hence |®,| is less than 
the sum of k(K) terms of the type (2); 7. 


(4) |b, |< dk(K) <e, 
by choice of 6 (i.e. of «). We may obviously suppose 6 <e. 


Finally, when wu is fixed, we can choose a, so that 


Mm 
(5) ml<| 54, +e<dte < 2e, 
1 





for O<a< ap, by (1). From (8), (4), and (5) our conclusion follows. 
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SESSION NOVEMBER, 1922-JUNE, 1928. 
Thursday, February 8th, 19238. 


Prof. W. H. YOUNG, President, in the Chair. 


Present sixteen members. 
The minutes of the last meeting were read and confirmed. 
Prof. G. A. Bliss and Prof. O. E. Glenn were elected members of the 
Society. 
The President announced that Sir A. B. Kempe had left a legacy of 
£200 to the Society. 
Mr. T. A. Brown read a paper on ‘‘ A Class of Factorial Series.”’ 
Miss ‘H. P. Hudson read a paper on “ Plane Homaloidal Families of 
Genera] Degree.” 
Prof. A. KE. Jolliffe read a paper on “‘ A Property of the 24 Infiexional 
Tangents of the Non-Singular Plane Quartic.”’ 
Prof. G. H. Hardy read a paper (written in collaboration with Mr. J. E. 
Littlewood) on “ Abel’s Theorem and its Converse (I]).”’ 
Prof. G. N. Watson gave an account of a paper by Mr. T. A. Lumsden 
on “ A certain Fourier-Bessel Series.” 
The following papers were communicated by title from the Chair :— 
The Hypergeometric Function with k Denominators: D. M. 
Wrinch. 
On Successions with Sub-Sequences converging to an Integral: 
W. H. Young. 
A Note on the Riesz-Fischer Theorem in the Theory of Trigono- 
metrical Series: H. C. Titchmarsh. 


ABSTRACTS. 
On a Class of Factorial Series 
T. ARNoLD Brown. 


Necessary and sufficient conditions are obtained that an analytic func- 
tion f(z) may be expressible in the form 


aE ee 
Cy 012 -+ 6 a ) +, ee : 
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A certain interpolation formula of de la Vallée Poussin is ceneralised and 
its relation to the above series is exhibited. 
Runge’s solution of a certain interpolation problem is also extended. 
The methods employed depend upon Carlson’s researches on Taylor’s 
series. Carlson has discussed the factorial series 


a(g—1)... (¢—v+1) 


y! 


es 


in a similar way. It is shown that, in certain respects, the two series . 
differ widely in their behaviour. 





A Note on the Riesz-Fischer Theorem in the Theory of 
Trigonometrical Series 


EK. C. TircHMARSH. 


The Riesz-Fischer theorem states that if a sequence (a,) is sucb that 
=| an|? is convergent, then there is a function of summable square of 
which the given numbers are the Fourier coefficients. It would be 
natural to suppose that, if X|a,|*, where a> 2, is convergent, the series 
is necessarily the Fourier series of a function of which some lower power 
is summable. But Hardy and Littlewood* have proved that this is un- 
true, by showing that the series 


Xn-* cos (n?ra), Un-*sin(n?rx) (a< 4), 


‘6 


are not Fourier series, or even “‘ generalised’’ Fourier series, since they 
are not convergent or summable by any of Cesaro’s means for any irra- 
tional value of z. They are merely formal series with which no sum has 
been associated. 

I have constructed a trigonometrical series which proves the same 
point, but in a quite different way. My series is everywhere convergent, 
and is in fact the ‘‘generalised” Fourier series of its sum. further, 
the convergence exponent of the sequence of coefficients is 2. But the 


series is not a Fourier series, since its sum is not summable. 








* G. H. Hardy and J. HE. Littlewood, ‘‘ Some Problems of Diophantine Approximation ’’, 
Acta Mathematica, Vol. 37, pp. 232-238. 
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The analysis necessary to prove these points is direct and elementary, 
whereas that of Hardy and Littlewood rests on the theory of the linear 
. transformation of the Theta-functions. 

The function f(é is defined in (—7, 7) as follows :— 

| F(t) = log p cos (tp* log p) 

for milog(ptl1)<t<-/logp (p= 8, 4, 5, ...), 
f(d) being zero elsewhere, and f/(—t)=—/(t). The series 

oo 1 [log p 

x log p | | cos (tp? log p) | dt 

p=3 m/log(p+1) 
is divergent, so that f(t) is not absolutely integrable; but 
re) a flog p 
p> | FLO me S log p | 


- p=3 Jn/log (p+) m/log(p+1) 


w/log p 


cos (tp* log p) dt = ZO (3) 


is convergent, so that 


lim | f()dt 


n->0 


exists, and so do the generalised Fourier coefficients 


fe ee in N f(t) sin nt dt. 


7 40 Jn 
Finally, is may be proved that 
b, = O1n-* (log n)*}, 
so that =| 0, |°** is convergent if « > 0. 





The Hypergeometric Function with k Denominators 


D. M. Wrincu#. 


In this paper, the hypergeometric function with one denominator 
J(z, p) is defined by the contour integral 
2 ee boo 
Tae p= = et p-1 el dt, 
and it is deduced that 


Ee 


1) D) = 12 eerie 
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Kividently y (eas ») = (=) * J y(2). 


Various properties of the function are obtained, some of which ee new 
results for Bessel functions. 

The hypergeometric function with k denominators f(z, p,, Po, .--, Pr) 
is defined by a contour integral having the generalised hypergeometric 
function with k—1 denominators in the integrand. Various properties 
of the function f(z, 1, Po, ---, px) follow by induction from the properties 
of the function f(z, p), including the recurrence formule and the fact that _ 


fe Py Py os PY) = E 2/{VEFDT+8+) ... Vets +0}. 


Some of the properties of the function when one or more of the parameters 
1, Po, +++) Pk 18 ZELO Or a positive or negative integer are discussed. It is 
established that when 9, po, ..., p, are severally equal either to zero or a 


positive or negative integer, the function /(z, p;, ps, ..., pr) is the coeffi- 


P. ts 


cient of 7, ..¢* in the expansion in a k-multiple series in powers 


Offa he of the function 


elittet... +t) +2](t; to... ty) 


Solution of a certain Differential Equation 
T. C. Hupson. 


The solution of the equation 
d/d0 | d’\/d0°+XA(1+4E cos 6)/(1+ E cos 0) ] = dé/d0+ 2n, 
in which £ is constant, may be written in the form 
A = S(1+HC) [A,\ +) CA+HC)~' €de] 
+C(1+ HC)\,/2H+C?(2+HC)(1+HC)—'{ dé 
—CO(+ EC) [rg +f {CQ+HC)n+S(1+EC) é} dé] 
+28(1+H0)| C1+HC)*LEAs+f (1 +H#C) 7+ HS(1+ HO) é} d0| de, 


in which C = cos@ and S = sin 9, and Aj, A, A3 are constants. 
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SESSION NOVEMBER, 1922-JUNE, 1923. 
Thursday, March 8th, 1928. 


Prof. W. H. YOUNG, President, and later Mr. H. W. RICHMOND, 
Ex-President, in the Chair. 


Present twenty members. 

Dr. Einar Hille, Mr. H. O. Newboult, and Miss Enid M. Turner were 
nominated for election. 

Prof. A. HK. H. Love read a paper on “‘ Some Electrostatic Distributions 
in Two Dimensions.” 

Prof. G. H. Hardy read a paper, written in collaborate with Mr. KE. C. 
Titchmarsh, on “Solutions of some Integral Equations considered by 
Bateman, Kapteyn, Littlewood, and Milne.” 

Prof. W. H. Young read a paper on ‘‘ Stokes’s Theorem.” 


The following papers were communicated by title from the Chair :— 


(i) Functions of Intervals, (ii) The Problem of Area: J. C. Burkill. 

On some Integral Equations connected with the Elliptic Cylinder 
Functions: 8. C. Dhar. 

A Hyperspatial Analogue of Feuerbach’s Theorem: J. P. Gabbatt. 

Génération et étude d’une surface du troisieme ordre particuliere : 
M. Merker. 

The Order of Magnitude of the Coefficients in a Generalised 
Fourier Series: E. C. Titchmarsh. 

The General Symbolic Notation for the Principle of Duality, and 
its Application to Determinants: H. W. Turnbull. 

On Lattice-Points in Regions of Two or Three Dimensions : 


I. Vinogradow. 
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ABSTRACTS. 


The General Symbolic Notation for the Principle of ESN and 
its Application to Determinants 


H. W. Turnsuny 


This paper generalises results well known in the symbolic treatment 
of ternary forms, and includes a proof that, for n variables, all the funda- 
mental symbolic identities may be reciprocated. The notation of a 
previous investigation* is employed thus :— 

If symbols a, b, c, a,, &e., have currency onet, the simplest identity 
between n-++1 such symbols is 


(By Gass, 0y) Cy — (Gla is On) Cig te An ee) oe ee eT erties 


The dual identity is 
EAE Reh asd (ia hs Ot ELS ite 
where, for example, uw? is the reciprocal of the quadratic a>. By intro- 
ducing suitable types of bracket factors analogous to the ternary factor 
(ab. po) defined by 
(ab. pc) = a)bo—a,0, 

if is shown that any identity or syzygy may be reciprocated letter for 
letter. A symbol of currency 7 reciprocates into one of currency n—r. 

The notation readily adapts itself to the theory of determinants; for 
the bracket factors are determinants of orders n, 2n, 37, ..... In the 
general identities the rows or columns of these determinants are arbitrary. 
By giving special values to the symbols involved many well known 
theorems emerge as special cases of something more general. 





Some LHlectrostatic Distributions in Tivo Dimensions 
A. E. H. Love 


The condenser problem is solved for all cases of two thin plates, with 
straight parallel edges and of infinite length, provided that their planes 
are parallel, whether the rectilinear segments in which the plates cut a 
transverse plane are equal or unequal, and whether the line which bisects 
one segment at right angles bisects the other or not. Formulae are given 
for the correction to the capacity on account of displacement. The 
ee of influence for one such plate, in presence of a charged line 








na ok The cadens concomitants A two quadratics in 1 variables”’, Camb. Phil. Trans. : 
Vol. 21, pp. 197-209. 
¢ Cf. Proc. London Math. Soc., Ser. 2, Vol. 21, p. 381. 
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parallel to its edges, is solved, and the solution for a free charge on a 
circular cylindrical sheet with edges along two generators is given. A 
general theorem is obtained to the effect that the problem of given free 
charges on two cylindrical conductors, external to each other, can always 
be solved when the condenser problem can be solved for the same two 
conductors, and the example of two circular cylinders is worked out. 





The Order of Magnitude of the Coefficients in a Generalised 
Fourier Series 
K. C. Tircumarsu 


Yf a function f(t) is integrable (in the sense of Lebesgue) over the 
range (e, 27) for all positive values of e, and the limit 


lim i) f(t 


e—>() Je 


exists, then we may define the generalised Fourier coefficients of the 
function by the formule 


Qrr 21 
Ty, — lim \ Wt) COS LLG. C; wemmuete eit | F(t) sin nt dt. 


e—>0 Je e—>() Je 


It is easily seen on integrating by parts that a, = 0(n), by, = 0(n): 
it is indeed well known that this is true under very much more general 
conditions, for example whenever the integrals defining the coefficients 
are of the general Denjoy type. 

It is the object of the present note to show that no more than this is 
generally true. More precisely :— 

Let the function Xn) be positive and decrease steadily to zero 
as n>. However slowly rX(n) >, there is a function f(t) of the 
type described such that 

On = 0{nr(n)}, by oinr(n)}. 

The method will be sufficiently illustrated by giving an example in 
which t 
aim | sin nt f(t) dt~4ana (n), 


€—>0 


when no through a particular sequence of values. Let 

f(t) = p?nrypA (Mp) Sin Nyt, az/(p+1)<t <z/p, 
where p = 1, 2, 38, ... and m, is an integer depending on p, which tends 
to infinity so rapidly that n, > 2n,-1 and Yp*A(n,) is convergent. We 
™/p 


Dn 
have lea aa PNpA(Nyp) | sin 2, ¢ sin 2, tdt. 


p= m/(p +1) 
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It is easily seen that the qth term of this sum is 
57 MA (Ny) +0 (1) 
and the modulus of the remainder is less than 


<p? yd (Ny) it ‘ S P? Ny A(Mp) 4 sy Ge PONS 
athe aT Lea j oes See oa rae RT Sere 
p=l1 Mn + Ng p=l Ng — Np p=qtl Ny — Ng 


Each of these sums tends to zero, so that the result follows. 





Solutions of some Integral Hquations considered by Bateman, 
Kapteyn, Inttlewood, and Milne 


G. H. Harpy and E. C. TircumMarsa 


The typical equations are 


(K) f(a) =4 \ AD | fa+)—fle—o} de, 


Wet 
CN ao ik i < {fato—f(7e—d} dt. 


It is shown that the latter equation has no solution, other than the obvious 
solution f(a) = ax? +2br+<, 


of less rapid increase than an exponential of the type e4!*'(A <1). The 
equation (KX), on the other hand, has a multitude of solutions. ‘hese may 
be characterised roughly (a) as functions defined by definite integrals 


1 
of the type f {r(w) cos cu+() sin xu} du, 
0 : 


or (b) as integral functions of the complex variable x subject to certain 
inequalities. 





Hunetions of Intervals 


DEG is Ua Kan 


A function of imtervals is defined by a set of rules correlating a 
number g(Z) with each interval I of an aggregate of intervals. The only 
functions of intervals which have hitherto been studied have been sup- 
posed to be additive ; this restriction is not made in the present paper. | 
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We define the integral | g(I) by subdividing R into intervals 
R 


qh, ... In, and taking the limit of y g(Z;) as the dimensions of J; tend to 
1=1 


zero. If g(Z) is absolutely continwous, we prove that its integral may be 
taken over a measurable set; this forms a generalisation of the classical 
theory of measure. 

The derwative of g(D) at a point x is the limit of g(/) divided by the 
measure of J, for intervals of a regular family approaching x. The main 
result is that the integral over a measurable set of an absolutely con- 
tinuous function of intervals is equal to the Lebesgue integral of its 
derivative. This includes as a special case the fundamental theorem of 
Lebesgue integration. 


The Problem of Area 
J. C. Burxry 
Given a surface defined by 
Qe (tt, 0) 5 tf 3 ACR 


we seek an expression for its area as a double integral analogous to the 
integral formula for the length of a curve. 

The formula in terms of the ordinary Jacobian J holds only when the 
derivatives Ox/dw... satisfy certain conditions. We introduce here a 
modified Jacobian. 

We first define the encrement of (x, y) over a rectangle R in the (uw, v) 
plane as 


Atz,y) = EL Yo— La Yi tLoY3— L3Yot 23 Y4—LeY3t Lyi —LZ1Y4), 


where 1, 2, 3, 4 denote the corners of A in anti-clockwise order, and 
x, 18 the value of x (wu, v) at the point 1, &e. 

The modified Jacobian of (#, y) with respect to (w, v) is then defined 
as the limit of the ratio of the increment of (z, y) over a rectangle in the 
(wu, v) plane to the area of the rectangle as the sides of the rectangle tend 
to zero. 

We obtain the integral formula for the area of a surface in terms of 
modified Jacobians under the conditions that A(y,z), A(z, z), A(z, y) 
are absolutely continuous functions of rectangles. These conditions are 
analogous to those for the validity of the formula for the length of a curve. 
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CORRIGENDA. 


The list of members dated November, 1921, should be corrected as follows :-— | 


Page 17. Professor MiLuER’s address is 1203 W. Illinois Street, Urbana, Illinois, U.S.A. 


Page 20. The name of Professor RosEVEARE is spelt incorrectly. 
Page 21. Professor STEGGALL should be described as “ Professor,” not as “late Professor.” 
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